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In this presentation, we summarize selected phenomena that have recently been found concerning 
vortex-induced vibration (VIV).  We pay special attention to the vortex dynamics and energy 
transfer that give rise to modes of vibration.  We present new vortex wake modes from several 
different flow-structure configurations (for example, involving 2 degrees of freedom, tethered 
bodies, pivoted bodies, or freely-falling bodies) often in the framework of the Williamson-Roshko 
(1988) map of vortex modes compiled from forced (controlled) vibration studies. New modes 
involve the formation of vortex pairs, vortex triplets, co-rotating vortices and vortex rings.   
 We shall present some new ultra high-resolution controlled cylinder vibration experiments, 
which are able to predict catastrophic jumps and several other characteristics of free vibration 
response.  These measurements allow accurate prediction of free vibration response, as well as 
help to understand the origin of hysteretic and intermittent switching mode transitions. We shall 
briefly look at very recent VIV studies which have extended the regime of Reynolds number to 
high values, as well as studies which consider very small damping, extending to zero or even 
negative quantities. 
 
 We study the effect of the Reynolds number (Re) on the dynamics and vortex formation modes 
of spheres rising or falling freely through a fluid (where Re = 100 − 15, 000). Since the oscillation 
of freely falling spheres was first reported by Newton (1726), the fundamental question of 
whether a sphere will vibrate, as it rises or falls, has been the subject of a number of 
investigations, and it is clear that the mass ratio, m*  is an important parameter, to define when 
vibration occurs. In our experiments, we employ spheres with 133 combinations of m∗ and Re, to 
provide a comprehensive study of the sphere dynamics and vortex wakes occurring over a wide 
range of Reynolds numbers. We find that falling spheres (m∗ > 1) always move without 
vibration. However, in contrast with previous studies, we discover that a whole regime of buoyant 
spheres rise through a fluid without vibration. It is only when one passes below a critical value of 
the mass ratio, that the sphere suddenly begins to vibrate periodically and vigorously in a zigzag 
trajectory within a vertical plane. We do not observe helical or spiral trajectories unless the 
experiments are conducted in disturbed background fluid. We find that these wakes comprise 
single-sided and double-sided periodic sequences of vortex rings, which we define as the ‘R’ and 
‘2R’ modes. However, in the zigzag regime, we discover a new ‘4R’ mode, in which four vortex 
rings are created per cycle of oscillation. From this study, ensuring minimal background 
disturbances, we have been able to present a new regime map of dynamics and vortex wake 
modes as a function of the mass ratio and Reynolds number {m∗, Re}. 
We gratefully acknowledge the support of the ONR and AFOSR. 
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Figure 1. Map of vortex-shedding regimes for a transversely vibrating cylinder in a flow. There is a 
remarkable similarity between the mode boundaries we have identified in the recent study from force 
measurements in (a) (from Morse & Williamson, 2009) and the boundaries identified by Williamson & 
Roshko (1988) from flow visualization in (b). Overlapping colours indicate regions in which two vortex-
shedding modes overlap. 
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R-Mode       2R-Mode        4R-Mode 

 

Figure 2. Creation of a three-dimensional rendering of the various modes of vortex formation behind a 
rising sphere, showing the R-Mode, 2R-Mode and 4R mode (4-Vortex ring mode for a rising sphere in zig-
zag trajectory). The positioning of the streamwise vorticity structures is determined from dye visualizations. 
The location and size of the vortex rings are based on data from PIV measurements, and approximately 
represent the vorticity contour ωD/U = ± 0.2. The colour corresponds to the initial sign of the streamwise 
vorticity component: positive vorticity is shown in red, negative vorticity is shown in blue. 
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Figure 3. Map of regimes of rising-falling sphere motion and associated wake patterns in the 
{m∗,Re} plane (mass ratio versus Reynolds number). Typical trajectories are shown for each 
regime. 
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INTRODUCTION

The flow around circular cylinders has been extensively studied due to its practical importance in engineering
and scientific relevance in fluid mechanics. When circular cylinders are grouped in close proximity, the flow
field and the forces experienced by the cylinders can be entirely different from those observed when the bodies
are isolated in the fluid stream. The effect of the presence of other bodies in the flow is called flow interference.
One of the most severe types of interference, and the type on which this paper focuses, is wake interference,
which happens when the cylinder is immersed or in close proximity to the wake of another bluff body. In such
situations, the flow impinging on the cylinder is usually totally different from the free stream. Given the number
of differences observed in the forces exerted on cylinders subjected to wake interference when compared to
the single cylinder case, one expects that the flow-induced vibrations experienced by a flexible cylinder or a
compliantly-mounted rigid cylinder will also be different depending whether the cylinder is immersed in a vortex
wake or not.

A few papers on this matter have been published, most of them were experimental and concerned with
vibrations within the synchronisation range, i.e. when the vortex shedding is synchronised with the cylinder
vibration (Bokaian & Geoola, 1984; Brika & Laneville, 1999; Assi et al., 2006). Recently, there has also been
a few computational studies on this topic, also focusing on the synchronisation range (Mittal & Kumar, 2001;
Jester & Kallinderis, 2004; Papaioannou et al., 2008). In general terms, they confirmed the main conclusions of
previously published experimental data: the wake interference led to a wider synchronisation range and within
this range the amplitude of response was larger than that observed in the response of an isolated cylinder
with the same structural parameters. However, some papers have also reported that cylinders subjected to
wake interference also experienced vibrations with high amplitudes for higher reduced velocities, outside the
synchronisation range (Bokaian & Geoola, 1984; Brika & Laneville, 1999; Hover & Triantafyllou, 2001). In most
cases, the amplitude levels were even higher than those observed in the lock-in. Although the reduced velocity
for which this peculiar type of response starts to be significant seems to depend on various aspects, such as
the separation between the cylinders and the mass ratio, all the papers agree on the fact that an upper reduced
velocity limit for which these vibrations would cease does not seem to exist.

In this paper, we investigate the limit case of this phenomenon by removing the springs and the damper
attached to the downstream cylinder, i.e. making the reduced velocity equal to infinity. The arrangement is
illustrated in fig. 1: both cylinders have the same diameter, the upstream cylinder is fixed and the downstream
cylinder is allowed to move in the cross-stream direction without any type of constraint. We limit our investi-
gation to the case in which the centre-to-centre separation Lx is equal to 4D, and study the influence of the
Reynolds number in the range 100 6 Re 6 700, employing two- and three-dimensional numerical simulations.

NUMERICAL METHOD

The computational results were obtained by coupling the solution of the flow with the solution of the structural
response. The flow is governed by the incompressible Navier-Stokes equations, and in order to comply with the
independent motion of the cylinders, we have employed an ALE formulation, so the equations can be written
in non-dimensional form as:

∂u
∂t

= −(u−m) · ∇u−∇p +
1

Re
∇2u, (1)

∇ · u = 0, (2)

The cylinder diameter D is the reference length and the free-stream speed U∞ is the reference speed used
in the non-dimensionalisation. u ≡ (u, v , w) is the velocity field, m is the velocity of the mesh, t is the time, p
is the static pressure, Re = ρU∞D/µ is the Reynolds number and µ is the dynamic viscosity of the fluid. The
pressure was assumed to be scaled by the constant density ρ. The numerical solution of these equations was
calculated using a Spectral/hp discretisation as described in Karniadakis & Sherwin (2005). The velocity of
the mesh on the cylinders walls was given by the velocity of the bodies and was zero on the other boundaries
of the domain. The velocity of the mesh in the interior of the domain was calculated in an automated way
following the scheme presented by Batina (1990).



Figure 1: Schematic drawing of arrangement studied.

On the structural side, we assumed that the moving cylinder was rigid and free to move in only one di-
rection. The response of the cylinder to an external force is governed by Newton’s second law, written in
non-dimensional form as

πm∗

4
ÿ∗c = F ∗y (ÿ∗c , ẏ∗c , y∗c , t∗). (3)

In this equation, m∗ is the mass ratio (m∗ = 4M
ρπD2L ), F ∗y = CL

2 = Fy

ρU2
∞DL is the non-dimensional force imposed by

the fluid in the direction of motion. L is the (axial) length of the cylinder and CL is the lift coefficient. The variables
ÿ∗c , ẏ∗c , y∗c are the non-dimensional acceleration, velocity and displacement of the body, respectively, and t∗ is
the non-dimensional time. The structural equation was integrated using Newmark’s scheme (Newmark, 1959).

Eqs. (1), (2) and (3) have to be solved in a coupled manner. The fluid load F ∗y in eq. (3) is calculated from the
solution of the flow equations (1)–(2), and the motion of the boundaries, which are necessary for the solution of
eqs. (1)-(2), is determined by the solution of the structure equation (3). The equations were integrated in time
employing a modified version of the algorithm described in Carmo et al. (2011). The modification consisted
in the effectuation of sub-iterations so as to make the algorithm tightly-coupled. In other words, sub-iterations
were performed in order to assure that the body displacement and fluid force were consistent within the time-
step. This measure made the code to run slower but was necessary to the integration to converge, since the
increase in Reynolds number appears to make the simulation more sensitive to the low mass-ratio instability
that takes place in flow-structure interaction calculations (Causin et al., 2005).

RESULTS

Two- and three-dimensional simulations were performed for the tandem arrangement with centre-to-centre
separation Lx/D = 4. The mesh extended 36D upstream of the upstream cylinder, the lateral boundaries
were located 50D from the upstream cylinder centre and the outflow boundary located 45D from the down-
stream cylinder. No-slip boundary conditions were enforced on the cylinder walls, essential boundary condi-
tions (u, v ) = (1, 0) were enforced on the lateral and upstream boundaries, and outflow boundary conditions
(∂u/∂n, ∂v/∂n) = (0, 0) were employed on the downstream boundary. The high-order pressure boundary con-
ditions were enforced on the cylinder walls, upstream and lateral boundaries, while the pressure was fixed to
p = 0 on the downstream boundary. For the three-dimensional simulations, the spanwise length of the domain
was 15D discretised with 64 Fourier modes, and periodic boundary conditions were employed on the planes
that crossed the ends of the cylinder. The mass ratio was m∗ = 2.0 for all calculations. The Reynolds num-
bers tested varied between 90 and 645 for the two-dimensional simulations and between 300 and 600 for the
three-dimensional simulations. The polynomial order of the basis functions varied from 3 (lowest Reynolds
numbers) to 9 (highest Reynolds numbers) for the two-dimensional simulations and from 4 to 6 for the three-
dimensional simulations. We also used different time steps according to the Reynolds number, varying from
∆t∗ = 7.4× 10−3 for Re = 90 to ∆t∗ = 7.6× 10−4 for Re = 645.

Two-dimensional simulations
Fig. 2 shows the amplitude of response obtained with the numerical simulations. It is possible to identify three
different regimes in the curve relative to the two-dimensional simulations. The first regime shows a mono-
tonically decreasing amplitude with increasing Reynolds number, comprising the range 90 ≤ Re ≤ 165. It is
interesting to note that for this Reynolds number range, the flow around a tandem arrangement with fixed cylin-
ders with Lx/D = 4 is basically two-dimensional – the critical Reynolds number regarding three-dimensional
instabilities for this arrangement is Re = 163.5 (Carmo et al., 2010). Comparing the power spectral density
(PSD) of the force on the upstream cylinder (fig. 3(a)) to the PSD of of the downstream cylinder displacement
(fig. 3(b)), it can be seen that the power of these two signals is concentrated at the the same frequency, i.e.
the displacement of the downstream cylinder is synchronised with the shedding of the upstream cylinder. The
second regime starts at Re ≈ 180 and is observed for Reynolds numbers up to 360. The amplitude of vibra-
tion for this regime exhibits significant scatter, as can be seen in fig. 2. Nonetheless, the downstream cylinder
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Figure 2: Response amplitude obtained from two- and three-dimensional simulations at different Reynolds
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Figure 3: Contours of normalised power spectral density of the upstream cylinder lift coefficient and down-
stream cylinder displacement, as functions of the Reynolds number; two-dimensional simulations.

displacement and upstream cylinder lift coefficient signals remain synchronised, as shown in fig. 3. There is
a gradual transition between the second and third regimes, happening for 360 ≤ Re ≤ 405. The third regime
then extends up to the highest Reynolds number tested. For this regime, fig. 2 shows that the amplitude grows
monotonically with the Reynolds number. The PSD contours of the displacement of the downstream cylinder
(fig. 3(b)) shows that for this regime there is a strong component at low frequencies, and this component does
not have a corresponding match in the PSD contours of the lift of the upstream cylinder (fig. 3(a)).

Three-dimensional simulations
Fig. 2 shows that the amplitude of vibration varies very little for the three-dimensional simulations, within the
Reynolds number range tested. However, experimental results for subcritical Reynolds numbers show growing
values with increasing Reynolds numbers (Assi, 2009). We suggest that this disparity of behaviours is due to
fundamental differences in the flow regimes. Once the wake is three-dimensional, an increase of Reynolds
number causes two opposite effects. The first is an increase of the vortex strength, due to an increase of
the vorticity magnitude of the boundary layers and consequently of the free shear layers. The second is the
intensification of the three-dimensional character of the flow and turbulence in the wake, which contributes for a
faster diffusion of the spanwise vorticity. The work by Noca et al. (1998) indicates that the second effect prevails
over the first for Re . 1500, and the first effect prevails over the second for Re & 1500. Since the forces on
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the downstream cylinder are directly linked to the strength of the vortices reaching the body, it is expected that
the amplitude will only grow if the strength of the vortices shed by the upstream cylinder increases, i.e. if the
Reynolds number is increased beyond the threshold Re ≈ 1500.

FUTURE WORK

In the near future, we will try to stretch the Reynolds number range to reach values up to 2000, so as to have
a more complete picture of the response of the cylinder from the onset of the transition in the wake (Re ≈ 150)
until the end of the crisis in the lift coefficient (Re ≈ 2000).
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ABSTRACT

Results  are  presented  for  the  vortex-induced  vibrations  (VIV)  of  a  circular  cylinder  of  low  non-
dimensional mass (m*=10). The computations are carried for various values of reduced velocity (4.2 < 
U* < 5.2) at Re=1000 using a stabilized finite element method in three dimensions. It is found that even 
though the response of the circular cylinder in the transverse direction is qualitatively similar to that at 
high Reynolds  number(three-branched response),  the mode of  vortex shedding in  upper  branch is 
different.  Hysteresis is observed near initial-upper branch transition while intermittent switching from 
upper to initial branch is seen. The peak amplitude of transverse oscillation is obtained as 0.7D which is 
between the low and high-Reynolds number transverse response.

      Keywords:  vortex-shedding, cylinder, hysteresis

1    INTRODUCTION

Free vibrations are caused by unsteady aerodynamic forces arising from the alternate shedding of the 
vortices from the bluff body. The motion of the body in turn can significantly alter the vortex pattern in the 
wake.  A well  known  effect  is  the  synchronization/lock-in  of  the  vortex  shedding  frequency  to  the 
oscillating frequency of the body over a range of reduced velocity. The interaction between the motion of 
body and vortex wake is very complex and interdependent. Extensive computational and experimental 
results are available at low and high Reynolds number respectively. Two-branched response is reported 
at low Re as opposed to three branched response at high Re. For a comprehensive review of the 
research  on  various  aspects  of  VIV,  the  reader  is  referred  to  review  articles  by  Williamson  and 
Govardhan (2004) and Bearman  (1984).

In this study, the vortex-induced vibration of a cylinder placed in a uniform flow at Re=1000 is studied. 
The cylinder is free to vibrate in both stream-wise and transverse directions. There are very few studies 
that address the oscillation of a circular cylinder at moderate Reynolds number via 3D computations. 
The aspect ratio of the cylinder is AR=4 and the non-dimensional mass  is m*=10. The motion of the 
cylinder along the Cartesian axes is governed by one degree of freedom spring-mass system. The flow 
around  the  cylinder  is  simulated  with  incompressible  flow  equations  in  primitive  variables  form.  A 
stabilized space-time finite element formulation is utilized to solve the flow equations in two dimensions. 
The  formulation  is  based  on  Streamline-Upwind/Petrov-Galerkin  (SUPG)  amd  Pressure 
Stabilizing/Petrov-Galerkin (PSPG) method. Eight-noded hexahedral elements are utilized with equal-in-
order interpolation for velocity and pressure. The equations resulting from finite-element discretization 
are solved using Generalized Minimal RESidual (GMRES) technique.

mailto:smittal@iitk.ac.in


2    RESULTS

Computations are carried out for a blockage of 5% at different  reduced velocities via two approaches. In 
the first approach reduced velocity is increased in small steps while it is is decreased in small steps in 
the second approach. The simulations are continued till  flow achieves a fully developed unsteady state. 
The Reynolds number for all computations is 1000. The springs in both stream wise and transverse 
directions are assumed to be linear with same stiffness. To encourage high amplitude oscillations the 
structural damping coefficient is set to zero.

Figure 1 shows the variation of non-dimensionalized maximum amplitude of transverse oscillation. The 
response is characterized by three branches- initial excitation, upper and lower branch. The jump from 
the initial to upper branch  is found to be hysteretic while the jump from upper to lower branch shows 
intermittent  behavior  (figure  2).  This  behavior  is  similar  to  the  response  observed  by  Khalak  and 
Williamson (1999) with an upper branch at high Reynolds number. The value of peak amplitude reported 
by them is approximately 1.1D (D being the diameter of the cylinder) while that reported by Prasanth and 
Mittal  at  low Reynolds  number  with  two-branched response  is  about  0.59D.   The  peak amplitude 
obtained in the present study is 0.7D. As the  Reynolds number is increased the response of the circular 
cylinder begins to exhibit the upper branch. Also, the response amplitude increases with increase in Re 
in the transitional regime.

The vortex shedding modes in the three branches is shown in Figure 1. The flow corresponds to the time 
instant when the cylinder is at highest transverse location. The vortex shedding mode in initial branch 
and upper branch is 2S with increased lateral spacing between vortices in upper branch and it is 2P 
lower branch.  This phenomenon of mode change is hysteretic  in initial-upper transition and intermittent 
in the upper-lower transition. Govardhan and Williamson (2000) also observed different modes of vortex-
shedding in different branches at high Reynolds number. However they reported 2S mode of vortex 
shedding associated  with initial branch and 2P mode of vortex shedding associated with upper and 
lower branch.

Figure 1: Variation of maximum amplitudes of transverse oscillation showing the three branches. The 
span-averaged vorticity contours in these branches are shown in the insert.



Figure 2: Re=1000 , U*=4.785 : time histories of Y-oscillation  showing intermittent behavior during 
upper-lower transition.

Figure 3 shows the time history of lift coefficient for different branches. For initial and upper branch one 
peak is observed per oscillation cycle of the cylinder. However,  in the upper branch two peaks per 
oscillation cycle is observed. This also confirms 2S mode of vortex shedding in initial and upper branch 
and 2P mode of vortex shedding in lower branch.  The in-line oscillation amplitude and drag coefficient 
also shows  jump at the two transition points. Figure 4 shows the variation of root mean square value of 
in-line oscillations and drag coefficient with U*.
   
3    CONCLUSIONS

Results have been presented for the free vibrations of a circular cylinder of low non-dimensional mass 
(m*=10). The computations are carried out for various values of of reduced velocity (4.2 < U* < 5.2) at 
Re=1000 using a stabilized finite element method in three dimensions. It is found that even though the 
response  of  the  circular  cylinder  in  the  transverse  direction  is  qualitatively  similar  to  that  at  high 
Reynolds  number,  the  mode  of  vortex  shedding  in  upper  branch  is  different.  Each  branch  is 
characterized by different mode of vortex shedding and this results in hysteretic behavior in initial-upper 
transition  and  intermittent  behavior  in  upper-lower  transition.  Computations  are  currently  being 
performed to  further  investigate  into  this  switch  in  vortex  shedding  mode.  Detailed  results  will  be 
presented at the time of conference.
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Figure 3: Time history of lift coefficient and span-wise isovorticity contours :(a) U* = 4.2, initial branch (b) 
U* = 4.55, upper branch (c) U* = 6.2, lower branch.

Figure 4: Variation of root mean square values of in-line oscillations (Xrms/D) and drag coefficient (CDrms)
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INTRODUCTION

This study examines experimentally cylinders undergoing forced oscillations in a freestream. Much
of the research into oscillating cylinders focuses on transverse oscillations due to their relevance to
vortex-induced vibrations (VIV). However, work examining inline (streamwise) oscillations is interest-
ing from a fundamental and flow control viewpoint. It is this streamwise oscillation problem that is
studied here.

Previous studies of this problem (Griffin & Ramberg, 1976; Barbi et al., 1986) have investigated
the synchronisation between the cylinder forcing and the vortex shedding. These studies report that
the vortex shedding locks to a subharmonic of the forcing (the vortex shedding occurs at half the
frequency of the forcing), particularly for forcing frequencies around twice fso, the natural shedding
frequency from the unperturbed cylinder. Barbi et al. (1986) and Ongoren & Rockwell (1988) also
report that a synchronised symmetric wake structure, different to the classic von Kármán street, can
be achieved depending on the amplitude and frequency of forcing. Yokoi & Kamemoto (1994) found
a series of synchronised states, depending on forcing frequency, amplitude, and Reynolds number.
These states could be synchronised to either the forcing frequency or its subharmonic, particularly
when the forcing frequency was close to fso, a finding confirmed and extended by Cetiner & Rockwell
(2001).

The focus of this study has been on inline forcing of circular and square cylinders at a driving
frequency fd equal to the natural frequency fso. The amplitude of the forcing has been systematically
varied in order to determine its effect. Response was examined through frequency analysis of lift
and drag forces. It was found that the shedding frequency reduces with increasing forcing amplitude
until it reaches some critical amplitude where the response locks to a subharmonic frequency half
that of the forcing frequency. The relationship between shedding frequency and amplitude prior to
subharmonic locking is shown to follow a quadratic trend for both the circular and square geometries.

METHODOLOGY

Experiments were conducted using the Fluids Laboratory for Aeronautical and Industrial Research
(FLAIR) water channel at Monash University. This facility is a free surface water channel with 800mm
depth, 600mm width and 4000mm length with a usable test section of around 500mm width and
650mm depth.

The shedding frequency from a stationary body was initially determined using frequency analysis
of lift force and velocity probe data, then the body forced sinusoidally such that fd = fso. Square
and circular cylinders of 25mm width/diameter were oscillated using a stepper motor connected to a
traverse which allowed for linear translational motion. Position was confirmed using a Hollow Bore
Optical Encoder attached to the shaft of the stepper. Lift and drag forces on the cylinders were
measured using strain gauges on a load cell positioned above the free surface. Both square and
circular cylinders were attached to the load cell such that they passed through the test section with
the end of the cylinder finishing < 10mm from the bottom of the channel. Reynolds number was
defined using the freestream velocity and the cross-stream width of the body. It was then varied by
changing freestream velocity such that Re = 1500 to 5 500 and 3 750 to 6 300 were examined for the
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Figure 1. Shedding frequency, fs plotted against non-dimensional forcing amplitude, A∗ = A/D, for square
cylinder (top left), circular cylinder (top right) at various Re and various forcing frequencies at Re = 3500 on
square cylinder (bottom).

square and circular cylinders respectively.
Initially Laser Doppler Anemometry (LDA) was used in combination with force measurements to

verify frequency data. The LDA was aimed behind the body in order to measure the oscillations in the
velocity due to vortex shedding. The results of frequency analysis from LDA matched closely with that
of the force measurements, showing that force measurements were adequate for a frequency analy-
sis and as such it was chosen to use only force measurements to reduce set up and experimentation
time.

RESULTS

With the driving frequency, fd, fixed to fso, the shedding frequency fs decreases with increasing
amplitude as shown in figure 1, until it synchronises to a subharmonic mode at a critical amplitude.
This phenomenon occurred at all Reynolds numbers tested for both circular and square cylinders.
Reynolds number was varied as it was suspected that the gradient of fs against amplitude and also
the critical amplitude for subharmonic lock on would be Reynolds number dependent. Although a
similar profile was found for all Reynolds numbers tested, no clear trend with Reynolds number is
observed in the data set taken, though further investigation is required.

As the amplitude increases further a critical amplitude is reached where the response locks to a
subharmonic frequency which is half fso. For the square cylinder this locking to a period doubled
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state occurs at a higher nondimensional amplitude (A∗) compared to the circular cylinder. It is also
of note that the transition to this locked in region occurs more abruptly for the circular cylinder cases,
whereas the square cylinder has a more continuous lock in region.

Due to the potential errors in forcing at a frequency that is not exactly equal to the unperturbed
shedding frequency, an investigation was conducted varying fd slightly from the measured fso to
determine the effect on fs/fd. For the frequencies tested up to ±5% the trend of decreasing fs with
increasing forcing amplitude remains. However, as shown in figure 1 the curve is displaced a large
amount for a small variation in fd, significantly changing the amplitude at which synchronisation to
the subharmonic occurs. It was also found that if fd/fso was decreased below fs/fd = 0.95, the trend
would start to break down, with the system synchronising to a response where fs/fso = 1.

Characteristics of Shedding Frequency
The initial variation of fs with low amplitude forcing follows a consistent trend, with fs being inversely
proportional to A∗2 for both the circular and square geometries. A power law curve of the form
fs = c+ aA∗b has been fitted to the data in a least-squares sense, allowing all 3 constants (a, b and
c) to vary. The resulting curves and the data are compared in figure 2.

Since the response is continuous at low amplitudes the constant, c, represents the ratio fd/fso

and hence would be equal to 1, however due to errors between the forcing and natural shedding
frequencies allowing c to be free resulted in a better fit of the data. We would then expect c to give
an indication of the true fd/fso ratio within a given experiment.

For each circular cylinder case in this study it was found that the exponent b was consistently close
to 2. Imposing a condition that locked b = 2 resulted in a very good fit of the shedding frequency
trend. This result is inspite of the variation of the gradient of the curve and critical locking amplitude
with varying Reynolds number.

The square cylinder results aren’t as clear, as the critical amplitude for synchronisation to the
subharmonic mode is not as well-defined as it is for the circular cylinder. However, for amplitudes
A∗ < 0.15, fs plotted against A∗ follows a clear trend as seen in figure 1. Above this amplitude the
square cylinder showed a much more continuous transition to the subharmonic mode than did the
circular cylinder, with a rapidly varying frequency with increasing amplitude, rather than a discontin-
uous step as seen for the circular geometry, rendering a quadratic fit inappropriate over the entire
range prior to the critical amplitude. If this region is ignored and only lower amplitudes used, the
quadratic variation of fs with increasing amplitude found for the circular cylinder is recovered. It is
possible that the breakdown of the quadratic trend is due to a region of bimodal response that was
observed at moderate amplitudes and occured over a larger range for the square geometry, however
further investigation is required to properly characterise the trend.
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CONCLUSION

This study has investigated the modes of response and trends in shedding frequency caused by vari-
ations in amplitude while the inline oscillating frequency is held constant at the natural stationary-body
shedding frequency. It has been observed that for low amplitude oscillation the shedding frequency
varies quadratically with the forcing amplitude, regardless of the body shape. At slightly higher am-
plitude a region of possible mode competition exists, until an eventual lock on to the subharmonic
mode. This region of mode competition is brief with an abrupt lock for the circular cylinder, while
the square cylinder exhibits a more gradual lock to the subharmonic response occurring over a larger
range of amplitudes. Differences between square and circular geometries have been noted though at
this stage it is unclear what mechanism changes between the square and circular cylinders to cause
this variation in response.
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Numerical	study	of	fluid	forces	and	vortex	patterns	in	the	
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Abstract: The flow field about a circular cylinder subject to velocity perturbations in the inflow velocity and the 
fluid-induced forces acting on the body are examined by two-dimensional numerical simulations at a Reynolds 
number of 150 based on the median velocity. The frequency of the perturbations is varied across the lock-on 
range and the peak-to-peak amplitude of the velocity perturbations is kept constant at 20% of the median. Small 
deviations of the perturbation waveform from a pure harmonic are shown to have a subtle effect on the 
mechanism of vortex formation and a more substantial effect on the induced fluid forces. Overall, the wake 
response across the lock-on range is similar for both harmonic and non-harmonic perturbation waveforms.  

Introduction	
The study of the of bluff-body flows subject to forced perturbations is a fundamental topic in fluid dynamics 
which has significant ramifications for practical engineering problems, e.g. the excitation of vortex-induced 
vibrations of compliant structures, wake-flow and structural-vibration control. The non-linear character of the 
interaction between an oscillating body and the flow about it still raises interesting questions despite the 
phenomenal number of related studies in recent years. Beyond dispute, the capability to investigate such 
complex non-linear interactions via numerical simulations has increased markedly as evidenced by recent studies 
[1-2]. Nevertheless, it appears that the understanding of the physical mechanisms governing the response of the 
body-fluid oscillators is incomplete. For instance, a recent work has shown that deviations of the waveform of 
controlled perturbations from a pure tone can have considerable effect on the vortex dynamics and the fluid 
forces acting on the cylinder and may stabilize and/or destabilize the wake [3]. The present study continues along 
the latter path and attempts to clarify the effect of non-harmonic perturbations in a systematic manner.  

Numerical	method	and	parameters	of	present	study	
The numerical simulation is based on the direct time integration of the discretized continuity and Navier—Stokes 
equations on an orthogonal curvilinear mesh using the finite-volume method. The flow domain is rectangular and 
extends 10D upstream, 25D downstream and 10D above and below the cylinder centre (where D is the cylinder 
diameter) with a mesh of 299 × 208 nodes. Symmetry conditions are used in the lower and upper boundaries and 
the no-slip condition is applied at the cylinder surface whereas a convective boundary condition is employed at 
the outflow. At the inflow boundary of the solution domain, prescribed velocity perturbations are superimposed 
on a non-zero mean in order to act as an external excitation source. Two different waveforms of the time-
dependent inflow velocity ( )U t  were generated by the following formula 

      
2( ) 1 sin (2π )

n

eU t f t  (1) 

where ef  is the frequency of the perturbations,    is a parameter related to the amplitude of the velocity 
perturbations,   sets the median velocity and the index n determines the waveform. For n = 1 the perturbation 
waveform is a pure harmonic, a case which is employed as the basis for comparisons. For the non-harmonic 
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waveforms, the index was set at n = –1 and two different waveforms were employed using different sings in 
formula (1). The generated non-harmonic waveforms are shown in figure 1 together with the analogous harmonic 
one. The different waveforms can be hardly distinguished in the plot. All waveforms have the same minimum and 
maximum velocities which occur at the same instant in the cycle so that direct comparisons can be made between 
the different cases. The median velocity is used as a reference velocity for normalization, i.e.   1

0 min max2U U U . 
For the present study, the Reynolds number based on the median velocity and the cylinder diameter is 150. The 
alpha parameter was kept constant at   0.707 and the nominal excitation frequency was varied around the 
vortex shedding frequency at the same Reynolds number in the absence of perturbations, 0f , in order to span 
the vortex lock-on range  0( / 0.7 1.2)ef f .  

 
Figure 1. Perturbation waveforms employed in the present simulations; solid line: harmonic, dashed and dotted 

lines: nonharmonic. The different waveforms can be hardly distinguished in the plot.  

Results	and	discussion	
The frequency response of the in-line and transverse force acting on the cylinder is shown in figure 2. The 
frequency of the in-line force is twice the nominal excitation frequency (i.e. equal to the actual excitation 
frequency) for all cases examined whereas the frequency of the transverse force is equal to the nominal excitation 
frequency over a limited range which corresponds to the vortex lock-on regime. This observation demonstrates 
that the in-line force is biased by inertial components due to added-mass and Froude-Krylov forces that act 
independently of the viscous effects. It might be observed in figure 2(b) that the frequency ratio at which lock-on 
starts and terminates is shifted systematically either towards lower or higher values by the two different non-
harmonic waveforms compared to the harmonic case.  

 

Figure 2. Frequency response of the (a) in-line and (b) transverse force as a function of excitation frequency for 
different perturbation waveforms.  harmonic ,  non-harmonic waveforms. Different symbol colours 

correspond to the waveforms shown in figure 1.  
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Figure 3 shows the variation of the fluid forces as a function of the perturbation frequency for different 
waveforms. The forces are normalized by 1 2

02 U D  which is a common factor to all waveforms. Without entering 
into a detailed discussion for each individual plot, it suffices to note that the two different non-harmonic 
waveforms cause systematic changes in the magnitude of the total in-line mean XmeanC  and transverse r.ms. YrmsC
force coefficients. Near the resonance point, the magnitude of XmeanC differs by 8% between the two different 
waveforms, i.e. a considerable increase or decrease compared to the harmonic case. On the other hand, the r.m.s. 
magnitude of the total in-line XrmsC and drag DrmsC  forces are not considerably affected because of the 
dominance of the added-mass and Froude-Krylov inertial components (here, the drag force is obtained by 
subtracting the inertial components from the total force). Overall, the variation of the fluid forces across the lock-
on range exhibits the same trend for all perturbation waveforms.  

Figure 3. Fluid forces acting on the cylinder as a function of excitation frequency for different perturbation 
waveforms; (a) total in-line mean force, (b) total in-line r.m.s. force, (c) transverse r.m.s. force, (d) drag r.m.s. force.  

Symbols and colouring as in figure 2.  

 

The considerable changes in the fluid forces acting on the cylinder can be linked to subtle changes in the 
mechanism of vortex formation in the very-near wake as illustrated in figure 4. The four instants shown in the 
figure correspond to exactly the same time within approximately one perturbation cycle in each simulation. 
However, it should be noted that the distributions in the right-hand-side column were mirrored with respect to 
the wake axis to make them directly comparable to the other two cases. There is a subtle but systematic effect of 
the different waveforms on the timing and modifications in the details of vortex formation.  

In summary, the present results show that controlled perturbations with non-harmonic waveforms have a 
considerable effect on the mechanism of vortex formation and the induced forces exerted on the cylinder. This 
finding suggests that adjusting the waveform offers an extra control parameter to achieve the desired objective in 
addition to the amplitude and frequency of the imposed perturbations.  
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(a) non-harmonic (b) harmonic (c) non- harmonic

Figure 4. Vorticity distribution around the cylinder for the three different perturbation waveforms at a perturbation 
frequency of 0/ 0.785ef f . Colouring in the legend indicates the waveforms in figure 1.  
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Abstract 
In this numerical study a circular cylinder is made to follow a figure-8 path. Time-mean and rms 
values of force coefficients and mechanical energy transfer are investigated versus frequency 
ratio at Reynolds numbers of 200, 250 and 300. Results differ substantially depending on the 
direction of orientation. Mechanical energy transfer was found to be always positive when the 
upper section of the figure-8 path moved in an anticlockwise direction, which may lead to vortex-
induced vibration, and always negative for a clockwise path. 
 
1. Introduction 

Fluid-structure interaction, while a frequently studied topic, can be incredibly complex and 
researchers are always finding new physical phenomena in the wake of a bluff body. Flow around 
cylinders oscillating in transverse or in-line directions to the main stream is has long been in the 
focus of attention due to its practical importance. 

Cylinder motion and the flow around a cylinder often cannot be modelled by one-degree-of-
freedom (1-DoF) cylinder motion, although this is sufficient for pure transverse or in-line 
oscillation. In real life, typically components of both transverse and in-line motion occur (two-
degree-of-freedom motion). 

Studies dealing with 2-DoF forced cylinder motion basically fall into two groups: the first is 
when the frequencies are identical in x and y direction (fx=fy), leading to an elliptical path (Didier 
and Borges, 2007; Baranyi, 2008). The second is when the frequency of in-line oscillation is 
double that of the transverse oscillation (fx=2fy). In this case, quite a variety of cylinder paths can 
be produced by altering the phase difference between the two motions Θ. At each extreme (-π/2, 
π/2) an arc is produced, although they curve in opposite directions, while in the middle (Θ=0) a 
symmetrical figure 8 is formed. As Θ moves away from zero, the two lobes of the figure 8 become 
distorted. According to Sanchis et al. (2008), the figure-8 motion of a cylinder occurs when the 
mass of a freely oscillating body is close to that of the displaced fluid. Jeon and Gharib (2001) 
suggest that the phase value tends to vary within 45 degrees of zero for free vibration cases. 
Their experimental investigation of 2-DoF forced cylinder motion emphasised the importance of 
the phase difference between the two motions.  

Numerical studies often place a cylinder in forced motion in order to gain an approximation of 
fluid-structure interaction. While this results in a simplified model, and a direct relationship 
between free and forced vibration is difficult to confirm (Williamson, 2004), it is a convenient 
approach to begin investigation of this complex phenomena.  

Perdikaris et al. (2009) investigated flow around a mechanically oscillated cylinder following a 
figure-8 path at Reynolds number Re=400 while varying the transverse amplitude of oscillation. 
Their study looked at the power transfer parameter for two frequency ratios of 0.5 and 1. They 
found that the orientation of the motion (clockwise or anticlockwise orbit of the upper lobe) 
influences the results, generally leading to higher force coefficients and power transfer for the 
anticlockwise orientation.  

Peppa et al. (2010) carried out a similar investigation for Re=400 at frequency ratios of 0.9, 1 
and 1.1 at two different Ax/Ay ratio values. They also carried out computations for both directions 
of orbit and found that an anticlockwise orbit in the upper lobe resulted in a positive power 
coefficient, meaning an increased chance of vortex-induced vibration for a cylinder in free 
vibration.  

An earlier numerical study of mine (Baranyi, 2010) dealt with forced figure-8 motion for 
Re=150, 200 and 250 against frequency ratio, for clockwise orientation only. One sudden change 
in vortex structure was identified for Re=250 only. The current numerical investigation examines 
the behaviour of a mechanically oscillated cylinder in a uniform flow, for both directions, at 



Re=200, 250 and 300. Time-mean and rms values of force coefficients and mechanical energy 
transfer values for a cylinder following a symmetrical figure-8 path are compared by the direction 
of orbit in order to determine the influence of direction on flow behaviour.  
 
2. Governing equations and computational setup 

The dimensionless governing equations for an incompressible constant property Newtonian 
fluid flow around a moving circular cylinder are the two components of the Navier-Stokes 
equations, the continuity equation and pressure Poisson equation written in a non-inertial system 
fixed to the cylinder (not shown here due to lack of space; for further details see Baranyi (2008)).  

Using boundary-fitted coordinates the governing equations and the boundary conditions are 
transformed into the computational plane and the equations are solved using the finite difference 
method. The 2D in-house code developed by the author was tested thoroughly against available 
experimental and computational results for stationary and moving cylinders (Baranyi, 2008). 

Three Reynolds numbers of 200, 250 and 300 were investigated. During the whole 
investigation the oscillation frequencies are set at fx=2fy, and oscillation amplitudes were kept 
constant at Ax=0.14 and Ay=0.5 to ensure a slender figure-8 path. Computations were repeated 
for different frequency ratios of fy /St0,  where St0 is the Strouhal number belonging to a stationary 
cylinder at the given Reynolds number. Only locked-in cases are investigated. For further details 
see Baranyi (2008). All computations are carried out for both directions of orientation. The inertial 
forces originated from the accelerating cylinder are removed, so only “fixed-body” coefficients 
(Baranyi, 2005) are shown in this paper.  

Mechanical energy transfer between the fluid and the cylinder E is calculated from the 
following formula (see Baranyi, 2008): 

 
 
 
 

 
3.  Computational results and discussion 

In Figure 1(a) it can be seen that the time-mean (TM) values of lift CL for the anticlockwise 
direction of the upper lobe (filled signals) are zero for all three Reynolds numbers, just like for a 
transversely oscillating cylinder. The clockwise (clw) curves (empty signals) show one jump each 
for Re=250 and 300, showing a sudden switch in vortex structure. These curves are similar to 
those for in-line cylinder motion, and the vortex switch is probably due to a symmetry-breaking 
bifurcation (Crawford and Knobloch, 1991). The rms of lift, shown in Figure 1(b), also shows 
different behaviour depending on direction, with the clockwise curves changing gradually, and the 
anticlockwise (aclw) exhibiting a different pattern. The same tendencies were found for the TM 
and rms of torque coefficients (not shown here). 
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Figure 1: Time-mean (a) and rms (b) values of lift coefficient vs. frequency ratio for clockwise 
(Re=200, 250, 300) and anticlockwise (Re=200a, 250a, 300a) orbit 
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Figure 2 shows the TM and rms of the drag coefficient CD. Once again, the TM values are 
higher for the aclw case, although rms values are lower than those of the clw curves. Base 
pressure coefficients (not shown) show basically the same tendency for both TM and rms values. 
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Figure 2: Time-mean (a) and rms (b) values of drag coefficient vs. frequency ratio for clockwise 
(Re=200, 250, 300) and anticlockwise (Re=200a, 250a, 300a) orbit 

 
The mechanical energy transfer E between the fluid and the cylinder within one motion period 

(based on fy) is given in Fig. 3. For clw, it can be seen that E curves are close to each other and 
always negative within the lock-in domain, while the aclw curves are always positive. These 
findings are in agreement with those of Perdikaris et al. (2009). The positive energy transfer 
means that cylinder motion is amplified by the fluid, which can lead to vortex-induced vibration 
(VIV). As can be seen in Fig. 3, E is approximately constant over fy /St0=0.8 for all three Re values 
for the aclw case.  
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    Figure 3: Mechanical energy transfer vs.          Figure 4: Limit cycles (CD,CL), Re=300, 
          frequency ratio for two directions      before jump (thick line) and after (thin line) 

 
Some results of a pre- and post jump analysis are shown in Figs. 4 and 5 for the clockwise 

case at Re=300 (no jumps were found in any of the aclw curves). The pre- and post jump 
frequency ratio values are 0.8268 and 0.8270. Figure 4 presents (CD,CL) limit cycle curves for the 
two values. While perhaps not obvious at first sight, the two curves are mirror images, supporting 
the idea that the vortex switch is due to symmetry-breaking bifurcation. In Fig. 5 the vorticity 
contours pre- and post-jump for clw orientation are shown for the same (right-most) cylinder 
position. It can be seen that the vortex pattern has switched to a near-mirror image: before the 
jump double vortices are in the lower row but then switch to the upper row. 



 

        
                                  (a)                                                                              (b)                     

Figure 5: Vorticity contours at fy/St0=0.8268 (a) and fy/St0=0.8270 (b)  
for Re=300, right-most cylinder position, clockwise orbit 

 
4. Conclusions 
For a cylinder following a figure-8 path, the orientation is found to have a major effect on all of the 
parameters investigated. This is especially striking in the case of mechanical energy transfer, 
where an anticlockwise orbit leads to positive values, enhancing cylinder motion. Switches in 
vortex structure were found only for some clockwise cases.   
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ABSTRACT 

Vortex shedding starts for flow past a stationary square cylinder around Re = 45. If the cylinder is 
mounted on a spring, it starts oscillating due to the unsteady forces acting upon it. Vortex induced 
vibrations for subcritical (Re<45) and supercritical range (25<Re<180) are simulated. A stabilized 
finite-element method is used to solve the equations for the two-dimensional incompressible flow 
and the motion of the cylinder. The cylinder is allowed to move in transverse direction. It is 
observed that the vortex shedding and vortex induced vibrations can start at Re as low as 24. 

INTRODUCTION 
Once the von-Karman vortices start shedding around Re ~ 45 for the flow past a square cylinder, 
the cylinder vibrates in transverse and in-line directions if it is mounted on springs in both the 
directions. It happens due to unsteady lift and drag forces. These vibrations are observed in many 
engineering applications. Under certain conditions, the motion can cause the vortex-shedding 
frequency to match the vibration frequency over the range of Re. This phenomenon is known as 
lock-in or synchronization. Williamson and Roshko [1] performed the forced-oscillation 
experiments to identify the wake patterns for various range of A/D (amplitude to diameter ratio) 
and for Re = 300-1000. The wake patterns observed are named as 2S, S+P and 2P. In 2S 
pattern, the shedding of a single vortex in each half cycle of oscillation similar to the natural 
Karman vortex shedding. The 2P mode represents the shedding of two pairs per shedding cycle. 
In S+P mode, one single and one pair of vortices are shed per cycle. Feng [2]  and  Khalak and 
Williamson [3] have carried out the experiments on VIV for various mass ratio and their findings 
are various response branches and mechanism involved in VIV. Buffoni [4] found that vortex 
shedding could be triggered at subcritical Re (20 to 49) also by forced vibrations at specific 
frequencies. Mittal and Singh [5] have computed the VIV for subcritical Re for certain natural 
frequencies of the spring-mass system and found that the self-excited vibrations of the cylinder 
are possible for Re  as low as 20. 

Okajima [6] has studied the flow past a stationary and oscillating (forced frequencies) square 
cylinder with numerical simulation at various blockage ratios in order to see the effects of wall 
confinement on the aerodynamic characteristics of the cylinder. Numerical methods employed are 
Direct Simulation with upwind scheme for laminar flow at Re = 200, 400, 103. For the stationary 
case, the lift and drag forces, and Strouhal numbers increase with the increase of blockage. For 
oscillating cases, the trend of phase difference cannot be changed by the blockage effects.  

The governing equations and Finite element formulations 
Unsteady two dimensional Navier-Stokes equations are solved using stabilized finite element 
formulations. The stress tensor is expressed as the sum of its isotropic and deviatoric parts. The 
rigid body dynamics, due to the unsteady fluid forces acting on the square cylinder in the two 
directions along the Cartesian axes, is governed by the equations which consists of second and 
first derivative of transverse displacement as unknowns. Various unknown parameters are 
structural damping, lift coefficient, non-dimensional mass of the body and the reduced natural 
frequency (Fn). The non-dimensional mass of the body is defined as M = 4m/πρ∞D2 where m is 
the actual mass of the oscillator per unit length, ρ∞ is the density of the fluid and D is the side of 
the square cylinder. The free stream flow at the inlet is along the x-axis.  The displacement and 
the velocity of the cylinder are normalized by D and U∞., respectively. Fn = fnD/U∞ where fn is the 
actual frequency of the oscillator. The force coefficients are computed by carrying an integration, 
that involves the pressure and viscous stresses, around the circumference of the cylinder. 
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The deforming spatial domain/stabilized space time (DSD/SST), Tezduyar et. al. [7], method is 
applied to accommodate the motion of the cylinder and the deformation of the finite element 
mesh. Equal-in-order basis functions for velocity and pressure that are bilinear in space and linear 
are used. The equation systems resulting from the finite-element discretization of Navier-Stokes 
equations are solved by the generalized minimal residual (GMRES), Saad [8], method in 
conjunction with the diagonal pre-conditioners.  

Problem description, boundary condition and the finite element mesh 
The square cylinder is mounted on elastic support in the transverse direction and the non-
dimensional mass, M, is 5. The structural damping coefficient, ζ, is set to be zero so that the 
displacement can be maximized. Two set of simulations are done. In the first set, the reduced 
velocity, U*, is kept constant at 7.5 while U* varies as 3.1875/Re in the second set. U* is defined 
as U∞./(f D) where f  is the vibrating frequency of the body. 

At the surface of the cylinder, no-slip boundary condition is applied. The location and the velocity 
of the cylinder is updated at each time step obtained from the solution to the equations of the 
motion of the oscillator. Free stream values are assigned for the velocity at the upstream 
boundary. At the downstream boundary, the viscous stress is assigned to zero. At the upper and 
lower boundaries, the normal velocity and horizontal stress components are set to zero. 

The finite element mesh used in the present computations consists of 31,610 nodes and 31,200 
quadrilateral four-noded elements. This mesh is named as M31K. The distance between the 
upstream boundary and the centre of the square cylinder is 10D and that between the 
downstream boundary and the centre of the cylinder is  25.5D. The vertical distance between the 
top and bottom boundaries is 20D.  

Validation of the computations 
Flow past a stationary square cylinder is simulated for Re = 20, 40, 60, 100 and 110. The time 
averaged drag coefficient, the time-averaged drag coefficient, from the present computations are 
compared with those from Shimizu and Tanida [9] and Okajima [6] in Figure 1. It is observed that 
the drag coefficient for various Re lies between the experimental value of Shimizu and Tanida [9] 
and the simulated values by Okajima [6].  Strouhal Number from the present computations are for 
Re = 60, 100 and 110 are 0.113, 0.146 and 0.154. These values are matching well with Okajima 
[6] and Saha et. al. [10]. 

  

Figure 1: Vortex induced vibration of a square cylinder: Comparison of the drag coefficient for a 
stationary square cylinder. 
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Mesh convergence study for the stationary cylinder is done by applying a similar mesh to M31K 
but it has 41,328 nodes and 40,870 quadrilateral four-noded elements. Strouhal number and the 
drag coefficient are matching well. Maximum difference between the various values of the 
parameters such as Strouhal number, the drag and lift coefficients,  are 1-1.5%. 

Results 

In the first set of computations, U* is set at 7.5. Figure 2 shows the variation of Strouhal number 
(St) with Re. The results are compared with the experimental results of Buffoni [4] and simulations 
of Mittal and Singh [5]. Mittal and Singh [5] analysed flow past is a circular cylinder for M = 4.73. 
Buffoni's [4] study is for forced vibration of a circular cylinder. The trend of variation of St in 
present computations matches with the results of Reddy [11].  

 

Figure 2: Vortex induced vibration of a square cylinder: Comparison of Strouhal number for 
oscillating cylinder. Here U* is fixed at 7.5. 

 

Figure 3: Vortex induced vibration of a square cylinder. Variation of Maximum transverse 
displacement (normalized by the side of the cylinder) with Re for fixed and varying U*. 
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In the second set of the experiments, U* is varied as 3.1875/Re. The variation of maximum 
transverse displacement (Yd), normalized by the side of the square cylinder, with Re is plotted in 
Figure 3. The result is in accordance with that of Mittal and Singh [5] which is simulated for M = 
4.73. In Figure 3, the variation of Yd is also shown for the case when U* is fixed. The 
corresponding variation of Mittal and Singh [5] is also plotted in Figure 3. It is observed that  
maximum Yd occurs at Re ~ 38 which is similar to the case of flow past a circular cylinder. 
However, it is observed that maximum value of Yd for the square cylinder is less than that of the 
circular cylinder by approximately 40%. 

Conclusions 

Vortex induced vibration for the square cylinder is simulated for subcritical Reynolds numbers. 
The cylinder is allowed to oscillate in transverse direction with the non-dimensional mass of 5. It is 
observed that the cylinder vibrates for Re ~ 24-33.5 when the reduced velocity (U*) is varied as 
3.1875/Re. The flow is also simulated for the case where the reduced velocity is kept constant at 
7.5. The oscillation starts at Re~24.5.  

REFERENCES 

[1] C.H.K. Williamson and A. Roshko, Vortex formation in the wake of an oscillating cylinder, 
Journal of Fluids and Structures, 2:355:381, 1988. 

[2] C. C. Feng, The measurements of vortex-induced effects in flow past a stationary and 
oscillating circular cylinder and D-section cylinders, Master's Thesis, University of British 
Columbia, 1968. 

[3] C.H.K. Williamson and A. Khalak, Motion, forces and mode transitions in vortex-induced 
vibrations at low mass damping, Journal of Fluids and Structures, 13:813-851, 1999. 

[4] E. Buffoni., Vortex shedding in subcritical conditions. Physics of Fluids, 15:814:816, 2003. 

[5] S. Mittal and S. Singh, Vortex-induced vibrations at subcritical Reynolds Numbers, Journal of 
Fluid Mechanics, 534:185-194, 2005. 

[6] A. Okajima, D. Yi, A. Sakuda, and T. Nakano, Numerical study of blockage effects on 
aerodynamic characteristics of an oscillating rectangular cylinder. Journal of Wind Engineering 
and Industrial Aerodynamics, 67&68:91-102, 1997. 

[7] T. E. Tezduyar, M. Behr and J. Liou. A new strategy for finite element computations involving 
moving boundaries and interfaces - the deforming-spatial-domain/space-time procedure: I. The 
concept and the preliminary tests. Computer Methods in Applied Mechanics and Engineering, 
94(3):339-351, 1992. 

[8] Y. Saad and M. Schultz, GMRES: A generalized minimal residual algorithm for solving non-
symmetric linear systems, SIAM Journal of Scientific and Statistical Computing: 7:856-869,1986. 

[9] Y. Shimizu and Y. Tanida, Fluid forces acting on cylinders of rectangular cross-section, Trans. 
JSME B44 (384), 1978, 2699-2706 (in Japanese). 

[10] A. K. Saha, G. Biswas and K. Muralidhar, Three dimensional study of flow past a square 
cylinder at low Reynolds Numbers, International Journal of Heat and Fluid Flow, 24:54-66, 2003. 

[11] M. V. Reddy, Vortex Induced Vibration of an Elastically Mounted Square Cylinder, Master's 
Thesis, Department of Mechanical Engineering, IIT Kanpur, 2007. 



Vortex Modes and Cylinder Response in Streamwise-only Vortex-Induced
Vibrations

Neil Cagney1 and Stavroula Balabani2

Inroduction
Vortex-Induced Vibration (VIV) of circular cylinders has been the focus of an extensive range of

experimental, numerical and theoretical work. The problem is typically simplified by allowing (or forcing)
the cylinder to move only by translation in the transverse direction (normal the flow), as the fluid forces
and cylinder displacement in this direction tend to be an order of magnitude larger than those seen in the
streamwise direction (parallel to the flow). As a result, our understanding of the response and associated
wake of a cylinder undergoing streamwise VIV remains limited.

The response of a cylinder free to move only in the streamwise direction was measured by Aguirre
[1] and Nakamura [2], and is characterised by two branches, separated by a low response region as the
reduced velocity (UrSt = (U0/fnD)St, where U0 is the freestream velocity, fn and D are the cylinder
natural frequency and diameter respectively, and St is the Strouhal number) approaches 0.5. As the
unsteady drag force fluctuates at a frequency twice that of the vortex shedding, this corresponds to the
synchronisation between the streamwise motion and forcing. The first branch is typically associated with
the symmetric, or S, wake mode, in which two vortices are shed simultaneously from either side of the
cylinder [2, 3]. However, Aguirre [1] also observed the A2 mode in this region, in which the vortices are
shed alternately, similar to the wake seen behind a stationary cylinder. Williamson and Jauvtis [3] found
the vortex shedding to be locked-on to the cylinder motion over this range, while Nakamura et al. [2]
found that it continued to follow the Strouhal relationship.

The shedding was found to be alternate for the second response branch; however the vortices were
now formed and shed along the wake centreline (the SA mode) [1, 3]. The same mode occurs at
UrSt = 0.5; however the cause of the reduced cylinder response in this region remains unclear.

Clearly, there is some confusion over the nature of the free response of a cylinder undergoing stream-
wise VIV, in particular, the mode and frequency of the shedding in the first branch and the fluid excitation
at the onset of synchronisation between the cylinder motion and fluid forces. This study seeks to address
this, by providing phase-averaged velocity and vorticity fields in the wake of a freely moving cylinder us-
ing Particle Image Velocimetry (PIV), allowing the complex coupling between the structural motion and
the associated wake to be examined.

Experimental Set-up
The experiments were performed in a closed loop water tunnel with a 72mm × 72mm test section.

The cylinder was 7.1mm in diameter and 71mm in length. It was supported within the flow using fishing
wire such that it could move only by translation in the streamwise direction. The cylinder had a non-
dimensional damping ratio, ζ = 0.029, and a mass ratio (oscillating mass / displaced fluid mass) of 1.17.
The low mass ratio caused the response frequency to vary significantly from that measured in a still fluid

1Dept. of Mechanical Engineering, King’s College London, U.K, neil.cagney@kcl.ac.uk
2Dept. of Mechanical Engineering, University College London
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due to added mass effects. In order to account for this and to increase the generality of the results, the
‘true’ reduced velocity is used, UrSt/f

∗, where f∗ is the ratio of the response frequency, fx, to fn. The
Reynolds number ranged between 450 and 3700.

For the purposes of PIV, the flow was seeded using 14µm silver-coated glass spheres and illuminated
at the cylinder mid-span using a pulsed Nd:Yag laser. Image pairs were captured using a CMOS camera
at 100Hz. These were then processed using a three-pass cross-correlation scheme with 50% window
overlap. The vector fields were smoothed using a 3× 3 averaging filter after each pass. The final vector
spacing was 12 pixels (approximately 15.5 vectors per diameter).

For UrSt/f
∗ < 0.4, 500 velocity fields were calculated, spanning x/D = −1.3−4.9, y/D = −2.3−2.9,

where x and y are the coordinates in the streamwise and transverse direction respectively, with the origin
defined as the mean cylinder position. For reduced velocities above this, 1000 fields were calculated,
with a reduced transverse span of y/D = −0.75 − 0.9. These corresponded to approximately 30 - 60
cylinder oscillations respectively.

The displacement was estimated directly from the PIV images by cross-correlating them with a tem-
plate image of the cylinder. The vortex shedding frequency was estimated using the spectrum of the
transverse velocity measured at x/D = 3, y/D = 0.5. This signal was also used as a reference to phase-
average the velocity fields. These were used to estimate the vorticity fields, which in turn were used to
identify the dominant shedding mode for each reduced velocity.

Figure 1: Cylinder response amplitude and vortex shedding frequency, fvs, as a function of true reduced
velocity. Orange and blue shaded regions illustrate regions of S and SA wake modes respectively. The
A2 mode was dominant for all other reduced velocities.

Results
The cylinder response amplitude and vortex shedding frequency are shown in Figure 1 as a function

of reduced velocity. The two response branches are clearly visible, separated by a low amplitude region
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at the onset of lock-on. The shaded regions illustrate the regions over which various modes wake were
dominant, samples of which are shown in Figure 2. For certain reduced velocities the wake was found to
switch between various modes, in which cases the dominant mode was deemed to be the one occurring
for the longest time.

The reduced velocity range over which the S mode was dominant is quite small compared to that
predicted by previous forced studies [4, 5]. This may be because the amplitudes seen in free vibration
are smaller than those applied in the forced experiments. Regardless of the cause, the inaccuracy of the
common description of the first response branch as the ‘symmetric shedding’ branch is clear [2]. The S
mode was found to break down into asymmetry in the far wake, as was observed by Konstantinidis and
Balabani [6] for a fixed cylinder in oscillatory flow. The position at which breakdown occurred was not
fixed, and was shown to control the form of mean velocity fields and the distribution of Reynolds stresses.

Figure 2: Non-dimensional vorticity distribution, ωzD/U , estimated from phase-averaged velocity fields,
showing the S mode at UrSt/f

∗ = 0.36 (a), A2 mode at UrSt/f
∗ = 0.44 (b), and SA mode at UrSt/f

∗ =
0.57 (c). Phases shown correspond to point of maximum circulation around the cylinder (measured by
summing vorticity for all x/D < 2).

In contrast to that found by Aguirre [1] and Williamson and Jauvtis [3], at no point during the first
branch was the vortex shedding found to be locked-on to the oscillation frequency. However, for UrSt/f

∗ =
0.4 − 0.45, while the A2 mode dominated, the spectra of the velocity signals showed considerable en-
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ergy occurring at half and one times the response frequency, although the main peak still occurred at
the Strouhal frequency. Phase-averaging the cylinder displacement signal produced a waveform with a
frequency twice that of the vortex shedding, and an amplitude approximately half that shown in Figure 1,
indicating that the fluctuations in the wake and the cylinder motion are at least weakly correlated.

The SA mode was observed for the entirety of the lock-on range. This can be explained by analysis
of the phase-averaged velocity and vorticity fields. As the cylinder motion and vortex shedding are now
synchronised, the fluid entrained into the near wake as the cylinder moves upstream will always occur
at the same point during the shedding cycle. This has the effect of dragging excess vorticity from the
attached shear layers into the near wake, and causing the new vortices to form very close to the cylinder
and the wake centreline.

A change in phase between the vortex shedding and the cylinder displacement was observed be-
tween the low response region near UrSt/f

∗ = 0.5 and the second branch. A similar change in phase
between the unsteady drag force and the cylinder motion was observed for forced streamwise oscilla-
tions by Nishihara et al. [7]. From this, they showed that the fluid forcing excited the cylinder in the
second branch, but provided a damping force at UrSt/f

∗ = 0.5, explaining the unusual low amplitude
region observed in this region. This effect has not previously been observed for the case free vibration.

Further work is planned to investigate the nature and cause of the observed switching between wake
modes, and to estimate the forces and fluid excitation from the PIV data.
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Abstract 
This work describes investigations performed on the interaction of uniform current and freely rotating plate 
about a fixed vertical axis. The dimensional analysis proves that the motion in flow induced rotation motion 
is governed essentially by dimensionless moment of inertia and Reynolds number. Certain combinations 
define the stability boundaries between fluttering and autorotation. The autorotation is a name given to the 
case when the plate turns continuously about the vertical axis. Hence, a phase diagram is presented based on 
experiments to classify different motion states that are the small fluttering case, the fluttering and 
autorotation. 
 
Introduction 
The researches about the interaction between a uniform current and a moving body mostly concentrate on 
translation motions. Just few investigations study the rotational motion. Hence, some important aspects of 
the flow induced rotation are still not well understood, although this phenomenon has gained interest in 
various areas such as morphology of plants and animals, meteorology and aeroballistics, aerospace 
engineering, windborne debris occurring in windstorms [4] and the falling object phenomena [1,3,5]. 
In the present case, controlling the oscillatory behavior of manifolds during the pendulous installation 
method of a manifold [2] was the first motivation to study the flow induced rotation phenomenon. Therefore, 
the authors chose to study the behavior of a hinged flat plate allowed to rotate about its vertical axis, under 
the influence of uniform current (see Fig. 1). The study is then a 1-DOF problem but beside of its practical 
application for energy extraction, the results could be generalized for some other phenomena which are 3-
DOF, as like as PIM method, falling objects, windborne debris and etc. 
The fluttering and autorotation are two different phenomena which may occur for a plate that is free to rotate 
about a fixed axis in the current. In the autorotation the plate rotates continuously around its vertical axis and 
it never damps out. On the other hand the fluttering motion is the unexpectedly periodic oscillation of the 
plate around a stable position which the plate is normal to the free stream. In the free falling object 
phenomena, the fluttering motion called the same, but autorotation motion is called tumbling.  

 
Fig. 1 Schematic of flow induced rotation of a flat plate hinged at the center and is free to rotate in uniform current. 

 
According the Iversen [5], the motion of a freely falling and also fixed axis rectangular plate is governed by 
the Reynolds number, the aspect ratio (ratio of width to span of plate), thickness ratio (ratio of width to 
thickness of plate) and dimensionless moment of inertia of the flat plate. Actually the motion in free fall, and, 
in particular, the transition from fluttering to tumbling, should be completely governed by these parameters. 
Field et al. [3] prepared a phase diagram base on experimental data, which it shows the dynamical behavior 
of falling disks as a function of the two parameters: dimensionless moment of inertia and Reynolds number. 
According this phase diagram, depending on the dimensionless moment of inertia the motion, it could be 
fluttering for smaller dimensionless moment of inertia, or tumbling for large on the dimensionless moment of 



inertia. Based on these measurements, the transition from fluttering to tumbling is nearly independent of 
Reynolds number and it appears at I*=0.04, where I* is the dimensionless moment of inertia. 
In the present research, the flow induced rotation of a fixed axis flat plate studied experimentally and a phase 
diagram prepared to classify different states observed the small fluttering, fluttering and autorotation based 
on different Reynolds number and dimensionless moment of inertia. 
 
Experimental Setup 
The experiments were conducted in a current flume with 22 m in length, 1.4 m in width and 0.5 m in draft at 
LOC/COPPE/UFRJ (Laboratory of Waves and Current of COPPE, Federal University of Rio de Janeiro). 
The rotation of plates was obtained by the potentiometer, which placed on the top of the plate and powered 
by a voltage source. The oscillation frequency was obtained by spectral analysis of the rotation signal 
acquired for each velocity of incident current.  
Based on the tests on the wind channels by pervious researchers [3,5] and also the experiments in LOC, it is 
proved that the autorotation occurs at large dimensionless moment of inertia. But in water flume case, 
because of large density of water in comparison of the air one, reaching to a certain dimensionless moment 
of inertia the occurrence the autorotation is difficult. For this purpose, as shown in Fig. 2, in order to increase 
the moment of inertia of plate, a bar with length of 1 meter installed on the top of plate. Also two masses 
with 1 Kg weight added to system which it could be placed in different level of the bar to provide different 
moment of inertia. By the way, it should mentioned that, the autorotation motion just occur when the plate 
release at an angle less than stall angle, which the lift force is large which indicates the influence of the initial 
condition. The experiment properties are listed in Table. 1. 

 
Fig. 2 The experimental setup for the fluttering and/or autorotation motion. 

 
Table. 1 The experiment setup properties. 

Plate Properties  

Width 0.2, 0.3 and 0.6 m 

Materials Aluminum, PVC 

  

Fluid Parameters  

Fluid used Water 

Velocity range 0.05 – 0.4 m/s 

 
Dynamic of flow induced rotation 
In order to improve the understanding of flow induced rotation of flat plate, a dimensional analysis is 
performed. The flow induced rotation motion of a flat plate may be characterized by eight dimensional 
parameters:  the width of the plate,  the thickness of the plate,  the density of the plate,  the density of 
the fluid,  moment of inertia of plate,  added moment of inertia,  the kinematic viscosity of the fluid, 
and  the uniform flow velocity, as summarized in (1) 

 UAItbf fsR ,,,,,,, 66    (1) 

The dimensional analysis leads to (2): 
 Re,,, ** IfR    (2) 

Where /  is the thickness ratio, /  the specific density of the plate, 128. / .  
the dimensionless added moment of inertia (we used here I* instead of / , for compare our results 



with other references), and Re=Ub/v is Reynolds number. Therefore, the motion in flow induced rotation 
motion and in particular, the transition from oscillation to autorotation, should be completely governed by 
dimensionless moment of inertia and Reynolds number. 
Fig. 3(a) and 3(b) show the time history of autorotation motion for different reynolds number and 
dimensionless moment of inertia.  

 
(a) (b) 

Fig. 3 (a) Time history of autorotation motion for I*=0.25 and for different Reynolds numbers, (b) Time history of 
autorotation motion for Re=99245 and for different dimensionless moment of inertia. 

 
Fig 3(a)and 3(b) illustrate the proven dimensional analysis results. The increase in Reynolds number and 
moment of inertia results in an increase of flow induced motion. 
Based on our experiments at LOC, the phase diagram of Fig. 4 is presented as function of different Reynolds 
numbers and dimensionless moment of inertia to classify the small fluttering state, fluttering and autorotation 
motions. 

 
Fig. 4 Phase diagram to classify different motions of flow induced rotation based on Reynolds number and 
dimensionless moment of inertia. 

 
As shown in Fig. 4, at low Reynolds numbers (approximately less than 25000), the plate stays almost at the 
same initial orientation (small fluttering state). At higher Reynolds numbers, depending on the dimensionless 
moment of inertia the motion, it could be fluttering for smaller dimensionless moment of inertia, or 
autorotation (tumbling) for large on the dimensionless moment of inertia. Note that the transition from 
oscillation to autorotation is nearly independent of Reynolds number and it appears at I*=0.05 to 0.06. 
The measurements that carried out experimentally by the present authors [2] indicate that the vortex 
shedding frequency and the oscillation frequency of flow induced rotation are almost identical. In other 
words, it is clear that the rotation of the plate is a result of the vortex shedding. The dimensional analysis for 
the response frequency of flow induced rotation of a flat plate leads to 
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 (3) 

For bodies with sharp corners like the flat plate, the dependence of Reynolds number is negligible because of 
early separation. On the other hand, the dimensionless added inertia can be rewritten as a function of 
dimensionless density and thickness ratio. Therefore, (3) may be written as (4) 

  ),( * 
f

bU
R   (4) 

Hence for a constant thickness and specific mass, the dimensionless response frequency is constant. In other 
words, the response frequency for oscillation motion of a hinged flat plate is linearly proportional to the 
incoming velocity U and inversely proportional to the plate width b, which this statement confirmed in Fig. 
5(a) and 5(b) for fluttering and autorotation motions respectively.  

 
        (a) (b) 

Fig. 5 The experimental results of response frequency as a function of different velocities and for different plates (a) 
Fluttering motion, (b) Autorotation motion. 

 
Conclusions 
The steady state motion occurs at Reynolds numbers less than 25000, which the plate stays at the same initial 
orientation. For larger Reynolds numbers, the transition from fluttering to autorotation is nearly independent 
to Reynolds number and it appears at I*=0.05 to 0.06. 
The experiments and dimensional analysis proves that the oscillation frequency has a linear relation with 
current velocity and inversely proportional to the plate width. 
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As the Reynolds number (Re) is increased for a non-rotating sphere in
uniform flow, two bifurcations are known to lead from a steady axisymmet-
ric state to a periodic vortex shedding régime. The present investigation
addresses the influence of sphere rotation (Ω) around an axis aligned with
the incident flow [1]. The introduction of a second control parameter leads
to richer dynamics while retaining the axisymmetry of the problem. In par-
ticular, the relative growth rate of the two most unstable modes may be
controlled by the sphere rotation, and a comparable growth of these two
modes may be achieved for particular values of Ω.

Systematic numerical simulations of the complete three-dimensional in-
compressible Navier–Stokes equations covering a significant area of the (Re,
Ω)-parameter space are carried out using the same immersed-boundary me-
thod that has been succesfully implemented for a non-rotating sphere wake [2].

By using a linearized version of the governing equations, the linear sta-
bility characteristics of the axisymmetric base flow are obtained. It is shown
(Fig. 1) that the fastest growing mode among the two most unstable (or least
stable) ones depends on the control parameters, and the boundary in param-
eter space between dominance by the one and by the other is determined.
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Figure 1: (a) Growth rate ωi and (b) frequency ωr of most unstable linear
mode.
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Figure 2: Temporal evolution of energy E1 contained in first azimuthal
Fourier mode for (a) Re = 200 and (b) Re = 225.
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Figure 3: Hydrodynamic forces acting on the sphere for (a,b) Re = 225,
Ω = 1.0 and (c,d) Re = 275, Ω = 0.8.

Fully nonlinear temporal integrations are performed by including a range
of azimuthal Fourier modes. After initial linear growth, nonlinear effects
lead to amplitude saturation (Fig. 2), convergence towards periodic, quasi-
periodic or irregular states.

This variety of observed flow dynamics is characterized by monitoring
the hydrodynamic forces acting on the sphere (drag Cz and lift coefficients
Cx, Cy) and analysing the spatiotemporal dynamics of the flow fields. For
example, for Re = 225 and Ω = 1.0 (Figure 3a,b), a helical régime of periodic
vortex shedding is observed where the two lift coefficients Cx and Cy display
sinusoidal oscillations while the drag Cz as well as the magnitude of the
transverse lift (Cl =

√

C2
x + C2

y) remain constant. In contrast, for Re =

275 and ω = 0.8 (Figure 3c,d), a quasi-periodic vortex shedding régime is
observed, where Cz and Cl display single-frequency oscillations while the
fluctuations of Cx and Cy are the result of two incommensurable frequencies.
This latter dynamics may be interpreted as the superposition of a helical
régime combined with axially travelling waves.

The different symmetry-breaking mechanisms involved in periodic, quasi-
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Figure 4: Graphs of the time-varying transverse force in the (Cx, Cy)-plane
for Re = 200, 225, . . . , 350 and Ω = 0.0, 0.2, 0.4, . . . , 2.0.

periodic and irregular flow régimes are identified. The competition and in-
teraction between different instability modes is discussed, and the prevailing
flow régime is mapped out in the (Re,Ω)-parameter space (see Figure 4).

Computing resources from Fédération lyonnaise de calcul hautes perfor-
mances (FLCHP) and Institut national de physique nucléaire et de physique
des particules (IN2P3) are gratefully acknowledged.
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On the spanwise variation of vortex shedding from slender cones 
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Spanwise vortex shedding for the flow past slender cones of different taper ratios (TR) at low 
Reynolds numbers is experimentally investigated. The spanwise variation of vortex shedding 
frequency is seen to produce dislocations at the junction of the so-called cells. The 
appearance of cell like activity and the number of cells seen along the span is seen to depend 
on the amount of taper of the cone. It is also shown that the spanwise cellular structure of the 
shed vortices in the wake of cones with large taper is non stationary.  

Introduction 

The complexity of the wake of a cone of taper ratio 18-1 shedding vortices, as compared to a 
cylinder shedding vortices is shown in figure 1(a) and figure 1(b). At any given flow velocity, 
the uniform cylinder sheds vortices that are parallel to its axis and the phase of the shed 
vortices along the span is a constant [Williamson, (1996)]. Since the local diameter varies 
linearly along the span of the cone, at any given flow velocity it sheds vortices of different 
frequencies due to the linear change in the local Reynolds number. It has to be borne in mind 
that at this stage the concept of a constant variation of vortex shedding frequency is assumed 
since it is thought to be most generic. 

          
FIGURE .1(a). Flow visualization image of parallel vortex shedding in the wake of a uniform cylinder 
fitted with end-cylinder to promote parallel vortex shedding. 1(b). Flow visualization image of the 
vortex structure in the wake of an 18-1 taper ratio cone, with the wider end of the cone towfards the top 
and the tip towards the bottom. Flow is from left to right in both the images. 
 

Secondary instabilities occurring in the flow across a body with a circular cross-
section at Reynolds numbers past a value of 190 [Barkley & Henderson (1996)] can lead to 
the loss of two-dimensionality. In the case of uniform cylinders the so-called three-
dimensionalities introduce variations of velocity along the span. For instance the above-
mentioned spanwise variations results in non-parallel vortex shedding from uniform cylinders 
[Williamson (1996)]. 

Gaster (1969) first reported the complexity of vortex structures in the wake of a cone 
of small taper ratio shedding vortices, by showing amplitude modulated hot-wire signals all 
along the span of the cone. The existence of discrete cells of shed vortices in the wake of a 
slightly tapered cylinder was first reported by Gaster (1971). The frequency of vortex 
shedding within these cells was constant. Here one can draw an analogy between a slightly 
tapered body shedding vortices in cells and the vortex shedding from a stepped cylinder. 
Since Gaster’s (1971) work there have been several publications in the literature [Jespersen & 
Levit (1991), Papangelou (1992), Piccirillo & Van Atta (1993), Narasimhamurthy et al (2007 
a & b)] which deal with vortex shedding from linearly tapered circular cylinders with 
attention paid to the spanwise behaviour of vortex shedding. 

 



Experimental Details 

The experiments were conducted in the 300mm x 300mm test section water channel, which is 
of an open return type. The free stream turbulence level in the working section was measured 
to be less than 0.3% over the velocity range of operation. Measurements of the fluctuations of 
velocity were made at a distance of 3 diameters downstream of the cone and 1 diameter off 
the axis, at any given spanwise location using a hot-wire connected to a battery operated 
constant current anemometer. The signals were low pass filtered and amplified before being 
acquired at a rate of 32Hz. The low flow velocities, of the order of 0.01m/s, were determined 
using a vortex shedding apparatus. It was seen that the error in the flow speed derived using 
the vortex anemometer device was less than 1%. For the purpose of studying the vortex 
shedding behind various cones and related bodies this is more than sufficient to show 
differences in characteristics. 

A TSI Particle Image Velocimetry (PIV) system was used to measure various components of 
the wake along both the planes of the models. The system consisted of a twin 150mJ double-
pulsed Nd-YAG laser to illuminate a two-dimensional plane with associated light-sheet optics 
and a PowerView 4M Plus Charge-Coupled Device (CCD) camera with a resolution of 2048 
X 2048 pixels. The images were captured using a 64-bit frame grabber card installed on to a 
standard PC workstation running TSI’s Insight 3G image acquisition and processing software. 
Data was obtained at a frame rate of 5Hz and a total of 90 image-pairs (the number is limited 
by system resources) were captured per acquisition set.  

Results and Discussions 

From the analysis of the spanwise variation of vortex shedding, especially for the cones with 
large tapers (small taper-ratios) it was seen that there is a distinct and progressive shift from 
what is known in the literature as cellular vortex shedding. A gradual change in vortex 
shedding frequency along a considerable length of the span, as seen in the case of the 18-1 
and 36-1 taper ratio cones suggests that the mechanism by which this change in vortex 
shedding frequency is brought about is different compared to that of a cone with a mild taper 
that shows fixed cells. The point worth noting is the presence of modulated velocity 
fluctuations at almost all locations along the span, which when studied in a spatio-temporal 
point of view reveals the presence of what appears to be a gradual progression of 
discontinuities from the wider end of the cone towards the tip. Even though the Reynolds 
number and hence the local vortex shedding frequency change according to the local 
diameter, the frequency of these discontinuities/modulations remains constant, appearing to 
be independent of the flow locally. This suggests that the discontinuities and their movement 
along the span have a much larger role in the dynamics of the vortex shedding system in the 
wake of highly tapered cones.   

The contours of time-evolution of streamwise velocity along the span of an 18-1 taper ratio at 
several free-stream velocities were shown to exhibit the movement of discontinuities along 
the span, as shown in figure 2. An attempt is made to explain its role in the spanwise variation 
of vortex shedding frequency and the nature of the vortex shedding system. The vortex 
shedding system in the wake of very mildly tapered cones, such as the 576-1 taper-ratio cone 
is seen to be cellular in nature.  



 

FIGURE 2. Time evolution of streamwise velocity (U) along the entire span of an 18-1 taper ratio 
cone at a freestream velocity of 0.029m/s, using data obtained by PIV. The wider end of the cone is at 
the top of the picture and the Y-axis represents the location number along the span of the cone. 

The time evolution of the spanwise velocity in the vicinity of these discontinuity 
revealed that they occur at the same location. Clearly there is no movement of the 
discontinuity along the span, neither do these discontinuities occur at any other spanwise 
location. This was true for all the free-stream velocities investigated. The spanwise (x-y 
plane) flow visualization images presented in figure 3 show consecutive dye traces 
representative of the shed vortices. The discontinuity can be noted at a location approximately 
two-thirds the length of the span from the top. It can be noted that even though the top half of 
the cone is shedding vortices in parallel, the rest seem to be tilted to form a very sharp loop 
like structure, which was also noticed by Lewis & Gharib (1992) and Piccirillo & Van Atta 
(1993). This pattern evolves in time with changes seen in the angle of the shed vortices. The 
tilting of the vortex lines reaches a certain angle before the appearance of the discontinuity. 
This suggests that there exists a certain angle of the vortex lines for the discontinuity to occur.  
The important point to note here is the lack of any spanwise movement of the discontinuity.  

	   	   	   	  

	   	   	   	  
FIGURE 3. Time evolution of vortex discontinuity along the span of a 576-1 taper ratio cone. Flow is 
from the left and the wider end of the cone is towards the top of the image. 



 

The hot-wire data showed that the increase in amount of taper resulted in the increase 
in the number of vortex shedding cells in the wake. In the case of mildly tapered cones the 
occurrence of modulated velocity fluctuations was associated with cellular vortex shedding, 
with the discontinuities responsible for these modulations occurring at discrete locations 
along the span. With the velocity fluctuations being modulated at all locations along the span 
of the highly tapered cone (18-1 taper ratio) questions regarding the mechanism responsible 
for this could be raised. The time evolution of vortex shedding in the wake of the highly 
tapered cone is presented in the set of flow visualization pictures shown in figure 4. The 
discontinuity is seen to occur at the junction of the parallel and tilted vortex lines. It is seen 
here in the flow visualization as an interface between the two and looks very three-
dimensional. The corresponding streamwise velocity contours are shown in figure 5. 

	  	  	  	   	  	  	   	  	  	   	  

	  	  	   	  	  	   	  
FIGURE 4. Flow visualization of vortex shedding in the wake of an 18-1 taper ratio cone at a flow 
velocity of 0.025 m/s showing the progression of discontinuity along the span of the cone. The base of 
the cone is towards the top of the image while the tip is towards the bottom of the image. 
	  

Comparing the two, one can confirm that the activity seen in the junction of the 
parallel and tilted vortex lines is indeed the discontinuity in the vortex shedding system. It is 
clear from the flow visualization images that the discontinuity appears to move down the span 
of the cone in time. The noticeable feature is the appearance of vortex lines with a strong 
streamwise component, which results in the tilting of the same. But the spanwise vortices do 
not appear to be shed at an angle at all times. This tilting of vortices is seen to be a periodic 
activity. To understand this let us assume that the cone sheds vortices at all locations along 
the span. According to the frequency laws relating the local diameter to the frequency of 
vortex shedding, for a given flow velocity, the smaller the diameter the higher would be the 
vortex shedding frequency and vice-versa. So in effect the number of vortices shed per unit 
time at the thinner end would be more than the number of vortices shed at the wider end. This 
results in the vorticity component, which is responsible for the tilting of vortices.  

The process of tilting continues as time progresses and it is surmised here that as the 
vortex lines reach a certain large angle the process gets disrupted, resulting in the so-called 
discontinuity. This process is then seen to occur at next spanwise location, until it reaches a 



local diameter where the Reynolds number might be too low to sustain periodic vortex 
shedding, then starting again at the larger Reynolds number end. The process is clearly 
identifiable in figure 5, which shows the spanwise velocity fluctuations as obtained using 
particle image velocimetry.  

Thus a strong non-linear interaction of multiple frequencies resulting from the 
movement of the discontinuity in the wake of the highly tapered cone could lead to a scenario 
where the so-called cells could be considered to be non-stationary, or in other words moving. 

	  

FIGURE. 5. (a), (b), (c), (d), (e), (f), (g), (h), (i)	  Spanwise variation of streamwise velocity in the 
wake of an 18-1 taper ratio cone at a flow velocity of 0.025 m/s showing the progression of 
discontinuity along the span of the cone. The base of the cone is towards the top of the image while the 
tip is towards the bottom of the image. 
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1. Introduction and Literature Review 

Bluff structures are subjected to vibrations as the vortex shedding induces fluctuating pressure 
loads on them. These vortex induced vibrations arise in numerous practical situations such as 
heat exchanger tube bundles, marine structures, bridges, power transmission lines etc. [1]. 
Hence, many passive and active control strategies are developed to suppress the vortex 
shedding from bluff bodies to prevent the possible structural damage. 

Splitter plate, a thin flat plate attached at the base of a bluff body, is one of the widely studied 
passive control strategies in the literature. Experiments conducted by Roshko [2] showed that 
the inclusion of a splitter plate resulted in reduced Strouhal number (St) of vortex shedding and 
drag coefficient (CD). However, in order to completely suppress the vortex shedding, splitter 
plate of length (L) equivalent to 5D (where D is the diameter of the cylinder) is required. Gerrard 
[3] investigated the frequency of vortex shedding behind a cylinder with attached splitter plates 
of various lengths up to 2D. His measurements indicated that the St was decreased as the 
length of splitter plate was increased, and the minimum St was observed when the length of the 
plate is approximately equals D (L/D=1).  

Experiments performed over a circular cylinder in the Reynolds number (Re) range of 
104<Re<5×104 indicate that the inclusion of splitter plate reduced the drag markedly by 
stabilizing the separation points and produced a wake narrower than that for a plain cylinder [4]. 
Moreover, by inhibiting the interaction between the separated shear layers the splitter plates 
reduced the St as well. 

The above mentioned and many other studies have considered the influence of fixed splitter on 
the flow characteristics of a bluff body. Recently, Shukla et al. [5] reported the influence of a 
hinged-rigid splitter plate in the wake of a circular cylinder. The hinged plate did not destroy the 
communication between the shear layers completely: the pressure difference across the splitter 
plate resulted in the occurrence of sustained oscillations of the plate. The tip amplitude of the 
plate reached a maximum value of 0.45D. The oscillation of the splitter plate changed from 
periodic to aperiodic when L/D was increased beyond 3. In this study only the oscillation of the 
splitter plate was studied; vortex shedding characteristics and the flow field details were not 
investigated. 

2. Problem Definition 

In this numerical study, the vortex shedding characteristics of a circular cylinder attached with 
an oscillating splitter plate is studied. The splitter plate is forced to exhibit simple harmonic 
motion (Fig. 1a). The influence of varying the amplitude and frequency of splitter plate 
oscillations are reported by solving the two-dimensional Navier-Stokes equations. Reynolds 
number (Re) the flow is set to 100. The amplitude of splitter plate (A) is varied from 0.1D to 
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0.5D, and the non-dimensional frequency (fs=fD/V, where f is the dimensional frequency of 
splitter plate, D is the diameter of the cylinder and V is the free-stream velocity) is ranged from 
0.0825 to 0.5.  The characteristic feature of this problem is the complex interaction between the 
starting vortices shed from the splitter plate and the von-Karman vortices shed from the cylinder 
(Figure 1b). Such interactions result in different patterns of vortex shedding and changes in 
Strouhal number (St) which are the focus of the present work. 

 

 

In order to facilitate easy handling of the oscillatory movement of the plate inside the 
computational domain and to circumvent the problems associated with mesh tangling, the 
equations are solved in a Cartesian grid, and the concept of immersed boundary method is 
used to impose the boundary conditions on the body surface. The complete algorithm and the 
validation studies are reported in [6]. 

3. Results and Discussion 

The frequency of oscillation and the amplitude of the splitter plate significantly affect the 
strength of the starting vortices formed over the plate. These starting vortices interact with the 
vortices formed from the surface of the cylinder and leads to changes in vortex shedding 
patterns and Strouhal number which are explained in this section. 

3.1 Vortex shedding patterns 

Three different patterns of vortex shedding are observed at different combinations of amplitude 
and frequency of splitter plate oscillations namely normal shedding, chain of vortices and 
shedding from the plate. The occurrence of these different shedding patterns at different 
combinations of amplitude and oscillating frequency are shown in Fig. 2. 

Normal vortex shedding: In this mode of shedding, the wake vortices qualitatively resemble the 
von-Karman vortex shedding from the cylinder at this Re, as can be seen in Fig. 3a. A single 
vortex is formed on the top and bottom side of the cylinder which are opposite in the sense of 
their rotation. These vortices interact to induce periodic vortex shedding from the cylinder. This 
pattern occurs when A and fs are small (Fig. 2). In such cases, the oscillation velocity of the 
plate is small, so that the strength of starting vortices produced from the splitter plate is 
insufficient to induce a complete change in the behavior of vortex shedding. 

Chain of vortices: For certain combinations of frequency and amplitude, this distinct pattern of 
shedding is observed. Instead of a single vortex on the top and bottom side, chains of vortices 
are formed (Fig. 3b). These vortices do not initiate alternate shedding until very large distance 
downstream of the cylinder, after which the regular vortex shedding occurs. It can be observed 
from Fig. 3b that when the top vortex is bulgy, the corresponding bottom side vortex at the same 
streamwise location is very thin. This implies that though the shedding pattern is qualitatively 

y=A sin(2πfst) 

D L

Cylinder vortex 

Cylinder vortex 

Starting vortex 

from plate tip 

(a) (b) 

Fig. 1 (a) Geometry and kinematics (b) major features of the problem under consideration 



3 
 

different, the vortices are separated alternatively from the cylinder surface, similar to the normal 
shedding pattern. In a study of passive flow control using a control cylinder [7], the authors have 
also reported that the upper vorticity layer rolls up into several eddies of same vorticity sign 
having some separation distance. The vortical pattern in this case is similar to the one reported 
in [7], but with the difference is that in our case, the separation distance between the vortices is 
zero. 

 

 

 

 

 

Shedding from plate: When both A and the fs are very high, the starting vortices developed and 
shed from the tip of the splitter plate dominate the near wake of the cylinder (Fig. 3c). The 
vortices which are shed from the plate are very strong. Moreover, since the plate moves up to 
A=0.5D, it disturbs the cylinder vortices to a large extent. The vortices shed from the cylinder 
have been obstructed when the plate is in its outermost position. All the vortices which are seen 
in Fig. 3c are shed from the splitter plate tip rather than from the cylinder surface. 

3.2 Strouhal number 

The power spectra of velocity data acquired at a point located 10D downstream on the 
centreline of cylinder are computed to find the Strouhal number (St). Influence on the St by the 
oscillating splitter plate is given in Table 1. The values inside the bracket represent second 
dominant shedding frequency. At small frequencies of splitter plate (fs), the St equals to that of 
fs. Since the splitter plate is attached at the base of the cylinder, though there are two different 
vortex shedding characteristics (one from splitter plate and another from cylinder), the flow over 
the cylinder adjusts itself automatically in such a way that the shedding frequency of cylinder 
synchronizes with fs. Both the cylinder and the splitter plate act as a single system. With the 
help of fixed splitter plate of L/D=1, the St of circular cylinder has been reduced from 0.167 to 
0.137 at Re=100 [8]. However, by oscillating the plate of same length, the St can be reduced to 

(a) 

(b) 

(c) 

Fig. 2 Vortex shedding patterns at different 

frequency and amplitudes 

Fig. 3 Instantaneous contours of vorticity at time 

when the wing reached its mean position while 

moving downwards (a) normal vortex shedding 

pattern A=0.1 and fs=0.1 (b) chain of vortices A=0.2 

and fs=0.2 (c) shedding from plate A=0.5 and fs=0.4 
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the frequency of the plate which is 0.0825 in our simulations. Hence, in applications where 
space constraint is critical, a shorter oscillating splitter plate can be used to suppress the vortex 
shedding. 

Table 1. Strouhal number for different amplitude and oscillation frequencies 

 
A 

0.1 0.2 0.3 0.4 0.5 
fs  

0.0825 0.14 (0.0825) 0.0825 0.0825 0.0825 0.0825 

0.1 0.1 0.1 0.1 0.1 0.1 

0.165 0.165 0.165 0.165 0.165 0.165 

0.2 0.133 (0.2) 0.2 (0.128) 0.2 0.2 0.2 

0.3 0.14 0.14 0.3 (0.126) 0.3 0.3 

0.33 0.138 0.138 0.33 (0.138) 0.33 0.33 

0.4 0.138 0.138 0.148 (0.4) 0.4 (0.148) 0.4 (0.138) 

0.5 0.135 0.135 0.148 (0.5) 0.247 (0.5) 0.5 (0.125) 

 

It can be seen that at low fs, the St is independent of the amplitude of oscillations. This is 
because of the fact the flow over the cylinder adjusts itself automatically to match with fs. 
However, though the St remains unaffected, the analysis of vorticity contours and the power 
spectra of velocity signal indicate that as A is increased, the strength of vortices shed into the 
wake increases. 

Conclusion 

The important finding from our simulations is the presence of three kinds of vortex shedding 
patterns observed at different combinations of shedding amplitude and frequency. They are 
normal shedding, chain of vortices and shedding from the plate. Our study also indicates that 
the vortex shedding can be suppressed to a minimal value with the help of a short splitter plate 
(L/D = 1) if it is given a simple harmonic oscillation at very low oscillating frequencies. 
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In this work we consider the effect of steady rotation on the low Reynolds number vortex 
shedding phenomenon over a circular cylinder with regard to finite aspect ratio effects. It 
is well known from literature (for the non-rotating case) that the shed vortices in the wake 
of a circular cylinder are oblique towards the end of span wherein the shedding is 
organised in spanwise cells[1]. This so-called cellular shedding is characterised by 
presence of streamwise vorticity in addition to the dominant spanwise vorticity 
associated with a nominally two-dimensional wake flow. It is observed that as the 
cylinder is rotated steadily about its axis, the oblique vortices become progressively 
more parallel till at a critical rotation rate the shedding is completely quenched. 
     

We perform experiments on a straight circular cylinder of finite aspect ratio at low 
Reynolds numbers. . The new ingredient in this study is that we introduce steady rotation 
of the circular cylinder as a means to make the vortex shedding parallel and finally 
completely quench them at a critical value of rotation. See [2] for a computational study 
with a detailed review on the effects of steady rotation. It should be noted that all the 
studies in the literature have focused on the effect of rotation on the two-dimensional 
vortex-shedding pattern; our interest here is to use steady rotation to control the three-
dimensional pattern along the spanwise direction.  
 The experiments are conducted in an open circuit wind tunnel, which has a test section 
of 300mm×300mm cross section and 3.2m long. The cylinders used are made of mild 
steel. The straight cylinder has a diameter of 4.9mm and an aspect ratio of about 54. A 
universal motor (capable of maximum RPM of about 5000) was mounted below the 
tunnel wall and this was coupled to the cylinder model and operated by AC power 
supply. Two end plates of diameter 250 mm were used to arrest the meandering of the 
vortex tubes in the tunnel wall boundary layers.  
        The oncoming freestream velocity was typically of the order of 0.5 m/s. This was 
measured by placing a uniform cylinder of diameter 4.85 mm downstream and 
measuring the shedding frequency in its wake by using single component hotwire 
anemometry; the freestream velocity was then obtained by using the universal relation 
between the Strouhal number and Reynolds number given in [3]. A hotwire probe in the 
near wake region measured vortex shedding from the main cylinder model. The velocity 
data was acquired at the rate of 256 Hz for a period of 16 seconds. 

For the non-rotating case, the shedding from the cylinder was detected with a 

hot-wire probe always located at 
d
x =2.5, and 

d
y

 was kept around 1.0 near which the 

maximum amplitude of the signal was observed; here x is the streamwise direction and y 
is the normal direction (across the wake) and d is the diameter of the cylinder.  

Experiments were done over a Reynolds number range of Re= 90-165. Rotation 
rate (Ro), defined as Ro =

U
R

U
U
farstream

surface Ω
= ,    was also varied as a parameter with                            
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Ro=0.0, 0.5, 1.0, 1.5 and 2.0 nominally. It was reported by Mittal and Kumar [10], when 
Ro was increased beyond a value of 1.91, the vortex shedding got quenched. The 
maximum value of Ro was kept at 2 in this study when the quenching was observed. 

 
Figure 1 Wake velocity time series and spectra  for a non-rotating straight cylinder 
(Ro=0) across the span  
 

Figure 1 shows the time series and the corresponding spectra for the non-
rotating (Ro=0) case at various spanwise locations in the wake.  It can be very clearly 
seen that there is a three-cell structure between the core and the two end regions across 
the span. The frequency in the end cells is about 7.2 Hz and this value is lower than the 
corresponding central cell value of 8.2 Hz.  

 
Figure 2 Wake velocity time series and the corresponding spectra for a rotating  cylinder 
(Ro=1.5) across the span  
 
 As steady rotation is introduced, the frequencies in the end and central cells both 
increase and the values approach each other progressively with increase of rotation till  
at about Ro=1.5 there is a frequency locking all across the span. This is shown in figure 
2 above. It was observed  for this case the amplitude modulation is absent. Smoke flow 
visualization of the spanwise view of shedding for these two cases discussed above 
(Ro= 0 and Ro=1.5) is shown figure 3 below. It can be seen that the initially oblique 
vortices have become straight as rotation rate is increased. 
 
 



 
 
 
                                                                         

 
Figure 3.Smoke flow visualization of  Ro=0- oblique shedding(left) and Ro=1.5- parallel 
shedding(right) 
 
We have also performed some preliminary numerical simulations for this flow using the 
FLUENT package. Vorticity magnitude contours behind the span of the cylinder is shown 
in figure 4. The Reynolds number of the simulation is 100 and the rotation rates were R0 
= 0 and Ro = 1. It can be clearly seen from figure 4 that as the rotation is increased, the 
shedding becomes more parallel as compared to the non-rotating case. 
 
 

  
 
Figure 4.Contour of vorticity magnitude for non-rotating Ro=0 (left) and rotating Ro=1 
(right ) cases from numerical simulation. Re=100. 
 

Experiments on straight cylinder shows that the amplitude modulation of the velocity 
signal corresponds to the presence of a streamwise velocity component in the physical 
space. This is clear by a comparison of the frequency spectra across the span and the 
corresponding flow visualisation of the vortices. When no rotation is applied, the end 
conditions are different from the center-of span conditions and as a result vortices need 
to bend and bow to accommodate the end conditions. This can be understood by 



Helmholtz’s theorem which requires that vortices cannot end abruptly in the fluid. This is 
responsible for the cellular activity whenever there is a jump in shedding frequencies 
across the span. Thus a velocity gradient towards the end of span leads to the bending 
of the vortex lines by a vortex tilting action. When rotation is introduced, the wall velocity 
(= , where R is the radius of the cylinder) increases uniformly all across the span. 
Thus increase in Ro leads to a smaller value of  

RΩ

z
u
∂
∂  all across the span so that the 

phase variation across the span is reduced. This eventually results in parallel vortices 
when 0≈

∂
∂
z
u ;  it can be expected by an appeal to the vorticity equation that there is no 

streamwise vorticity component in this case. 
 To sum up, by appealing to the governing equation of vorticity, the cause of 
oblique vortices can be understood to be due to the mechanism of vortex tilting. The 
apparent success of the model equations could mean that there is an underlying 
correspondence of the model equations to the fundamental equations which is not yet 
completely understood. 
In the oral presentation, we hope to present some more detailed calculations. We also 
plan to revisit the model equations and analyse the phenomenon of oblique vortex 
patterns. 
.  
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ANALYSES 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BLUFF 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WAKES 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The Karman vortex street behind a circular cylinder is the archetype of a global mode, 
i.e.  a  spatially  synchronized  self‐sustained  oscillation  which  beats  at  a  well‐defined 
frequency.    In  this  lecture,  a  review of pertinent  instability  concepts which have been 
developed to account for the presence of  global modes in wake flows is presented. It is 
argued that absolute instability in the recirculation region is responsible for the onset of 
self‐sustained  oscillations.  Furthermore,  it  is  shown  that  a  consistent  nonlinear WKBJ 
analysis of the spatially‐evolving steady wake is capable of accounting for the local and 
global structure of the Karman vortex street in the Reynolds number range where it  is 
not subject to secondary  instabilities.  We will discuss the respective merits of a purely 
linear  global  stability  analysis  applied  to  the  temporally  averaged mean  flow  and of  a 
fully nonlinear    analysis of  the perturbations away  from  the  steady unstable base  flow. 
The  results  of  these WKBJ  asymptotic  analyses will  be  compared with  fully  2D  linear 
global mode computations and with Direct Numerical Simulations. 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Abstract 

This paper provides an in-depth physical discussion on flow-induced vibration of two circular cylinders in light of 
time-mean lift force on stationary cylinders and interaction mechanisms.  While time-mean and fluctuating lift forces 
are measured for stationary cylinders using a sectional load cell, flow-induced vibration results are integrated from 
literatures. The gap-spacing ratio T/D is varied from 0.1 to 5 and the attack angle α  from 0� 

to 180� where T is the 
gap width between the cylinders, and D is the diameter of a cylinder. Six different interaction mechanisms are observed, 
namely interaction between boundary layer and cylinder, shear layer/wake and cylinder, shear layer and shear layer, 
vortex and cylinder, vortex and shear layer, and vortex and vortex. The interactions between vortex and cylinder results, 
and vortex and shear layer result in a high fluctuating lift. On the other hand, the interaction between shear layer/wake 
and cylinder suppresses fluctuating lift as well as weakens flow unsteadiness for stationary cylinders but may cause 
violent galloping vibration when the cylinders are elastic. The interaction between boundary layer and cylinder also 
may generate galloping vibrations.  

Keywords: cylinders, forces, flow structures, instabilities, interactions. 
 
Introduction 

While much is known of the flow physics around a single isolated cylinder, not much is known at that around a 
cylinder neighbored by another. There is no doubt that flow physics around two cylinders is much more complex and 
complicated than that around a single cylinder, because of interference between the cylinders. Mutual flow interaction 
between two structures makes the wake very excited or tranquil depending on the spacing between the structures. The 
excited wake-enhancing forces in some cases cause a catastrophic failure of the structures. The study of the 
aerodynamics of two closely separated structures is thus of both fundamental and practical significance.  

Zdravkovich (1987) divided the whole region of possible arrangements of two cylinders into four: (i) the proximity 
interference region, where the flow around one cylinder affects the other; (ii) the wake interference region, the 
near-wake flow of the upstream cylinder is unaffected by the downstream one; however, the downstream one is 
significantly affected by the upstream cylinder; (iii) the proximity and wake interference region, where both proximity 
and wake interference are significant; (iv) the no-interference region, where the wake of one cylinder does not affect the 
other. Sumner et al. (2000) conducted flow visualization and particle image velocimetry (PIV) measurements for T/D = 
1.0 ~ 5.0, α = 0° ~ 90° and Reynolds number Re = 850 – 1900 (see figure 1 for the definitions of the symbols), and 
divided the T/D-α plane into three: (1) the single-body flow regime, T/D = 1.0 ~ 1.125 and α = 0° ~ 90°, where two 
cylinders act like an isolated body with a single vortex-shedding frequency, (2) the small incidence angle regime, T/D > 
1.125 and α = 0° ~ 20°, where shear layer reattachment or the impingement of vortices onto the downstream cylinder 
takes places, (3) the large incidence angle regime, T/D

 
> 

1.125, α = 20° ~ 90°, where vortex pairing, splitting, 
enveloping and synchronizing occur. Time-mean drag and 
lift forces acting on two staggered cylinders have been 
examined in literature (e.g. Price & Paidoussis 1984), with 
most of the emphasis being on the downstream cylinder. 
The present study measures all possible quantities including 
mean and fluctuating forces, St and pressure. Flow 
visualisation and surface oil-flow techniques are also 
employed to get insight into the physical flow around the 
cylinders and to get a better understanding of interactions. 

Practically no structure is perfectly rigid, hence it is 
worthy to gain physical insight into flow-induced response 
of the structure. Bokaian & Geoola (1984a) investigated the 
case of two identical cylinders in tandem and staggered 
arrangements where the downstream one was fixed and the 
upstream one both-end-spring-mounted, allowing both ends 
to vibrate at the same amplitude (two-dimensional model) in the cross-flow direction only. They reported galloping 
vibration generated at spacing ratio of T/D < 0.8 (α =25°), T/D ≤ 0.75 (α =0°) and vortex excitation (VE) at other T/D 
and α. Bokaian & Geoola (1984b) also investigated the other case where the upstream cylinder was fixed and the 
downstream one free to oscillate. Depending on T/D, the cylinder exhibited only galloping (T/D = 0.59, α =0°) or only 
VE (T/D > 1.5, α =0°) or a combined VE and galloping (T/D > 0.5, α =0°), or a separated VE and galloping (1.0 ≤ T/D 

Fig. 1. Notation of staggered configuration.
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≤ 1.5). Note that the vibration always occurs at the natural frequency fn of the cylinder. The VE corresponded to 
vibration occurring near the reduced velocity Ur (= U∞/fn/D, U∞ is the free-stream velocity) where the natural vortex 
shedding frequency fv is close to fn. On the other hand, the galloping vibrations persist for higher Ur corresponding to a 
higher fv than fn. In Bokaian & Geoola (1984a, b), the investigated ranges of T/D, α and mass-damping factor m*ζ were 
0.09~4, 0°~70° and 0.018~0.2, respectively, where m* is the mass ratio and ζ is the damping ratio. Kim et al. (2008, 
2009) and Alam & Kim (2009) conducted a systematic investigation on flow-induced response characteristics of two 
circular cylinders α = 0°,  5°, 10°, 15°, 25°, 45°, 60°, and 90°, T/D ranging from 0.1 to 3.2, At each position (α, T/D) 
of the cylinders, dependence of vibration-amplitude-to-diameter ratio a/D on reduced velocity Ur was examined..  

The objectives of this study were for two stationary rigid cylinders to (i) classify the flow regime globally based on 
forces and flow structures, (ii) elucidate the flow structure for each regime, (iii) find possible interaction mechanisms, 
and (iv) correlate interaction mechanisms, lift forces and flow-induced responses of the cylinders mounted elastically. 
The possible range of α = 0� ~ 180� were considered with T/D = 0.1 ~ 5.0. Flow-induced response results are mostly 
incorporated from literatures published by these authors and others.    

Experimental details  
Experiments were conducted at the fluid mechanics 

laboratory of Kitami Institute of Technology, Japan. 
Measurements were done in a low-speed, closed-circuit wind 
tunnel with a test section of 1.20 m in height, 0.30 m in width, 
and 2.2 m in length. Fluid forces, St, and cylinder-surface 
pressure measurements and surface oil-flow visualization were 
conducted in this wind tunnel at a Re of 5.52×10

4
 based on the 

diameter of a single cylinder. The turbulent intensity was 0.5%. 
Fluid forces were measured over a small spanwise length of the 
cylinders, using load cells. Details of the load cell can be found 
in Alam et al (2005). Cylinder A is tentatively assumed to be 
fixed, and traversing of Cylinder B can be done with variation 
of the two parameters T/D and α. Experiments were performed 
for α = 0�, 10�, 25�, 45�, 60�, 75�, 90�, 105�, 120�, 135�, 
155�, 170�, and 180�, for the spacing ratio of T/D = 0.1 ~ 5. 
Very fine-tuning of T/D was adopted with T/D = 0.1, 0.2, 0.3, 
0.5, 0.6, 0.7, 0.8, 0.9, 1.1, 1.2, 1.5, 1.8, 2.1, 2.4, 2.7, 3.0, 3.5, 
4.0, 4.5 and 5.0. 

Flow visualisation was carried out in a water channel with a 
250 × 350 mm working section and 1.5 m in length. Two 
circular tubes with identical diameters of 20 mm were used. The 
Reynolds number in the water channel experiment was 350. The 
flow was visualized by using the hydrogen bubble technique, 
involving a platinum wire of 0.02 mm in diameter. 

Lift forces 
Time-averaged lift coefficient, (CL) and fluctuating lift 

coefficient (CLf) are plotted in a T/D-α plane, and then the 
contour maps are drawn, as shown in Fig. 2. In the scale bars, 
the color or the range marked by black ‘*’ indicates the value of 
a single isolated cylinder. The result is described with reference 
to Fig. 1, in which Cylinder A is fixed, and traversing of 
Cylinder B is done with variation of the two parameters T/D and 
α, which suffice to determine the possible arrangement of the 
two cylinders. It may be noted that Cylinder B acts as the downstream and upstream cylinders for |α| < 90� and |α| > 
90�, respectively, i.e. the left and right sides of a contour map show the values of coefficient of the upstream and 
downstream cylinders, respectively. At the peripheries of the inner and outer circles, the values of T/D are 0.0 and 5.0, 
respectively. Repulsive and attractive CL are considered as positive and negative, respectively.  

The contour maps show that both mean and fluctuating lift in the downstream region (right half) briskly change with 
changes in T/D and α; however, the upstream region (left half) retains single-cylinder values for T/D > 3.0 for any value 
of α. CL = -1.03 and - 1.15 ~ - 1.25 are the minimum (most negative) values occurring at |α| = 155�, T/D = 0.3 and α = 
10�, T/D = 0.8 ~ 1.1, respectively. CL becomes maximum of 0.85 at |α| = 135�, T/D = 0.1. Significantly higher CLf acts 
on the cylinder at α < 35�, T/D > 2.5 (Fig. 2b). The global maximum value of CLf is 0.8, 1.58 times the single-cylinder 
value. On the other hand, CLf is extremely small for |α| > 60�, T/D < 3.0. The observation suggests that the effect of 
interference between the cylinders has not only a negative impact with increasing forces, but also a positive impact with 
reducing forces on the cylinder. Its impact, however, depends on α and T/D.  

Interaction Mechanisms 
A single cylinder in cross-flow in general generates boundary layers, shear layers, alternating vortices and wake. 

When two cylinders are in close proximity, boundary layers, shear layer, vortex and wake are therefore four physical 

Fig. 2. Contour maps of  (a) time-mean lift coefficient CLf

and (b) fluctuating lift coefficient CLf. Points marked by ‘*’ 

denote values of coefficients of an isolated cylinder.
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interacting parameters. A scrupulous observation of flow structures at each measurement points (see Alam & Meyer 
2011 for the detailed flow structures) reveals the following six types of interactions. Their regimes are given in Fig. 3.  
Boundary layer and cylinder interaction: this interaction occurs when T/D is small, T/D < 0.3 - 0.6 depending on α. 
Interacting with the other cylinder, boundary layer of a cylinder may form separation bubbles, delay to separate, 
reattach, etc. The interaction therefore intensifies CL but weakens CLf.  
Shear-layer/wake and cylinder interaction: this happens when shear layer(s) from one cylinder interacts on the other 
cylinder surface by reattaching, impinging, forming separation bubble, etc. Naturally, one of the cylinders is completely 
or partially submerged in the wake of the other, hence it can also be termed as wake and cylinder interaction. The shear 
layer interacted by the cylinder loses its strength to shed alternating Karman vortex, hence forces wane significantly. 
Being completely submerged in the wake of the other, the cylinder acting as a stabiliser suppresses the flow 
unsteadiness between the cylinders. The interaction occurs when two cylinders are nearly in-line, |α| ≈ 0� 

~ 20�, 0.3 < 
T/D < 2.3-3.   
Shear layer (SL) and shear layer (SL) interaction: 
here the shear layer(s) of a cylinder directly interacts 
with that of the other. The interaction causes 
intermittent interlock-in of the shear layers, hence 
generates vortices at more than one frequency, and 
reduces forces on the cylinders. Since α of this 
interaction is higher than that of shear layer/wake and 
cylinder interaction regime, generation of two shear 
layers through the gap is possible. The two shear layers 
interact with themselves and the outer-shear layers.  
Vortex and cylinder interaction: when T/D is greater 
than the critical spacing of two nearly in-line cylinders, 
the shear layers of the upstream cylinder cannot reach 
the downstream cylinder, hence roll between the 
cylinders, forming alternate vortices. Thus the alternate 
vortices from the upstream cylinder strike on the 
downstream cylinder and embrace the side surface 
during passing on the cylinder. This interaction is 
generally very strong, intensifying CLf significantly.  
Vortex and shear-layer (SL) interaction: for a larger α, 
the downstream cylinder becomes offset from the inner 
row of vortices from the upstream cylinder, hence the 
vortices cannot interact with the downstream cylinder, but can interact with the inner-shear layer. Interacting with the 
shear layer while it is growing, the vortices force the shear layer to form a synchronized coupled vortex. This interaction 
renders a very high CLf, as alternate interaction between vortex and shear layer intervenes. 
Vortex and vortex interaction: for a further increase in α, the transverse distance between the cylinders becomes large, 
hence each cylinder forms a separate wake immediately behind them. The vortices on the two inner rows interact with 
each other and combine the two wakes into a wider one, which results in a slightly higher CD, CDf and CLf.  

Flow-induced instability  
How the interactions affect flow-induced instability of the cylinders, compared to a single isolated (non-interfering) 

cylinder, is of great interest to the researchers in science and engineering. This section includes an overview of 
flow-induced vibration results for two elastically mounted cylinders. The detailed results of cylinder responses at 
different interaction regimes are presented in Fig. 4. While the vertical axis of the response curves represents the 
vibration amplitude a normalized by D, the horizontal axis is Ur. The response curve were mostly taken from Kim et al. 
( 2009) and Alam & Kim (2009). The dashed line in the response graphs sands for single isolated cylinder response, 
insinuating VE at Ur ≈ 5.4 (≈1/St = 1/0.186). In the boundary layer and cylinder interaction regime, while both cylinders 
experience divergent galloping vibration for Ur > 10 at 0 < α < 25° (Fig. 4a, d), they experience VE between Ur = 7 to 
10 for 25°< α < 155° (Fig. 4b, c). For the latter case, the downstream cylinder vibration amplitude is larger than the 
upstream one. Divergent violent vibrations of both cylinders are generated in the regime of shear-layer/wake and 
cylinder interaction (Fig. 4e, f, n, o). VE and galloping are combined at smaller T/D (Fig. 4e, o) and separated for larger 
T/D (Fig. 4f). High amplitude VE is afoot in the regimes of vortex and cylinder interaction (Fig. 4g) and vortex and 
wake interaction (Fig. 4h), where fluctuating lift forces on stationary cylinders are high (Fig. 2). In the SL and SL 
interaction regime, VE occurs at two regimes of Ur (Fig. 4i, l). In this regime both cylinders shed vortices at two 
frequencies (Alam and Sakamoto 2005), hence corresponds to two VE. In the vortex and vortex interaction regime, VE 
intervene at a high Ur for the downstream cylinder (Fig. 4j) and at a low Ur for the upstream cylinder (Fig. 4k). This is 
due to fact that the downstream and upstream cylinders generally shed vortices at a low and high frequencies, 
respectively. The no interaction regime corresponds to VE at the same Ur as that of a single cylinder (Fig. 4m).  

It is worthy to mention that a larger CLf (Fig. 2b) corresponds to larger amplitude VE (Fig. 4c, g, h). The most 
striking feature is that divergent galloping vibration is generated at shear layer/wake and cylinder interaction (Fig. 4e, f, 
n, o) and boundary layer and cylinder interaction (Fig. 4a, d) regimes where there is a large variation in CL in the 
cross-flow direction (Fig. 2a). It is an acknowledged fact from galloping theories that galloping is not generated on 
axis-symmetric body, e.g. a circular cylinder. Therefore a question arises, why do two circular cylinders at close 
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proximity experience galloping? In the regimes of boundary layer and cylinder interaction and shear layer/wake and 
cylinder interaction, the two cylinders are connected by boundary layer or shear layer, the combined shape of the two 
cylinders is not further axis symmetric, hence the two cylinders may prone to generate galloping vibrations. 
Furthermore, due to having non-uniform velocity between the cylinders, the downstream cylinder again is not axis 
symmetric with respect to local approaching flow. That is, the galloping generation for two circular cylinders at close 
proximity is not violating the galloping theories. Details of galloping mechanisms will be discussed in light of lift force 
and interaction mechanisms. 

 Conclusions 
The investigation leads to the following 
conclusions. 

Six different interacting mechanisms 
between the cylinders were observed: boundary 
layer and cylinder interaction, SL/wake and 
cylinder interaction, SL and SL interaction, 
vortex and cylinder interaction, vortex and SL 
interaction, and vortex and vortex interaction. 
Each of them had different influences on the 
induced forces and flow-induced instability. 
There exist two island-like regimes (α = -5� 

~ 
5�, T/D = 3 ~ 5 and α = 18� 

~ 32�, T/D = 2.1 ~ 
5) where the value of CLf are extensively high. 
The high value of CLf are ascribed to vortex and 
cylinder, and vortex and shear layer 
interactions. Both SL/wake and cylinder, and 
boundary layer and cylinder interactions 
weaken CLf and flow unsteadiness. While the 
former interaction stabilizes the wake or shear 
layers, the latter one forms a separation bubble, 
delays boundary layer separation, or causes 
reattachment. The separation bubble formation 
results in maximum repulsive CL of +0.86 at |α| 
= 135�, T/D = 0.1~0.2.  

Though a single non-interfering circular 
cylinder does not experience galloping, two 
circular cylinders incur violent galloping 
vibration due to SL/wake and cylinder interaction and boundary layer and cylinder interaction. In the case of VE, a 
stronger CLf corresponds to larger vibration amplitude. 
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Fig. 4. Flow-induced vibration response at different interaction regimes.
Dashed line represents a single isolated cylinder response. The vertical and
horizontal axes of the response graphs are the vibration amplitude ratio a/D
and reduced velocity Ur (= U∞/fn/D). The response curves are based on the
results in Bokaian and Geoola (1984a, b), Kim et al. (2009), Borazjani and
Sotiropoulos (2009) and Alam and Kim (2009) .
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Abstract

Flow past a spinning circular cylinder placed in a uniform stream is investigated. The
Reynolds number, based on the free-stream speed and the diameter of the cylinder, is 200.
The non dimensional rotation rate, α, (ratio of the surface speed and free-stream speed)
is varied between 0 and 5. Linear stability analysis of the two-dimensional, steady base
flow is carried out for perturbations that are assumed to be periodic along the span. The
results are also compared with Direct Numerical Simulations conducted for a cylinder of
span 12D, where D is the diameter of the cylinder. The centrifugal instabilities appear
in the flow for α > 3.01.

The Method

A stabilized finite element method is utilized to carry out the computations. Time integration
of the Navier-Stokes equations is carried out for various rotation rates. The linear stability
analysis is also carried out. First the steady state solution for various rotation rates is computed.
The stability of these states to perturbations of various spanwise wavelength is investigated.
The perturbations are assumed to be of the form u′(x, y, z, t) = û(x, y)eiβzeλt. Here, the
wavenumber of the disturbance is β (= 2π/λz) and λz is the wavelength. λ is the eigenvalue of
the fluid system and governs the stability of the base flow. In general, λ is complex and can be
represented as: λ = λr + iλi where, λr and λi are the real and imaginary parts, respectively. λr
represents the growth rate; a positive λr leads to an instability. The subspace iteration method
is used for solving the eigen value problem and locating the eignavalue with largest real part.

Results: Direct time integration

Figure 1 shows the results from the direct time integration of the equations for various
values of α. The fully developed flow for each case is shown. The α = 0 case corresponds to
a non-rotating cylinder. The mode-A instability is observed in addition to the von Kármán
shedding. The spanwise wavelength of the instability, is 4D. The Strouhal number based on
the time variation of lift coefficient is 0.198. As in the 2D computations, no vortex shedding
is observed for α = 2.0 and 3.0. The flow achieves a 2D, steady state. The computations
for α = 3.5 lead to an interesting result. Unlike the 2D computations, the 3D computations
exhibit spanwise centrifugal instabilities. The observed wavelength is λz = 0.92D. The flow,
from 2D computations, for α = 4.5 is associated with time-periodic vortex shedding. The
3D computations show that the vortex shedding is accompanied with a strong centrifugal
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Figure 1: Re = 200 flow past a rotating cylinder: isosurfaces of vorticity.

instability. Also, the vortex shedding is aperiodic. The flow for α = 5.0 is free of all instabilities;
even the 3D computations lead to a 2D steady flow. The time histories of the aerodynamic
coefficients is shown in Figure 2.

4.1 Clean Circular Cylinder 30

and becomes stable. In following sections, flow for different rotation rates is discussed

in details. 3D computations done in present work are compared with 2D computations

reported by Mittal and Kumar (2003) [13].
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Figure 4.1: Re = 200 flow past a rotating clean circular cylinder: time histories of CL

for various values of α.

4.1.2 α = 0

At α = 0, which corresponds to non-rotating cylinder, von Kármán shedding is observed

in 2D computations. In 3D computations, spanwise mode-A instability in addition to

von karman shedding is observed. von Kármán shedding and Mode-A are shown by

isosurfaces of z and x component of vorticity (ωz, ωx) in figures 4.4 and 4.5 respectively.

Williamson (1988) [14] conducted experiments and reported that first transition to three-

dimensionality in the near wake of a cylinder happens between Reynolds number of 170

to 180. Wavelength of spanwise mode-A instability, observed by Williamson (1988) [14]

is 3-4D. Strouhal number, reported by him at Re=200, is approximately 0.183. In

the present work, the observed wavelength(λz), for mode-A instability, is 4D. Strouhal

number calculated on the basis of time history of lift coefficient is 0.198.

(a) CL
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Figure 4.2: Re = 200 flow past a rotating clean circular cylinder: time histories of CD

for various values of α.

Table 4.1: Re = 200: average and rms values for CL and CD for various values of α.

α CL2D
CL3D

CD2D
CD3D

CLrms,2D
CLrms,3D

CDrms,2D
CDrms,3D

0.0 0.00 -0.01 1.32 1.35 0.47 0.47 0.04 0.03
2.0 -5.38 -5.41 0.29 0.30 0.00 0.00 0.00 0.00
3.0 -10.32 -10.36 0.04 0.11 0.00 0.00 0.00 0.00
3.5 -13.62 -13.64 -0.04 0.00 0.00 0.01 0.00 0.08
4.5 -22.25 -20.56 0.10 0.31 0.92 0.86 0.62 0.35
5.0 -28.18 -27.01 0.13 0.35 0.00 0.00 0.00 0.00

Table 4.2: Re = 200: strouhal numbers based on CL variation for various values of α.

α 2D Cylinder 3D Cylinder

0.0 0.195 0.198
2.0 steady steady
3.0 steady steady
3.5 steady aperiodic
4.5 0.029 aperiodic
5.0 steady steady

(b) CD

Figure 2: Re=200 Flow past a rotating cylinder for various values of α: time histories of aerodynamic
coefficients

Linear Stability Analysis

The steady-state solutions for various values of rotation rates are tested for their stability.
Computations are carried out for 3.0 ≤ α ≤ 5.0. Figure 3 shows the variation of the growth
rate of most unstable mode with wave-number, β for various α. The flow exhibits centrifugal
instabilities for α ≥ 3.01. These observations are consistent with the ones from the 3D DNS
computations. For 3.0≤ α ≤4.3, all the modes corresponding to λr,max are real. However, for
α > 4.5, for some values of β, rightmost λr,max corresponds to complex modes. For α ≥ 4.8 two
steady states exist. They can be realized by starting from different initial guess/condition. For
2D perturbations (β = 0), the solution computed by increasing α and started with solutions
obtained from 2D DNS at α = 0.0, is unstable. On the other hand, the solution computed by
decreasing α, and started with solutions obtained from 2D DNS for α = 5.0, is stable. The
solution which is stable to 2D perturbations (β = 0) remains stable for all values of considered
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β. The other solution, which is unstable to 2D perturbations, has positive real eigenvalues
for a range of β. These results are also shown in Figure 3. Figure 4 shows the maximum
growth rate and the corresponding span-wise wavelength of the eigenmode. It also shows some
of the eigenmodes. The length of cylinder along the span, for visualization of the eigenmode,
Lz = 12D. The centrifugal nature of the instabilities is clearly observed.

Figure 3: Re = 200 flow past a rotating cylinder: maximum growth rate, λr, for various wavenumbers, β and
rotation rate, α.

�

�

Figure 4: Re = 200, α = 4.8 : LSA for flow past a rotating cylinder : x and z component of vorticity field for
the eigenmodes with maximum growth rate.

Effect of span

Figure 5 shows the variation of the maximum growth rate with spanwise wavelength for α = 3.5.
The x axis of this figure, λz is related to the spanwise wavenumber, β. For a cylinder of infinite
span, one expects that the perturbation corresponding to the maximum λr will dominate (point
B in the figure). However, interesting situations may arise for finite lengths that are not
multiples of the λz given by point B. To investigate the possibility of attaining solutions of
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different λz, DNS for cylinder with different lengths (Lz ) is carried out for α = 3.5. With
Lz = 0.7D, as expected, a steady solution with the centrifugal instabilities (corresponding to
the mode with λz = 0.7D) is obtained. With Lz = 5.24D, many possible wavelengths may exist.
The results are shown in Figure 6. The computations begin with the disturbance corresponding
to λz = 0.7D. The flow evolves to an aperiodic state.

4.3 Multiple Solutions 45

4.3 Multiple Solutions

4.3.1 α = 3.5

In this section, DNS of the flow past a clean circular cylinder with different lengths(Lz),

at α = 3.5, are discussed. Figure 4.15 shows rightmost eigenvalue(λr) with the corre-

sponding wavelength(λz) of centrifugal instability. Hence, to investigate the possibility of

attaining solutions of different λz, DNS for cylinder with different lengths(Lz) is carried

out. Idea of different Lzs is considered by making an assumption of uniform spacing of

centrifugal instability at this rotation rate. Initial solutions are also changed according

to the Lz.
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Figure 4.15: Re=200 flow past a rotating cylinder: real part of the eigenvalue corre-
sponding to the rightmost λ for the steady state solution at α = 3.5 plotted with the
wavelength (λz).

First, analysis is done by providing eigenmode of centrifugal instability, corresponding

to β = 4.5, in the initial solution. This wave-number is shown by point A in figure 4.15.

λz corresponding to β = 4.5 is 0.70D. Therefore, DNS is first carried out for Lz = 0.70D.

Figure 4.16 shows the x and z component of vorticity and λz observed 0.70D. This can be

explained by assuming uniform spacing of centrifugal instability. Possible wavelengths

Figure 5: Re = 200, α = 3.5 flow past a rotating cylinder: variation of growth rate for the most unstable
mode for various λz (= 2π/β ).

Figure 6: Re=200, α = 3.5 flow past a rotating cylinder: x and z component of vorticity and time histories of
CL and CD for cylinder of span (Lz) = 5.24D initiated with the disturbance of wavelength(λz) = 0.70D added
to the steady solution.
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 A two-dimensional instability in free shear flows like jets, wakes and mixing layers is 

controlled by inviscid mechanisms. This raises the interesting possibility of studying the development 

of the instability with point-vortex calculations. In the present study, we revisit this idea, using far more 

vortices than in the early studies which date back to Helmholtz (1868), Rosenhead (1931) and Hama 

& Burke (1960).  By discretizing the vorticity field using an array of point vortices we simulate first the 

initial development of a thick shear layer with a constant vorticity profile and then a Bickley jet profile.  

The present computations involve O(103) vortices and use double precision Runge-Kutta-4 with a 

sufficiently small time step that ensures conservation of the Hamiltonian to within 10-5 of its initial 

value. Further, the present simulations involve many layers of vortices (19 for the constant vorticity 

case and 71 for the Bickley jet).  We find that the onset of ‘Biot-Savart chaos’ (which has been studied 

in detail in the context of the turbulent mixing layer by Suryanarayanan & Narasimha 2010), is delayed 

sufficiently to enable the study of the linear instability regime.  The subsequent non-linear 

development of the shear stress and mean profile seem relatively insensitive to local regions of 

‘chaotic’ behavior.  

The growth rate of the fastest growing mode given by linear stability theory (from the solution 

of the Rayleigh equation) is close to the observed growth rate of the most unstable ‘Biot-Savart Eigen 

mode’ at the same wavelength in each case. The Biot-Savart Eigen mode is not identical to the 

vorticity mode given by the solution of the Rayleigh equation due to the differences in the 

approximations made in each case.  The close similarity in the predicted growth rate, however, 

suggests Biot-Savart computations as another tool for a study of inviscid stability. The particular 

advantages in a Biot-Savart approach are the capability of tracking the evolution into the non-linear 

regime and the physical simplicity of the method which readily illuminates the essential mechanics 

and at far less computational cost than a DNS of the Navier-Stokes equations.  

Constant vorticity shear layer 

 The Rayleigh problem with a piece-wise linear velocity profile (constant vorticity layer) can be 

analytically solved (Drazin and Reid). It offers an excellent test-case for a Biot-Savart computation in 

which the uniform vorticity is replaced by a large number (N) of point vortices. The analytic solution 

gives a wavelength for the fastest growing mode which is 7.87 times the vorticity thickness.  

 In the present calculations, the velocity due to any vortex in the domain includes the sum of 

the velocities induced by its infinite, periodic, images. This leads to a convergent series (Rosenhead, 

1931) and a set of 2N ODE’s that can be solved as an initial value problem. 

In the point-vortex approximation used there were 19 layers each with 140 vortices of identical 

strength and initially equally-spaced in x and y.  (Note that the wavelength (domain size) is ~ 7.8 times 

the vorticity thickness).  A pilot simulation was performed with a sinusoidal perturbation 

(displacement) of each of the layers, where the wavelength was equal to the domain size and the 

amplitude of the displacement for each of the layers was the same as the displacement on the zero 



(dividing) streamline.  It was observed that the disturbance amplitude, after an initial transient, grew 

exponentially with approximately the same growth rate as predicted by linear stability theory.  

The initial transient is due to the fact that the initial perturbation is not the exact vorticity mode 

shape.  Using the Eigen mode predicted by linear stability did not provide exponential growth from the 

beginning either (in this case, instability theory has an Eigen mode for the vorticity which only has a 

delta function at plus and minus delta).  Following this pilot simulation and the observed region of 

exponential growth, the initial conditions were re-set (shown in Figure.1) with a new perturbation in the 

inter-vortex (x) spacing based on the spacing observed in each layer during the exponential growth 

phase of the previous simulation. With this ‘Biot-Savart Eigen mode’ as an initial condition, the 

disturbance grew exponentially from t=0!  This, in a sense, is a ‘bootstrap’ method of finding the Biot 

Savart Eigen mode for the vorticity.   During the linear phase, the growth rate is very close to the 

linear stability growth rate as shown in Figure.2.   

 

Figure.1. Initial condition for constant vorticity shear layer  

 

Figure 2.  Logarithm of the amplitude ratio ( ) (0)tς ς  vs. time (Biot-Savart simulation in red (solid) and 

linear stability theory prediction in black (dashed)) 

Following the consistent prediction of the linear behavior, the simulation captures the complete non-

linear phase of development.  In particular, it gives the shear stress distribution and change in the 

mean velocity profile as a function of time, and shows the intrinsic role of vorticity transport.   



 

 

 

Figure 3. Development of the point-vortex shear layer with time 

The Bickley jet 

The Bickley Jet, with mean velocity profile U = sech2[y], provides a more complicated and 

interesting example. We simulate this vorticity profile with 71 layers of 58 vortices each with equal 

spacing in x and y.  The strengths and signs of vortices were varied in accord with the mean vorticity 

profile. The wavelength was set equal to the most unstable wavelength predicted by linear stability 

theory. 

 A procedure similar to that outlined for the constant vorticity layer was adopted in finding the 

Biot-Savart Eigen mode.  The initial disturbance was a small sinusoidal displacement of each layer 

with the same amplitude, phase and wavelength as on the zero (dividing) streamline and these initial 

conditions were revised based on the subsequent region of exponential growth. The resulting 

disturbance was observed to grow exponentially, essentially from t = 0, at a rate very close to that 

predicted by linear stability theory.  This was followed by the full non-linear phase of development 

which can be readily observed (as shown in Figure 4, for example).  

These examples illustrate the connection between Biot-Savart and stability theory, which is often not 

at all transparent.  What is very apparent from a Biot-Savart approach is the way vorticity is 



transported;  it causes initially a vorticity Eigen mode and an exponential growth in amplitude which is 

followed by a non-linear development that gives rise to substantial gradients in Reynolds stress and a 

change in the mean velocity profile.      

 

 

Figure 4. Development of the point-vortex Bickley jet with time 
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On the PSE-3D instability analysis methodology for

inhomogeneous shear flows
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Instability in the wake of bluff bodies has been the subject of vigorous investi-
gation over decades. A common feature observed in the transition process in the
wake of bluff bodies of different shapes (spheres, ellipsoids, afterbodies of bullet-
shaped objects, ...) at zero angle of inclination with respect to the main stream,
is the appearance of a pair of streamwise, counter-rotating vortices. While this
vortex pair is steady for a finite range of the Reynolds number, they developed
an oscillatory motion when the Reynolds number is increased further, the origin
of which has been suggested to be a linear instability of the steady flow. While
the linear instability of a vortex pair has been widely studied in the past in the
limit of high Reynolds numbers, the Reynolds numbers of interest in the context
of the transition process in the wake of bluff bodies are only O(100 − 1000). This
implies that, on one hand, the inviscid limit is not of application and viscous terms
must be retained, preventing the use of simplified theories. On the other hand,
the spread of the vortices as they evolve in the downstream direction, caused by
viscosity, should be taken into account, as they introduce a weak dependence of the
flow on the streamwise direction that will affect the instability properties of the
vortex pair.

The present contribution discusses the development and application of a PSE-
3D instability analysis algorithm, for the study of small-amplitude perturbations
in flows which are inhomogeneous in two and weakly-dependent on one spatial
direction. This methodology is adequate to recover the physics of the counter-
rotating vortex pair, as it takes into account the variations of the base flow in the
normal plane, also permitting a mild variation of the perturbation variables in the
downstream direction.

The numerical solution of the PSE-3D problem is not trivial, involving the
inversion of a large matrix resulting from the discretization of a system of two-
dimensional, partial derivative equations, with leading dimension O(104 − 105). In
our approach the matrix is formed and stored. Alternatively to the typically used
in stability calculations spectral methods, new stable high-order finite-difference-
based numerical schemes for spatial discretization1 are employed. Attention is paid
to the issue of efficiency, which is critical for the success of the overall algorithm.
To this end, use is made of a parallelizable sparse matrix linear algebra package
which takes advantage of the sparsity offered by the finite-difference scheme and,
as expected, is shown to perform substantially more efficiently than when spectral
collocation methods are used.

The standard PSE in a cylindrical coordinates is used along with the nonparallel
Batchelor vortex basic flow model, as a validation test for the PSE-3D algorithm

∗Correspondence to: pedro.paredes@upm.es
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presented herein. Finally, the linear PSE-3D instability analysis is applied to a fully
three-dimensional flow composed of a counter-rotating pair of nonparallel Batchelor
vortices.

A. Modal Linear Stability Theory

Hydrodynamic instability studies the behavior of a laminar flow field upon the introduction of
small-amplitude perturbations, in order to improve the understanding of the processes involved in
the onset of unsteadiness in low-Reynolds-number flows and the transition of laminar flow to a
turbulent regime.

The vector of fluid variables q̄ = (ū, p̄)T is decomposed into a steady mean flow Q and an
unsteady small disturbance or perturbation q:

q̄(x, t) = Q(x) + q(x, t) (1)

Table 1. Classification of linear stability theory concepts for analysis of a steady state q̄. The asterisk
denotes a slowly-varying spatial direction. The dagger symbol denotes potential extension to include
nonlinear mode interaction.

Denomination Assumptions Amplitude Function Phase Function Θ
TriGlobal - q̂(x, y, z) exp{−ωt}
PSE-3D† ∂xQ� ∂yQ, ∂zQ q̂(x∗, y, z) exp

{∫
α(x′)dx′ − ωt

}
BiGlobal ∂xQ = 0 q̂(y, z) exp {αx− ωt}
PSE† ∂xQ� ∂yQ; ∂zQ = 0 q̂(x∗, y) exp

{∫
α(x′)dx′ + βz − ωt

}
Local ∂xQ = ∂zQ = 0 q̂(y) exp {αx + βz − ωt}

In linear stability theory, the perturbation term is usually written as the product of an amplitude
function and a phase function, q = q̂Θ. Table 1 summarizes the different instability approaches
arranged by increasing constrains to the basic flow.

In the most general case, the flowfield is three-dimensional and inhomogeneous in all three
spatial directions. A numerical solution of the PDE-based eigenvalue problem resulting from the
discretization of the three coupled direction, referred to a TriGlobal stability analysis, is possible
but prohibitively expensive nowadays for most applications of interest. A parabolized variation of
the three-dimensional stability equations (PSE-3D) can be derived is the basic flow can be assumed
to experience slow variations along one of the three spatial directions (see Table 1). In this manner,
the three-dimensional eigenvalue problem is replaced by an initial value problem that is solved
using a marching procedure along the slow direction.

B. Realistic isolated vortex

1. Basic flow

The model vortex proposed by Batchelor,2 as an asymptotic steady solution of the Navier-Stokes
equations for x → ∞ is used here as the basic flow. The free-stream velocity U0 and reference
core radius δ0(x0) at some arbitrary axial location are used for the non-dimensionalization. The
Reynolds number is then defined as

Re0 =
U0δ0

ν
. (2)
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With Ux, Ur and Uθ denoting the dimensionless velocity components in the axial x, radial r and
azimuthal θ directions, the model vortex is defined by3

Ux ≈ 1− γ(x)exp
(
−r2/δ(x)2

)
, Ur ≈ 0, Uθ ≈

κ

r

(
1− exp

(
−r2/δ(x)2

))
(3)

where
κ = constant, γ(x) = −κ2 Re0 log(x/Re0)

8x
, δ(x) = 2

√
x/Re0. (4)

The quantity δ(x) corresponds physically to the dimensionless local vortex core radius, while γ(x)
is the axial velocity defect and q is a swirl strength parameter.

While the asymptotic model assumes that the radial velocity vanishes, the continuity equation
can be used in order to calculate a Ur component:(

1
r

∂

∂r
r

)
Ur = − ∂

∂x
Ux, U(0) = 0 (5)

This correction is small compared to the dominant axial and azimuthal velocity components, but
ensures that the basic flow will be divergence-free.

2. Stability analysis

The vortex is defined by γ0 = 0.9, δ0 = 1.0 and by definition κ = −1.14. The initial position is taken
equal to the reference position for the Reynolds number, x0 = Re0/4. PSE in a cylindrical-polar
coordinates frame and PSE-3D are employed as a cross-validation for both methodologies.
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Figure 1. Evolution of the wavenumber (left) and growth rate (right) of the realistic vortex flow for
the most unstable mode at initial station xs = 300 for the selected parameters, comparing PSE and
PSE-3D results.

Figure 1 compares the evolution of the complex wavenumber α along the axial direction obtained
using the two different methodologies, namely the PSE in cylindrical coordinates and PSE-3D. In
the case of the cylindrical coordinates, a Chebyshev Gauss-Lobatto spatial discretization with
Nr = 100 was used. Ny ×Nz = 1202 points were used to discretize the y∞ = z∞ = 40 domain, and
FD-q101 was used for the differentiation. Reasonably good agreement exists between the results of
the two methodologies.

Figure (2, left) compares the three-dimensional solutions for the isolated vortex corresponding
to a spatial BiGlobal analysis of the parallel q-vortex used at the initial axial location (upper plot),
and the non-parallel PSE-3D solution (lower plot). The spread of the vortex downstream, caused
by viscous diffusion, reduces the growth rates and eventually stabilizes the modal perturbation.
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Figure 2. Left: Iso-surfaces (u/|u0| = 1 and u/|u0| = −1) of axial velocity amplitude function. Upper:
BiGlobal analysis of the equivalent parallel vortex with the parameters of the initial position of
the analyzed nonparallel vortex (Lower) with PSE-3D. Right: Iso-surface of axial velocity flow field
(ū = U + εu) with ε = 10−4/|u0| in the range x ∈ [300, 370]

C. Trailing counter-rotating vortex-pair

As opposed to the isolated vortex considered before, the stability of the non-parallel vortex-pair
cannot be analyzed using the standard Parabolized Stability Equations written in cylindrical co-
ordinates, and requires a three-dimensional methodology like the PSE-3D presented in this paper.
The three-dimensional flowfield corresponding to a counter-rotating vortex pair is constructed here
as the linear sum of two isolated non-parallel vortices (defined by equations 3).

To perform the stability analysis of this flow, the vortex cores has been located at (x1, y1) = (2, 0)
and (x2, y2) = (−2, 0). The vortices are defined by γ0 = 0.9, δ0 = 1.0 and by definition κ1 = −1.14
and κ2 = 1.14. It has been assumed that the radial decay in the velocity components associated
with each vortex is fast enough to neglect the interaction between vortices in the basic flow. The
computational domain in the y − z plane was truncated at (yinf , zinf) = (45, 40), and discretized
using Ny×Nz = 160×120 nodes. FD-q10 scheme was used for the differentiation in the construction
of the linear operators.

Results of the stability analysis corresponding to Re0 = 1200 and ω = 2 are shown next. The
initial position is taken equal to the reference position for which the Reynolds number is defined,
x0 = Re0/4. Figure (2, right) shows the iso-surface of axial velocity flow field (ū = U + εu)
with ε = 10−4/|u0| for the initial most unstable perturbation with the selected parameters. The
inhomogeneous nature of the underlying flow is evident in the non-axisymmetric shape of the
amplitude functions of the perturbations. Further results are presently being obtained and will be
available at the time of the Conference.
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The study of flow around fixed and oscillating circular cylinders has been the focus of research
in several areas of knowledge. In Engineering, it has been found several applications, e.g., in the
dimensioning of slender structures subjected to wind, or risers in floating oil platforms subjected to
ocean currents.

The goal of present study lies on the implementation and comparative analysis of a dynamic
oscillating model with two degrees of freedom in a rigid circular cylinder that reacts to the forces
caused by the 3D flow. It aims to verify the differences in the process of flow turbulence transition in
cylinders characterized as fixed, forced and free oscillations.

Here, it was used the Incompact3d code to solve the Navier-Stokes and continuity equations
through Direct Numerical Simulation (DNS). It has been validated for solving several problems on
fixed and forced moving bodies immersed on the flow. In studies by Parnaudeau et al. (2003)[8],
Parnaudeau et al. (2008)[7], Laizet and Lamballais (2009)[3], Lamballais et al (2010)[4] and Pinto
et al. (2011)[9], using the Incompact3d in the context of DNS, presented both qualitative and quan-
titatively results for conventional and complex flow geometries. The code uses sixth order compact
difference schemes to solve the spatial derivatives, while the time integration is solved through sec-
ond order Adams-Bashforth accurate scheme. In order to represent the obstacle in the flow, the
Immersed Boundary Method (IBM) was used, which is based on the addition of a forcing term in flow
equations to model the presence of the body. Further details regarding this technique can be found
in Parnaudeau et al. (2008)[7].

The flow equations are solved in a computational domain Lx×Ly ×Lz discretized on a Cartesian
mesh of nx × ny × nz nodes. Free-slip boundary conditions are assumed at the lateral boundaries
(y = 0, y = Ly), while in the streamwise direction (inflow/outflow boundary) it is imposed velocity
Dirichlet conditions. At the inlet (x = 0), an uniform profile is prescribed, at the outlet (x = Lx), a
convection equation is solved in the streamwise flow direction, and periodic conditions are imposed
at the spanwise boundaries (z = 0 and z = Lz).

When the cylinder is forced to oscillate in the cross-flow direction, it was used the following dis-
placement equation:

yc =
A

D
sen(2πfot), (1)

where A/D is the non-dimensional displacement amplitude (scaled by the cylinder diameter D) and
fo is the oscillation frequency.

On the other hand, if the cylinder is free to oscillate, an oscillatory dumped system is implemented
in order to subject the cylinder to two degrees of freedom. The nondimensionalization using flow
parameters (U , ρ e D), as proposed by Shiels et al.(2001)[11], is used. The resulting equation is
given as:

m∗Ẍ∗ + c∗Ẋ∗ + k∗X∗ = F (t∗), (2)

where:
3corresponding author: leandroconp@gmail.com



X∗ =
X

D
, Ẋ∗ =
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(3)
The parameters m, c and k correspond to the total mass system, the structural damping and the

spring constant, respectively, l and ρb are the length and density of the cylinder, and ρ the fluid density.
The term F (t∗) represents the force coefficients, i.e., the drag coefficient (CD) if X is the streamwise
cylinder displacement, and the lift coefficient (CL) if X is the cross-flow cylinder displacement. The
hydrodynamic coefficients are determined by the integral linear-momentum equation, which includes
the effect of the added mass into the system.

The computational domain and grid points adopted in the simulations were based on the results
of previous works by Silvestrini and Lamballais (2000)[12], Ribeiro (2002)[10] and Vitola (2006)[13].
These parameters are: Lx × Ly × Lz = 20D × 18D × 6D, nx × ny × nz = 521 × 469 × 64. The initial
coordinates of the cylinder were (xo, yo) = (8D, 9D), and a fixed time step ∆t = 0.005D/U was used
to ensure both convective (Courant-Friedrich-Levy) and diffusive criteria. Reynolds number Re = 300
was chosen in order to simulate the three-dimensional B mode instability (Williamson (1996)[14]).

The simulation I corresponds to the fixed cylinder. Many researchers have already studied this
case, and the results give a benchmark for all other simulations. Simulation II was run for a forced
cross-flow oscillation with the parameters A/D = 0.2 and fo = 0.206. In the WR map (Williamson and
Rohsko (1988)[15]), these parameters are located inside the region 2S mode (two vortex shedding
per oscillation cycle). It also corresponds to the point inside the primary lock-in region, where there is
an increase in the forces over the body and the synchronization between fo and the vortex shedding
frequency fv. The last simulation III correspond to the cylinder with two degrees of freedom oscillating
in both streamwise and cross-flow directions. For this simulation, it was adopted the parameters:
m∗ = π/2 (i.e., ρb/ρ = 1.0), c∗ = 2.5 and k∗ = 2.0. The value for the normalized velocity is U∗ =
U/fnD = 5.57, which is located inside the excitation range of the Vortex Induced Vibration (VIV)
phenomenon.

In all three simulations, it was obtained results for the mean drag coefficient <CD> , the root
mean square for the lift coefficient CLrms (mean in the time and in the spawise direction) and the
Strouhal number St = fvD/U . In table 1, the results for simulation I are compared with the ones
found by Mittal and Balachandar (1997)[6]. In their simulation, they used an axial mesh resolution of
∆z = 0.0375D, lesser than the resolution used in our simulation which was ∆z = 0.0952D. It can
explain the overestimated results for our hydrodynamic coefficients.

Table 1: Comparisons between simulations I, II and III and Mittal and Balachandar (1997)[6] of hy-
drodynamic coefficients and Strouhal number.

Re <CD> CLrms
St

Simulation I (fixed cylinder) 300 1.39 0.43 0.201
Simulation II (forced oscillation) 300 1.68 0.53
Simulation III (free oscillation) 300 1.48 0.37
Mittal and Balachandar (1997)[6] 300 1.26 0.38 0.203

When the cylinder was forced to oscillate in simulation II, it was observed an increase in the hydro-
dynamic coefficients and a synchronization between fv = 0.207 next to the fo = 0.206. According to
previous works (e.g., Bishop and Hassan (1963)[1]), these results are expected in the lock-in region.

In simulation III, the value for the vortex shedding frequency was fv = 0.193. According to Khalak
and Williamson (1999)[2], there is a synchronization between the vortex shedding and the natural
frequencies, i.e., fv/fn = 1, only to higher mass ratio m∗ values. In simulation III, it was obtained a
frequency ratio of fv/fn = 1.07, which is in agreement with Khalak and Williamson (1999)[2], since
the value adopted here was m∗ = π/2. An increase in the <CD> and a decrease in the CLrms were
obtained, when compared to the fixed cylinder in simulation I. Other simulations for free oscillating
cylinder need to be run in order to better understand the coefficient variations. It is necessary a
further analysis on the coefficient variations with U∗ over the excitation range of the system, as well.

An important parameter named axial Enstrophy (Zz(t), see Lesieur, 1997[5]), capable to evaluate
the temporal evolution of the longitudinal structures in the flow was used here. The time variation of
Zz(t) for all simulations is presented in Figure 1. It could be observed in simulation III a turbulence



transition faster than in other simulations (I and II). These results show that important differences
can be observed in the turbulence transition phase, when the cylinder is subjected to the V IV . The
longitudinal vorticity fields ωx (Figure 2) show the formation of the first longitudinal vortex instability
for the three simulations. No significant differences for the vorticity fields of the simulation I and II
were observed (Figure 2 (a) and (b)). However, in simulation III (Figure 2 (c)), the initial instability
presented an axial wavelength λz higher than the other simulations. From these vorticity fields, it was
estimated λz = 0.82 for simulation I, λz = 0.85 for simulation II and λz = 1.44 for simulation III.

The Q criterion is another important parameter that can identify coherent structures in the flow.
It was possible to identify the longitudinal structures in the three simulations. Figure 3 shows isosur-
faces of the Q criterion for all simulations at the time step t=150. It could be noted that all simulations
presented longitudinal coherent structures in the turbulent phase of the flow.

The results presented so far indicate that, despite the transversal amplitude of excitation in simu-
lation III is around 0.2D, it presents significant alterations in the turbulence transition phase compared
with fixed and forced oscillation cylinders. Simulations for other values of U∗ have been carried out
to verify if there is turbulence transition instability in the same step time for different branches of
excitation. These results will be presented at the conference.
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Figure 1: Time variation of the axial Enstrophy ZZ(t) for simulations I, II and III.

(a) Simulation I (b) Simulation II (c) Simulation III

Figure 2: Instantaneous vorticity fields ωx (black isosurfaces: ωx = −0.5; grey isosurfaces: ωx = 0.5).

(a) Simulation I (b) Simulation II (c) Simulation III

Figure 3: Instantaneous Q criterion at the time t=150 (isosurfaces: Q = 0.05).
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The sensitivity of the global properties of the flow over 3D bluff bodies to local disturbances

is experimentally investigated at Re = 2.4 · 104. A symmetric blunt body and a sphere are

analyzed using smaller control bodies as disturbances : cylinder, annulus or sphere. A main

effect of the disturbance is to fix the phase of the azimuthal mode of the turbulent wake.

Results about drag, global frequency and global mode intensity are also studied.

The vortex shedding process past bodies of revolution such as spheres, disks or other blunt

base bodies has been widely studied [1–6]. A high frequency Kelvin-Helmholtz instability of the

separated shear layer is observed in the close wake. A low frequency axisymmetric pumping mode

(S = FD/U0 ≈ 0.05) is described at the end of the recirculation bubble. Further downstream,

a antisymmetric mode develops (0.1 < S < 0.2 depending on Reynolds number and geometry),

dominated by the azimuthal mode m = 1 inducing random wake oscillations [5] and possibly helical

structure [3, 6].

The use of local disturbance to alter shear layers in the wake of bi-dimensional bodies was proved

to be an efficient method to control vortex shedding and enhance base pressure [7–9]. Besides, at

low Reynolds number, new theoretical stability approaches [10–12] define comparable zones of high

mode receptivity to these perturbations. Meliga et al.[13, 14] performed similar theoretical analysis

over bodies of revolution pointing out that axisymmetric disturbance, when acting on shear layers,

can attenuate global mode development. Experimentally, some passive and active perturbations

in the turbulent wake of axisymmetric bodies show connections between parameters of the control
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FIG. 1: Sketch of the experimental layout. The dashed rectangle represents the explored area by the control

cylinder.

set-up, drag and helical mode intensity[1, 15, 16].

Our work is to investigate the shedding structure of 3D bluff bodies and to explore the effects

of local disturbances to detect regions of high sensitivity for the global properties of the wake.

Experiments are conducted in an Eiffel type wind tunnel. As displayed in Fig. 1, the wake is

either generated by a 3D symmetric blunt body (Fig. 1a) or by a sphere (Fig. 1b). For the first

case, the separated flow is disturbed using a 3 mm diameter cylinder oriented in z direction and

moved in the (xc, yc) plane of the wake using a robot. For the sphere, the wake is disturbed using

a 10 mm diameter sphere and moved in a transversal plane (yc, zc) at xc = 15 mm downstream

from the rear of the main sphere. The wakes analysis are made from PIV measurements, hot-wire

signals and, for the blunt body only, static pressure measurements over a vertical line at rear of

the body (see pressure taps depicted in Fig. 1a). The diameter D of the main body, inlet velocity

U0 and static pressure p0 are used to build non-dimensional values marked with an asterisk. The

Reynolds numbers are Re = 2.4 · 104 for the 3D symmetric blunt body and Re = 2.5 · 104 for the

sphere.

The mean velocity field of the symmetric blunt body is symmetric with respect to the up and

down symmetry of the experiment (Fig 2a). However the presence of two collar points at x∗ ≈ 1

indicates that this is not a property of the instantaneous wake. Actually, if the body is slightly

inclined of an angle ε as depicted in Fig. 1(a), only one collar point is observed together with a non

zero pressure gradient at the rear of the body (Fig 2c). The shedding activity is only located in

the lower part of the wake as displayed by the large fluctuations there (see Fig 2d) corresponding

to a mode with azimuthal wavenumber m = 1. The field obtained in (Fig 2a) is then the result

of the time averaging of two modes m = 1 but with a phase shift of π that mutually excludes

each other [17]. This can be easily checked by comparing the artificial sum in Fig 2(b) of the field

in Fig 2(c) and itself shifted by π to the natural symmetric wake in Fig 2(a). In the case of the
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FIG. 2: Symmetric blunt body wake, only the components of the velocity in the (x, y) plane are measured.

(a): mean velocity in the (x, y) plane and pressure distribution at the base. (b): artificial field built from

the ε-angle configuration (see text). (c) and (d): ε-angle configuration leading to a ”down” oriented wake

with a negative pressure gradient at the base. The velocity fluctuations in the (y, z) plane in (d) are taken

at x∗ = 1.2.

(a) (b) (c) (d)

FIG. 3: Sphere wake. natural (a-b) and controlled (c-d) wake. Spheres are repaired by the dashed circles.

(a) and (c): velocity fluctuations of the x and y components measured at x∗ = 1.5. (b) and (d) streamlines

of the mean field.

sphere, the wake is not perfectly symmetric as it should be expected, however the fluctuations are

rather comprised in an annulus as shown in Fig. 3(a-b). When the small sphere is placed in the

wake, the fluctuations concentrate at an opposite location Fig. 3(c-d) indicating the location of a

shedding activity that corresponds to a mode m = 1. It is worth noticing than in both Figures 3(a)

and 3(c) the total (integral of the) energy of the fluctuations is nearly the same. Hence, as for

the symmetric blunt body, the mean wake results from an average of a mode m = 1 whose phase

is randomly continuously shifted in time. In both cases the disturbance which is also an m = 1
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wavenumber sets the turbulent wake at a given phase shift. This property is already known for

laminar wake that induces the so-called imperfect bifurcation [18].

The experimental analysis of the wake orientation due to the local disturbance consists in testing

all the position ~rc of the smaller control body and measuring each time the wake orientation. We

also analyze the sensitivity of drag, lift and global wake frequency. In the case of the symmetric

blunt body, the wake orientation is measured through the pressure gradient at the rear whose sign

indicates the configuration, either up or down of the wake. For the sphere analysis, we used two hot

wires placed downstream (see Fig.1b), and computed the barycenter of the velocity fluctuations as

an indicator of the wake orientation.

In conclusion, sensitivity maps of global properties of the 3D turbulent wakes such as wake

orientation, drag, global frequency and global mode intensity will be presented. They will be

compared to available theoretical results computed in the laminar case [13].
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Abstract:
Flow past a disk was investigated experimentally in a low velocity water channel in the range of
intermediate Reynolds number. Systematic experiments with flow visualisation and PIV measurements
are presented in order to measure the velocity field in the wake of a disk . Disks with different aspect
ratio ( AR=d/h ) varing from 1 to 24 were investigated in the range of the Reynolds numbers from 50
to 500, where stationary and oscillatory instability appear. It is presented the influence of aspect ratio
on value of onset instability, evolution of perturbation and obtained vorticity bifurcation branches on
the instability. Three different flow regimes can be distinguished for each of disk. The first one is
steady axisymmetric flow with toroidal recirculation zone. It bifurcates to a steady flow with a planar
symmetry containing two longitudinal counter-rotating vortices. With next bifurcation flow becomes
unsteady and regular hairpin shedding is observable. Characteristic flow structures described above
are presented in fig. 1. Using PIV measurements it was determined the value of the onset instability
for different aspect ratio(fig. 2). It is presented comparison with numerical results.

Figure 1: Visualisation patterns for different flow regimes. Images on top and bottom are
side view and top view respectively: a. steady axisymmetric flow, b. steady flow with planar
symmetry, c. unsteady flow with hairpin shedding

Figure 2: Onset values for disks with different
aspect ratio

Figure 3: Longitudinal vorticity component bi-
furcation branches



There was also performed analysis of obtained vorticity signal in unsteady regime in order to
determine corresponding Strouhal number. It was determined the dependency of this parameter on
Reynolds number as well on aspect ratio of disk (fig.4). The comparison with numerical reasearch is
also presented in this matter.

It has been also determined length changes of the recirculation zone for each of the regime (fig.5).

Figure 4: Strouhal number for different aspect
ratio

Figure 5: Length changes of the recirculation
zone and sample streamlines ( d/h = 1.33 )

In order to characterize more precisely the main features of the flow symmetries, which are re-
sponsible for the wake behavior it was performed azimuthal Fourier decomposition of the longitudinal
vorticity field obtained in PIV measurements. Examples of this decomposition on an instaneous fields
of the axial vorticity are shown in fig.6.

Figure 6: PIV vorticity field and mode patterns for hairpin shedding (d = h = 2;Re = 353)

It was also determined the energy of different modes as a function of the time for a fixed Reynolds
number in the unsteady regime (fig.7).

Figure 7: Mode energy time evolution for hairpin shedding (d/h = 24;Re = 204)

It was checked how the maximum energy of different modes changes with Reynolds number. It was
defined as a maximum value of energy present in the signal of particular mode energy time evolution.
Results are presented in fig.8.



Figure 8: Mode energy bifurcation curve for AR = 24
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Summary. Many important flows involve bluff bodies that are moving towards or along stationary 
walls. The wake characteristics and the transitions of the generic geometries of the circular cylinder 
and the sphere are observed to be sometimes similar and, in other cases, dramatically different from 
those of isolated bodies. The wake transitions and the vortex structures arising from the impact or 
rolling on stationary walls of cylinders and spheres are discussed.  
 

INTRODUCTION 
 
The flight of unpowered bluff bodies through the air is common in many situations, such as ball 
sports. Gravity ensures that after an initial isolated flight phase, such bodies impact on the ground 
surface and may stick, or bounce a number of times before rolling.  Surface impacts by bluff bodies 
are important also in many environmental and commercial areas, such as particle corrosion, dust 
resuspension by sand grains and heat transfer enhancement in multiphase flows. In the biological 
area, albeit at low Reynolds numbers, the recruitment of leukocytes to wound sites involves 
migration to the vessel wall, rolling and final adhesion.  
 
For the flow around isolated bluff bodies, the order and type of transitions in the wakes of bluff 
bodies are sensitive to the geometry. For the generic geometries of the cylinder and the sphere, 
the transitions occur in different forms and order as the Reynolds number, Re, is increased 
(Thompson et al., 2006). 
 
In isolated flight, for the circular cylinder, the transition of the wake to three-dimensionality has 
been studied widely (e.g., Williamson (1988, 1996a,b), Wu et al. (1996), Thompson et al. (1996), 
Barkley & Henderson (1996), Henderson (1997), Mittal & Balachandar (1995), Karniadakis & 
Triantafyllou (1992), Brede et al. (1996), Bays-Muchmore & Ahmed (1993), and Gerrard (1978)). 
The first transition to mode A is found to occur at Re ≈ 190 in both the experiments (Williamson, 
1988) and via linear stability analysis (Barkley and Henderson, 1996). However, the second 
transition to mode B is found at significantly lower Re experimentally (Re ≈ 230-240) compared 
with that found by linear stability analysis on the steady base flow (Re ≈ 260). Beyond this 
transition, there is a strong nonlinear interaction between the modes and the wake undergoes a 
rapid transition to spatio-temporal chaos (Henderson, 1997) and is effectively turbulent for Re of 
the order several hundred. 
 
For the flow around an isolated sphere, the flow remains attached to the surface until Re ≈ 20 is 
reached (Pruppacher et al., 1970). As the Reynolds number increases, the flow behind the sphere 
undergoes a transition from steady axisymmetric to steady asymmetric flow. Studies have found 
that this transition occurs at Re ≈ 210 (Magarvey & Bishop, 1961). Various numerical and 
experimental works have observed the transition to unsteady flow to occur at 270 < Re < 280 
where hairpin vortices are shed periodically in a plane of symmetry (Ormières & Provansal, 1999).  
 
For cases where bluff bodies are near walls, the usual case studied is where the body is fixed 
relative to the wall and there is a relative flow (e.g., Bearman & Zdravkovich, 1978). Along similar 
lines, we have undertaken a series of studies of the structure and stability of wakes for flows over 
mounted half cylinders in two dimensional flow between plates, and over axisymmetric blockages, 
with half cylinder cross-section, on the walls of round vessels (Griffith et al., 2007, 2008, 2009, 
2010). These flows are idealised stenosis flows and the wakes were found to be sensitive to 
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Reynolds number, blockage ratio and background noise. Furthermore, we have studied flows over 
cylinders fixed in channels of various widths, leading to the significant modification of the wake for 
high blockage ratios (Griffith et al., 2011).  
 
However, in the present study, we present the less studied case in which the fluid is initially 
stagnant relative to the wall, and a bluff body is moving relative to both the fluid and the wall. This 
configuration of a bluff body moving relative to stationary boundaries represents an important class 
of problems that occurs in many natural and industrial situations, such as land and water vehicles, 
particle-wall interactions in sedimentation tanks, and biological applications such as cell migration. 
In the case of a bluff body projected (such as a cricket ball, baseball, golf ball or football), the major 
aspects of the subsequent motion are: the flight of the body in isolation from the ground; the impact 
of the body on the ground once or a number of times; the sticking or the rolling of the body along 
the surface. Studies using dye visualization and prediction via the spectral element method 
(Karniadakis et al., 1991; Thompson et al., 1996) are presented.  
 

RESULTS 
 
Impact on a wall 
 
Cylinder 
 
For normal cylinder impacts (Fig 4a), the two counter-rotating vortices forming behind the body during 
its motion continue their trajectory towards the wall after the collision, leading to the generation of 
opposite-signed secondary vorticity at the cylinder and wall surfaces (Leweke et al., 2008, 2009). 
Secondary vortices forming from this vorticity at higher Reynolds numbers exhibit a short-wavelength 
three-dimensional instability. Comparison with the sphere impact reveals significant differences in the 
scales of the vortices after the collision, due to the additional vortex stretching acting in the 
axisymmetric geometry. This leads to a delay in the onset of three-dimensionality and to a different 
instability mechanism. Oblique cylinder impacts have also been considered (Fig 4b). For increasing 
impact angles, the wall effect is gradually reduced on one side of the cylinder, which favours the roll-
up of the secondary vorticity and increases the rebound height of the vortex system. 
 
(a) 

 
 
(b) 

 
 
Fig 4. Shed vortices from a cylinder impacting on a plane wall at (a) normal angle (Leweke et al., 
2009) and (b) oblique angle (330) (Leweke et al., 2008). Observed - left, predicted - right.  
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Sphere 
 
For normal impacts, at Reynolds numbers higher than about 1000, a non-axisymmetric instability 
develops, leading to rapid distortion of the vortex ring system (Fig 5) (Leweke et al., 2006; Thompson 
et al., 2007). The growth of the instability does not continue indefinitely, because of the dissipative 
nature of the flow system; it appears to reach a peak when the wake vorticity first forms a clean 
primary vortex ring. A comparison of the wavelength, growth rate and perturbation fields predicted 
from both linear stability theory and direct simulations, together with theoretical predictions, indicates 
that the dominant physical mechanism for the observed non-axisymmetric instability is centrifugal in 
nature. The maximum growth occurs at the edge of the primary vortex core, where the vorticity 
changes sign. 
 
 

  
 
Fig 5. Observed (left) and predicted (right) 3d structures in the vortex ring formed by an impacting 
sphere (plan view) (Thompson et al., 2007). 
 
Rolling along a wall 
 
Cylinders 
 
The unsteady flow resulting from simulations has similarities to that which develops behind a 
cylinder in a free stream, with opposite-signed vortices forming a pair in the wake. However, in the 
case of the cylinder near the wall, one vortex is formed from the shear layer over the top of the 
cylinder, and an opposite-signed vortex is induced in the wall shear layer behind the body (Fig 6). 
These vortex pairs propel away from the wall as they move downstream (Stewart et al., 2010b; 
Rao et al., 2011). 
 

  
 
 Fig 6. Observed (left) and predicted (right) flow around a cylinder rolling prograde to the left (side 
view) (Stewart et al., 2010b). 
 
Spheres 
 
As the Reynolds number is increased for a sphere rolling (non-slip) prograde along a wall at 
uniform velocity, the wake experiences a transition to unsteady flow. The shedding takes the form 
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of hairpin vortices, as for the isolated sphere at higher Re (Stewart et al., 2008, 2010a). However, 
more recent visualization and prediction show the development of a sinuous instability 
superimposed on the symmetric hairpin vortices in the wake as the Reynolds number approaches 
200 (Fig 7). As the Reynolds number is further increased, the lateral instability grows larger and the 
wake becomes increasingly chaotic (Fig 8).  
 

 

 
 
Fig 7. Sphere rolling to left: hairpin vortex shedding at Re = 190. Upper: dye visualization (Bolnot et 
al., 2011); Lower: numerical particle visualization. (Plan view). 
 

 

 
 
Fig 8. Sphere rolling to left: hairpin vortex shedding at Re = 275. Upper: dye visualization; Lower: 
numerical particle visualization. (Plan view).  
 

CONCLUSIONS 
 
For the generic bluff body geometries of spheres and cylinders moving relative to a stationary wall and 
fluid, the effect of a wall on their wakes can be dramatic and a range of wake structures is observed. 
Impacting spheres and cylinders can produce spreading vortices or vortex rings that significantly 
modify the flow near the wall. The vortex structures are sensitive to the obliqueness of the impact. The 
near-wall flow structures have important implications for heat transfer rate augmentation or particle 
resuspension. Rolling cylinders and spheres can at times produce wakes similar to those for the 
isolated bluff body case but with important differences. We have also undertaken studies that show 
the effect of rolling rate and sense, which also can produce significant wake changes.  
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Abstract 

The study of the flow-structure interactions is important in many scientific fields as in the 
hydraulics, in the civil and environmental engineering, in river, maritime and ocean 
constructions. In particular, the analysis of the dynamic response and the evaluation of the 
vibrate modes are fundamental for the correct design of off-shore structures like wind farms, 
marine turbines, oil conduits and platforms, buoys, river constructions, bridges, 
embankments  and renewable energy systems too.  
Sometimes these structures are subjected to strong vibrations and resonance phenomena, 
which modify the structural stability and cause also serious damages to the mechanical parts 
of the structures themselves, with consequent efficiency loss of the systems and possible 
repercussions in the environment in which these are located.  
The complex phenomena of the fluid-structure interaction, depending by the physic 
characteristics of the fluid, the flow cinematic conditions, the boundary conditions and the 
mechanical characteristics of the structure, can be analyzed through the use of a complex 
numerical modelling, which considers the characteristics of both structure and fluid. To 
assure the reliability of these models usually experimental data are required.  
The experimental investigation of the fluid-structure interaction on basic shape structures 
could be a good benchmark reference for the comparison of experimental and numerical 
investigation, moreover many aspects of phenomenon are still open as evidence the 
reference literature dealing with spheres (Williamson and Govardhan [1], [2]; Govardhan and 
Williamson [1], [7]; Jauvtis et al. [3], Mirauda et al. 2011 [4], [5]). 
The present work is aimed to the study of the interactions between fluid and a simple 
geometry three-dimensional structure (sphere) immersed in a free surface water channel.  
In detail, the influence of different boundary conditions (like the free surface and the bottom 
wall) in a steady and uniform flow is investigated in order to evaluate the dynamic response 
of the sphere. The experiments have been performed in a non-tilted Plexiglas open water 
channel with a rectangular cross section. The oscillating structure considered is a PVC 
sphere filled of water, connected to a cylindrical deforming rod, framing into a fixed support 
structure located above the channel (Fig.1a). The sphere is characterized by a low value of 
mass-damping combined parameter (m*ζ=0.005) and free to move in both transverse and 
stream wise direction of the flow. From a mechanical point of view, the composite rod is an 
elastic constraint for the sphere in the principal flow direction, X, and in the transversal that, 
Y. The elastic constant and the damping characteristics of this set-up have been determined 
by means of a dynamic experimentation.  
In all the experiments the depth of current, H, was equal to 5 times the sphere diameter, in 
order to maintain the blockage coefficient (ratio between the body frontal area and the 
transverse section of the channel) constant, while the mean flow velocity, U, changed 
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between 0.2 and 0.5m/s (or likewise the normalized velocity U*=U/fnwD, where fnw is the body 
natural frequency in water, between 1.90 and 4.74).  
The sphere is located in three different boundary conditions respect to the flow and defined 
in function of h* (ratio between the distance from free surface and upper surface of the 
sphere and the sphere diameter): the first at an elevation of 2 times the body diameter above 
the bottom wall of the channel and from the free surface (h*=2), in order to assume the 
mimicking of symmetrical flow condition for the sphere and to neglect the wall and free 
surface influences, the second at a distance of 3 mm from the bottom (h*=3.97), with the aim 
to value if the wall closeness have relevant effects on the dynamic response of the body, and 
finally, near the free surface in asymmetric bounded flow (h*≈0), in order to analyze the 
effects of the free surface distortion on the transverse and stream wise oscillation 
amplitudes. 
The movements of the sphere have been measured using an image analysis by Charge 
Coupled Device camera (CCD) with a frequency and time acquisition respectively equal to 
50Hz and 40s, which is able to provide the 2D (stream wise and transverse) displacements 
of the sphere. The CCD camera has been placed below the water channel (Fig. 1a). A 
marker has been placed below the centre of the sphere in order to make the position of the 
sphere more evident on every sequence images (Fig. 1b). The time history of the 2D 
movement of the sphere has been provided by using a blob analysis algorithm able to 
recognize the position, the dimension and the shape of the marker on each image.  

       
 

        (a)      (b) 

Figure 1. (a) Transverse section of channel with the different positions of the sphere: 1) h*=2; 
2) h*=3.97; 3) h*≈0 and (b) field of view of the CCD (at the centre of the sphere the marker 
for the movement detection is visible). 
 
The comparison of the results related on the different boundaries and cinematic flow 
conditions have shown a relevant influence of the free surface above all on the transverse 
oscillation amplitudes of the sphere. 
Examples of the time traces of the normalized transverse (Y/D) and streamwise (X/D) motion 
of the sphere for low normalized flow velocity (U*=1.90) and for high normalized velocity 
(U*=4.74) in Figures 2 and 3 are presented. 
In particular, for low velocities (Figs. 2a and 2b) the sphere motion is very little. Only in the 
case of h*≈0 the fluctuating components of the displacements are lightly more evident.  



  
a)                                                           b) 

Figure 2. Trend of normalized a) transverse oscillations (Y/D) and b) streamwise oscillations 
(X/D) for U*=1.9. 

 
To increase of the velocity (Figs. 2a and 2b), the displacements show for h*=2 and h*=3.97 a 
periodic behaviour with maximum amplitudes of approximately half sphere diameter in the 
transverse direction and 0.2D in the streamwise direction. When the body is near the free 
surface, for h*≈0, the behaviour is different and the sphere motion is almost absent. The 
reason is the strong distortion of the free surface which reduces the fluctuating component of 
the displacements.  
 

   
a)                                                                     b) 

Figure 3. Trend of normalized a) transverse oscillations (Y/D) and b) streamwise oscillations 
(X/D) for U*=4.74. 

 
In Figure 4, instead, the oscillation trajectories are reported for the different location of the 
sphere. In the case of h*=2 (Fig. 4a), the increase of the flow velocity implies a trajectory at 
shape of crescent topology, observed also in literature for spheres with similar mass ratio 
and completely submerged (Williamson and Govardhan [1], [2]; Govardhan and Williamson                                      
[1], [7]; Jauvtis et al. [3]). Obviously, the mean displacement of the sphere in the main flow 
direction in respect to the static position (zero position) increases with the mean flow velocity. 
Similar results to the case of h*=2 can be observed for the sphere placed near the bottom of 
the channel, h*=3.97 (Fig. 4b). While in the case of h*=0 the transverse and streamwise 
displacements are of the same order of amplitude and the trajectories assume a different 
shape in respect to others which can be defined as chaotic (Fig. 4c). 
 

  

  



 
                             a)                                                         b) 

 
                                                          c) 

Figure 4. Oscillation trajectories for a) h*=2; b) h*=3.97 and c) h*=0. 
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ABSTRACT  

The aim of this work is the numerical modeling of the motion of a tethered sphere immersed in a 

steady free surface flow with a 6-dof solver and mesh morphing. 

The use of computational and experimental methods in fluid dynamics is very useful to enlarge the 

analysis on complex phenomenon; moreover after a proper check, the computational methods 

allow the extension of the experimental range. The case of the fluid-structure interaction between a 

stationary flow and a tethered sphere is a complex and current topic as evidenced by the literature 

([2]; [3]; [4]). 

In this work, the simulations of the study cases are performed using the commercial CFD code 

STAR-CCM+ and solving the Reynolds averaged Navier-Stokes (RANS) in the time dependent 

form, usually called Unsteady RANS in CFD theory.   

The complexity of the phenomenon (unsteady and characterized by three dimensional flow 

structures) needs advanced numerical methods to investigate the influence of the vortex shedding 

process on the dynamic response of the bluff body. For this reason, we have used the DFBI 

(Dynamic Fluid Body Interaction) module, present in STAR-CCM+. It is used to simulate the motion 

of a rigid body in response to pressure and shear forces exerted by the fluid, as well as to 

additional forces defined by the user. The code calculates the resultant force and moment acting 

on the body due to all influences, and solves the governing equations of rigid body motion to find 

the new position of the rigid body. After that the Morphing motion redistributes mesh vertices in 

response to the movement of control points. Control points and their associated displacements are 

used by the mesh morpher to generate an interpolation field throughout the region which can then 

be used to displace the actual vertices of the mesh. Each control point has an associated distance 

vector which specifies the displacement of the point within a single time-step. To initialize the 

Control points we have used part of the existing mesh vertices present on the surface of the 

sphere.  

We have reproduced some experimental cases of literature and our experimental results. Our 

experiments have been performed in a non-tilted Plexiglas open water channel with rectangular 

cross section, 0.6 m height, 0.5 m width and 5.0 m length. The obstacle used has been a sphere 

made with plexiglas with a diameter D=0.09m and a mass m=0.475kg. The sphere tethered by a 

dynema wire 0.40m long and anchored at an elevation of 0.22m above the water free surface. The 

fluid-dynamic conditions were characterize by a mean flow velocity U=0.143m/s, a water depth 

h=0.45m and a turbulent intensity Tu=10%. In the experimental campaign the movements of the 

sphere have been measured using the image analysis of CCD (Charge Coupled Device) 

acquisitions, able to provide the 2D (stream wise and transverse) displacements of the sphere [4]. 
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In Fig. 1 is reported a schematic view of the main dime

simulations. To ensure the movement of the sphere we have defined a center of rotation that 

allows both transverse and stream wise displacements of the bluff body.
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Fig. 1: Transversal section: main dimension & volume mesh
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results in term of transverse displacements while presented significantly differences on the stream 

wise direction. This may be due to some experimental perturbations that can have influenced the 

results, but it may grow up because of the condition considered which is more instable of the 

condition used for the comparison with experimental data of literature (Fig.4).  

 

Fig. 5: Normalized amplitude A* versus U*. Comparison between experimental and numerical data. 

 

 

Fig. 6: Trajectories obtained for different values of mass ratio m* and reduced velocity U* (m*=1.99 & U*=3.37; 

m*=1.47 & U*=4.35; m*=1.25 & U*=5.63; m*=1.05 & U*=11.85). 
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ABSTRACT 
 
1.0.  Introduction 

In fast breeder reactors (FBR), sodium is used as the primary coolant. The 
major drawback of sodium is its violent chemical reaction with air. To avoid this, argon cover 
gas is maintained above sodium pools. Entrainment of argon into sodium at the free surface 
is one of the safety issues in design of commercial FBR to achieve a compact reactor with 
high thermal power. Transportation of entrained gas bubbles to reactor core leads to 
reactivity fluctuations and hence difficulty in smooth operation of reactor. The most probable 
mechanisms by which gas is entrained in sodium pool are (a) liquid fall [1] and (b) vortex 
activated entrainment [2]. The present work focuses on the vortex activated entrainment.  

The hot pool of a liquid metal fast breeder reactor (LMFBR) consists of many 
cylindrical objects such as intermediate heat exchanger (IHX), primary sodium pump (PSP) 
standpipes, decay heat exchangers (DHX) etc. which are partially immersed in sodium and 
partially exposed to argon gas. Horizontal sodium flows at the free surface past these 
structures lead to the formation of von-Kármán vortices. These rotating vortices have 
dimples of gas at the center as shown in Fig. 1. The vortices thus generated travel along the 
liquid. If the vortices are strong, they take longer to dissipate their energy. But, if they 
encounter strong vertical downward currents before their dissipation, it can lead to 
entrapment of gas in sodium. Direct numerical simulation (DNS) of gas entrainment in 
reactor pools by Computational Fluid Dynamics (CFD) approach coupled with free surface is 
computationally intensive due to small scale nature of the phenomenon compared to reactor 
dimensions. Hence, it is required to develop lower order models to identify conditions that 
are responsible for gas entrainment and couple them with global models. Towards this, ideal 
models have been proposed and simulated for the flow past an interface piercing cylinder 
by VOF (Volume Of Fluid) method. 

2.0.  Earlier Studies  
In general, the presence of free surface adds complexities to the flow due to the generation 
of waves in various forms and their interaction with the bluff body, vortex formation, and 
vortices, interfacial effects like bubble entrainment etc. Several experimental and numerical 
studies on the flow past an interface piercing cylinder are reported by various authors, 
describing the effect of Reynolds number and Froude number, which are major parameters 
influencing the flow structures. Akilli and Rockwell [3] investigated the near wake of a 
surface piercing cylinder in shallow water at Re=10,052 using a combination of visualization 
marker with PIV technique. They observed significant distortion of the free surface due to a 
horizontal vortex induced by the upward ejection of fluid through the center of a Kármán 



vortex. Experimental studies conducted by Inoue etal., [4] on Re=27,000 and 29,000 with Fr 
= 0.8 and 1.0 showed that the periodic vortex shedding was apparent in the deep flow, 
whereas the periodic component of fluctuations was reduced and random fluctuations of 
higher frequency were more prominent near the free surface. Numerical simulation by 
Kawamura etal., [5] and Suh etal.,[6] studied the cases at Re=27,000 and Fr = 0.2, 0.5 and 
0.8 using Large Eddy Simulation (LES) based on a Smagorinsky subgrid-scale (SGS) 
model. They observed that wave–wake interaction became stronger as Froude number 
increases and predicted significant surface fluctuations inside the recirculation zone 
immediately after the surface wave crest. In addition, they were able to visualize the 
attenuation of vortex shedding near the free surface. Similarly, Yu etal., [7] studied flow past 
a free surface piercing cylinder at Froude numbers upto 3.0 and Reynolds numbers upto 105 
using LES based Smagorinsky SGS model with VOF method. In the present study, free 
surface effects are captured using SST k-ω turbulence model.  

3.0.  Governing Equations  
The fluid flow is governed by transient incompressible form of Navier-Stokes 

equations and continuity equations. The standard transport equation for turbulent kinetic 
energy (k) and specific dissipation (ω) is given by Wilcox [8]. The mathematical description 
of the two-fluid system is given by Hirt and Nochols [9] and the details of free surface 
modeling are provided in FLUENT 6.3 [10]. The transport equation for the liquid volume 
fraction α  is given by,  
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where volume fraction α  is defined by; 
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The flow domain with boundary conditions and the mesh pattern are shown in Fig. 2 
and 3 respectively. Range of Reynolds numbers is varied between 25,000 to 100,000.  

3.1.  Validation  
A benchmark problem is investigated with flow around a cylinder close to a Free 

Surface. An elaborate description of the numerical setup is followed in accordance with Hyot 
and Sellin [11]. Fig. 4 depicts the schematic of flow patterns for various non-dimensional 
depths which clearly demonstrate the validity of the VOF method employed.  

4.0.  Dynamics of the free surface 
In order to assess the effect of the interface on the cylinder wake, time averaged 

vorticity contours for a Reynolds number of 25000 at different horizontal planes is presented 
in fig. 5. The shear layers separated from two sides of the cylinder start becoming unstable 
due to the velocity difference within the shear layer and generate the small-scale vortices. 
The shear layers from the two sides of the cylinder digress from each other and no longer 
interact as in the deep flow. A pair of counter rotating stream wise vortices is observed 
below the free surface accompanied by weaker secondary vortices. The volume fractions on 
a vertical plane are depicted in fig. 6. There is a small level difference between the upstream 
and downstream of the cylinder which shows the possibility of entrainment due to vortex 
activation. But for higher Reynolds numbers, the intensity of level fluctuations is prone to 
gas entrainment.  

Point in liquid 

Point in gas 

Point at interface 



5.0.  Conclusions 
Turbulent flow around a surface piercing circular cylinder at different inlet velocities 

has been investigated using SST k-ω model. The computational results are in agreement 
with the available numerical data with respect to the time-averaged vorticity profiles. The 
surface elevations between the upstream and downstream of the cylinder indicate the 
possibility of gas entrainment is likely to happen.  

 
 
 
 
 
 
 
 
 
 

 

Fig. 1. Mechanisms for vortex 
activated entrainment in hot pool 

Fig. 2. 3-D computational flow domain 

 
 
 
 
 
 
 
 
 
Fig. 3.  Typical global grid pattern around the cylinder employed for numerical simulation. (a). 
A view of the top surface, (b). close-up view around the periphery of the cylinder. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 4.  Typical flow pattern around a horizontal cylinder for (a) h/D=0 & (b) h/D=0.75 where h 
is the immersion depth measured from a specified upstream point and D = cylinder diameter: 
present simulation (left) against Hyot & Sellin [11] on the right. 
 
 
 

water 

air

Inlet: velocity inlet, top surface: pressure outlet,  
bottom surface and side walls: symmetry, outlet: 
pressure outlet, cylinder surface: no-slip 
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Fig. 5.  Time averaged vorticity contour. Present predictions (a-c) for Re=25000 are compared 
against and Yu etal., [7] in (d-f).  
 
 
 
 
 
  (a)                                                                     (b) 
Fig. 6.  Instantaneous air-water interface: (a) present predictions for Re = 25,000 are 
compared against time averaged interface of Yu etal.,[7] at Re = 27,000. 
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ABSTRACT 

The surface heat transfer from the wall is limited by the formation of boundary layer in the near 

wall vicinity. In recent years many techniques for enhancing the heat transfer have been directed 

towards artificially disturbing the boundary layer. Rib turbulators are the most intensively studied 

passive technique, which promotes near wall turbulence in the internal cooling passages of heat 

transfer devices. Some of the practical applications of rib turbulators include gas turbine blade 

cooling channels, compact heat exchanger surfaces such as rib roughened radiator tubes/ducts, 

solar collectors, gas-cooled reactor fuel elements, and electronic component’s cooling devices etc. 

However, there exists the tradeoff between the pressure penalty and heat transfer enhancement. 

For suggesting a correct rib configuration for particular application, it is necessary to understand the 

flow mechanism behind rib tabulators. With this in view a non-intrusive technique of Particle Image 

Velocimetry (PIV) has been used to study the flow phenomenon behind ribs embedded on the 

bottom surface inside a rectangular duct. The objective behind this study is to understand the flow 

structures responsible for enhancing turbulence inside the duct which in turn cause enhancement in 

heat transfer. A high-resolution (4MP) camera, capable of recording image pairs in the microsecond 

range, is synchronized to a pulsed Nd-YAG laser (50 mJ) for illuminating the tracer particles. For 

getting the uniform mixing of tracer particles inside the duct a seeding arrangement has been 

developed to be used at the inlet of wind tunnel. 

 

INTRODUCTION 

Surface geometry modifications such as rib turbulators or vortex generator are used to alter the 

ordinary flow pattern and fluid distribution along the wall surface and enables mixing of slower fluid 

near the wall surface with the faster fluid from the outer region of boundary layer, because of better 

mixing the convective heat transfer coefficient predominantly increases. Turbulence is created due 

to flow separation and reattachment behind the rib, making it a matter of interest. 

 

Tariq et al. (2004) reported the detailed flow and heat transfer behind slit rib of different open 

area ratio using liquid crystal thermography, hot wire anemometry, cold wire anemometry and flow 

                                                            

* Corresponding Author: tariqfme@iitr.ernet.in 



visualization. They showed the interaction between the reattaching flow past the rib with the flow 

through the slit to successfully modify the near wall and wake region mean flow and fluctuation.  

Furthermore, Tariq (2004) compared the heat transfer and pressure drop of permeable rib 

arrays, i.e. slit rib, split-slit rib and inclined split-slit rib mounted on the bottom wall of a rectangular 

channel using liquid crystal thermography. The inclined split-slit rib array was observed to be most 

effective with about 22% increase in average heat transfer and 12% drop in pressure penalty 

compared to the solid rib array. 

 

Subsequently, Panigrahi et al. (2006) have studied the flow behind surface mounted permeable 

rib geometries, i.e. solid, slit, split-slit and inclined split-slit ribs while using flow visualization and 

particle image velocimetry (PIV) technique in both streamwise and cross stream measurement 

planes. Dominant vortical structures with definable critical flow patterns, i.e. node, saddle and foci 

have been observed behind the permeable ribs and found to be responsible for mixing and 

enhancement. 

 

Wang and Sunden (2007) have obtained inter-rib local heat transfer coefficient distribution 

using Liquid Crystal Thermography (LCT) caused by square, triangular, chamfered upstream, and 

downstream ribs placed transversely to the main flow direction. Chamfered downstream ribs 

provided the highest heat transfer enhancement factor and were found useful in eliminating local 

hot spots which usually occurs in the region just behind the ribs. 

 

Wang et al. (2007) have investigated the flow structure and turbulent properties associated with 

the flow separation in a square channel roughened with periodically transverse ribs on one wall 

using PIV. They found that the separated shear layer is dominated by the coherent vortices which 

are generated by the Kelvin-Helmholtz instability. 

 

Kamali and Binesh (2008) have numerically simulated the experimental condition of Wang and 

Sunden (2007) and found that the inter-rib distribution of the heat transfer coefficient was strongly 

affected by the rib shape. They found that trapezoidal ribs with decreasing height in the flow 

direction provided higher heat transfer enhancement and pressure drop than other shapes. LCT 

and numerical investigations revealed that trapezoidal ribs with decreasing height in flow direction 

is advantageous from the point of view of heat transfer enhancement and prevention of local hot 

spots.  

 



The above literature establishes the importance of passive flow control on flow past surface 

mounted ribs. The role played by production and manipulation of secondary vortical structures has 

been emphasized. However, the detailed flow field investigation behind the rib other than 

rectangular/square cross sectional shape is found to be limited. It is expected that the solid rib with 

trapezoidal shape will be able to affect the reattaching shear layer in terms of change in shortened 

reattachment length with better mixing over the rib. In order get the understanding about the 

secondary flow structures and their interactions with the mean flow ahead of the trapezoidal rib with 

varying inclination, a PIV based investigation has been performed in a rectangular duct 

(W=160mm, H=40mm) for flow over single trapezoidal solid rib (e=8mm) with decreasing height in 

the direction of flow. The top face taper angle of the rib has been varied as =5, 10, 15, 20 degree. 

Rib height to hydraulic diameter ratio (e/Dh) has been fixed as 0.125. Although experiments were 

carried out for four different Reynolds numbers, only one Reynolds number of 9436 based on 

hydraulic diameter is being presented for brevity.  

 

The effect of angle on the flow patterns behind the surface mounted trapezoidal rib turbulators 

has been assessed with the help of velocity results along with the turbulence & shear stress 

patterns. Some of the results have been shown in the following Figures (Figure 1 – Figure 6), and it 

is proposed to provide the detailed discussion in the full length paper.  
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Figure 1: The normalized u-velocity field for varying  
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Figure 2: The normalized v-velocity field for varying  
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Figure 3: Contours of velocity magnitude for varying 
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Figure 4: Stream traces superposed on the velocity magnitude for varying  
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Figure 5: Contours of total turbulence for varying  
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Figure 6: Contours of Reynolds shear stress for varying  

 

 

 



 

NOMENCLATRE 

W Width of the duct 

H Height of the duct 

e  Rib height 

Dh  Hydraulic diameter of the duct 

u  Streamwise velocity 

v  Wall-normal velocity  

Uo Mean streamwise velocity 

V  Velocity magnitude 

Tt Total turbulence 

-u’v’  Reynolds shear stress 

X  Streamwise coordinate 

Y Wall-normal coordinate 

 Top face taper angle of the rib
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1. Introduction

For rapidly rotating viscous compressible flows confined in a rotating cylinder the gas undergoes rigid-body ro-
tation. The rigid-body rotation is characterized by an exponential density rise in the radial direction towards the
periphery with thin boundary layers and a non-continuum rarefied inner core. Sharipov et al. [1] have investigated
transport phenomena through a fluid confined between two coaxial cylinders over a wide range of gas rarefaction
and observed that results based on kinetic approach do not follow from the Navier-Stokes and Fourier equations of
continuum mechanics. Stationary bluff body when placed in such a strongly rotating flow generates myriad nonlin-
earities ahead of the body unlike its counterpart in non-rotating flows. Matsuda et al. [2] observed a vortex ahead of
the stationary body. Mahendra et al. [3] found baroclinic effect to be responsible for the presence of a large sized
subsonic pocket with a vortex ahead of the stationary body.
Recently shape optimization using numerical methods has made rapid progress. The shape optimization procedure
requires repeated grid generation after each iterative step. Generation of suitable grid for a complex multi-body con-
figuration can be very tedious and intensive task. In such a scenario we require a faster, simpler and robust approach.
The prime motivation of the paper is to develop a robust meshless method based on kinetic theory that can carry out
multi-objective optimization of bluff bodies under strong rotations. The paper describes kinetic flux vector splitting for
Navier-Stokes equation in its variation reduction form and implementation of a meshless solver for a multi-objective
problem.

2. Variation Reduction Kinetic Flux Vector Splitting for rotating viscous flows

Kinetic Flux Vector Splitting (KFVS) is based on moment-method strategy which operates in two levels: i) the
Boltzmann level where upwind implementation is done, ii) the macroscopic (Euler or Navier-Stokes) level at which
the state update operates [4, 5, 6]. The Boltzmann transport equation describes the transient molecular distribution
function, f (x⃗, v⃗, I, t) : RN × RN × R+ × R+ → R+. Additional internal energy variable I ∈ R+ is added as polyatomic
gas consists of particles with additional degree of freedom. For a gas in absence of external force and without internal
degrees of freedom, the Boltzmann equation is as follows

∂ f
∂t
+ ∇x⃗.(⃗v f ) = J( f , f ) (1)

In above, x⃗, the position vector and v⃗, velocity vector of molecules are given in RN , where J( f , f ) is binary or two
particle collision term.The moment of a function, Ψ = Ψ(⃗v, I, t) : RN ×R+ ×R+ → R+ is defined as the inner product.

Ψ(x⃗, t) =
⟨
Ψ(⃗v, I, t) , f

⟩ ≡ ∫
RN

∫
R+
Ψ(⃗v, I, t) f (x⃗, v⃗, I, t)dv⃗dI (2)
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The five moments function defined as Ψ =
[
1, v⃗, I + 1

2 v⃗T v⃗
]T

give the macroscopic mass, momentum, and energy
densities. The distribution function f can be written as the Chapman-Enskog perturbative expansion in terms of
Knudsen number. The perturbation terms satisfies the moment closure property, expressed as < Ψ,Kni f̄i >∀i≥1= 0.
Assuming that f in the vicinity of f0 as well as another chosen Maxwellian fM . In such a case the Boltzmann
equation can also be written based on Chapman-Enskog perturbative form with respect to fM . With its substitution the
Boltzmann equation in this variance reduction form based on first order Chapman-Enskog distribution is expressed as

∂
(
∆ f̂

)
∂t

+
∂v⃗ (∆ f1)
∂x⃗

= 0 (3)

where ∆ f1 = ∆ f + Kn∆ f̄1, ∆ f = f0 − fM , ∆ f̄1 = f̄1 − ¯f M
1 , ∆ f̂ = f1 − fM and f1 is the first order Chapman-Enskog

distribution. This approach is similar to variance reduction approach of Baker and Hadjiconstantinou [7]. In Variance
Reduction Kinetic Flux Vector Splitting (VRKFVS) for Navier-Stokes [8, 9] upwinding is implemented in a similar
way as in KFVS using Courant split Boltzmann equation as follows :

∂∆ f̂
∂t
+

vx ± |vx|
2

∂∆ f1
∂x
+

vy ±
∣∣∣vy

∣∣∣
2

∂∆ f1
∂y
+

vz ± |vz|
2
∂∆ f1
∂z
= 0 (4)

Taking Ψ moments of the resulting variant of Boltzmann equation leads to Navier-Stokes equation based on Variance
Reduction Kinetic Flux Vector Splitting (VRKFVS).

2.1. Treatment of slip flow
With strong rotation the gas in the inner core is rendered rarefied and flow becomes non-continuum. Diffuse re-

flection model is the most preferred approach for modeling slip for engineering applications. In this model molecules
partially undergo specular reflection and the remainder reflect in diffuse manner. With a diffuse reflection or accom-
modation coefficient σ, total distribution function can be written as

f Σ1 (vx, vy, vz, I) = f in
1 (vx, vy, vz, I)vz≤0+(1 − σ) f in

1 (vx, vy, vs
z , I)vz>0 + σ f wc

0 (vx, vy, vd
z , I)vz>0 (5)

where f Σ1 (vx, vy, vz, I) is the total, f in
1 (vx, vy, vz, I) is the incident, f in

1 (vx, vy, vs
z , I) is the specularly reflected Chapman-

Enskog distribution and f wc
0 (vx, vy, vd

z , I) is the diffuse reflected Maxwellian distribution evaluated at the wall condi-
tions [6, 8] with wall density ρwc satisfying mass conservation given as

ρwc = ρ
√

T
Twc

(1 − τzz
2p ) (6)

where Twc is the wall temperature, ρ and T is the fluid density and temperature.

3. Meshless Solver SLKNS

SLKNS [6] splits the set of neighbors (also defined as connectivity, N(Po) = {∀Pi : d(Po, Pi) < h } for node Po )
so as to capture the viscous flow features while enforcing upwinding. Let ϕ be any function of x, y and z and further
it is assumed that it is given at all nodes i.e. it is given at all points in a cloud. We are interested in finding the
derivatives of ϕ at all the nodes. Finding the derivative at point o is a least squares problem where error norm is to
be minimized with respect to ϕxo, ϕyo and ϕzo using stencil N(Po). Most of least square approaches use the normal

equations approach to find Φo =
[
ϕxo, ϕyo, ϕzo

]T ∈ Rn such that ∥ANΦo − ∆ϕN∥2 is minimized where data matrix
AN ∈ Rn×m and observation ∆ϕN =

[
∆ϕ1,∆ϕ2, · · · ,∆ϕm

]T ∈ Rm, where subscript N denotes stencil N(Po). SLKNS
minimizes the 2-norm (ANαΦo −∆ϕNα )

T (ANαΦo −∆ϕNα ) with respect to its gradient ϕαo where α= x,y and z leading to∑
α

ΛαAT
NαANα

Φo =
∑
α

ΛαAT
Nα∆ϕNα⇔ CΦo = ∆ϕNxyz (7)

where C = ΛxAT
Nx

ANx + ΛyAT
Ny

ANy + ΛzAT
Nz

ANz and ∆ϕNxyz = ΛxAT
Nx
∆ϕNx + ΛyAT

Ny
∆ϕNy + ΛzAT

Nz
∆ϕNz with diagonal

matrices Λx, Λy and Λz ∈ Rn×n. The present method like normal equations approach requires (m + n/3)n2 flops as
against 2(m−n/3)n2 flops required in QR approach for a full rank least squares problem. For large m ≫ n the SLKNS
provides stable results involving about half the arithmetic. Thus, SLKNS can work on highly stretched distribution of
points required for viscous flows.
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Figure 1: a)Vortex ahead of the cylinder facing strongly rotating flow b) Mach contours for a Pareto optimal shape.
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Figure 2: Ill-conditioned shapes due to Fourier parametrization.

4. Multi-objective optimization of stationary bluff body under strong rotation

Fig 1a. shows the vortex ahead of the cylindrical body placed in strongly rotating flow of air computed using
SLKNS solver. The presence of vortex ahead of the cylinder is due to baroclinic term χ which can be derived by
taking the curl of the pressure gradient in the Navier-Stokes equation as follows

χ = ∇ ×
(
−1
ρ
∇p

)
=

1
ρ2∇ρ × ∇p (8)

This baroclinic effect is due to entropy gain as pressure and density are no longer isentropically related. Thus, one may
aspire to have an optimum shape which minimizes this baroclinic effect, minimizes the maximum temperature under
certain constraints. Let the functions fi(x⃗)∈Y⊂Rm be the objective functions defining the m-dimensional objective
space with its subset Ỹ⊂Y representing the feasible objective region. Similarly, let n-dimensional space Rn be called
the parameter space dependent on the shape parametrization approach. There are various parametrization approaches
like discrete approach, domain element approach, polynomial and splines based, CAD based, free-form deformation
and soft object animation based approach. The shape parametrization approach is problem specific and is of immense
importance as it can bring drastic reduction in the computational time. The present study uses shape parametrization
based on Fourier descriptors and meshless strategy using Nelder-Mead method. The shape parametrization based
on Fourier descriptors require smaller parametric space. Before running the solver the parametric space was further
pruned, reduced and bounded to avoid ill-conditioned shapes as shown in Fig 2. The concept of Pareto optimality has
been taken as the basis for the cooperative multiple objective optimizations [10, 11]. In this paper scalarization [12]
step s : Q×Y→R1 is implemented by weighted Lp-problem as

min
x⃗∈Rn

L( f ,w,q∗)
p (x⃗) =

 m∑
i=1

wi| fi(x⃗) − q∗i |p
1/p

(9)

where q⃗∗∈Q⊂Rm is the goal vector based on decision makers’ overall preferences for trade-off between different
objectives. In the absence of decision maker we define goal vector as an ideal vector q⃗∗ made up of individual
maximum of each component of a vector obtained during the course of optimization after k evaluations of the problem
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Figure 4: Shapes of stationary body and its temperature contour.

as follows
q∗i = max

x⃗∈Rn
{( fi(x⃗))1, · · · , ( fi(x⃗))k} (10)

Fig 3 shows the evolution of the shapes and generation of cloud of points for the meshless method. Fig 4 shows the
different shapes of the stationary body and its temperature contour. Fig 1b. shows Mach contour for a Pareto optimal
shape in a strongly rotating field of air.

5. Conclusion

SLKNS solver based on variation reduction kinetic flux vector splitting (VRKFVS) was capable of capturing weak
secondary flows as well as features of strong rotation characterized by steep density gradient and rarefied domain.
Shape parametrization based on Fourier descriptors with SLKNS meshless solver was able to solve multi-objective
optimization problem in strongly rotating flow field. Investigation using Ant Colony Optimization (ACO) and Fourier
descriptor will be part of future scope of study.
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Abstract

The 2D steady Navier-Stokes equations in streamfunction (ψ)-vorticity
(ω) form are solved numerically using a hybrid finite difference, spectral
method, combined with pseudo arc length continuation techniques for the
flow in channel with a suction slot at the upper wall. This leads to a
separated boundary layer flow. We are able to calculate two solutions with
long and short bubbles. The stability of these is investigated using a global
stability analysis and temporal simulations.

1 Introduction

The manner in which a laminar separated bubble becomes unstable has attracted
much attention over the years. Gaster (1966) was one of the first to conduct
a detailed experimental study of the influence of an adverse pressure gradient
produced by an artifically generated suction slot on a flat plate boundary layer.
He was able to demonstrate the presence of long and short separation bubbles
and tried to identify the critical parameters for onset of bubble bursting.

Pauley et al. (1990) were one of the first to solve the Navier-Stokes equations
numerically and study the breakup of separation bubbles under the influence
of a suction induced adverse pressure gradient. Computations were performed
for different suction strengths and different Reynolds numbers and showed that
for weak adverse pressure gradients, closed steady separation bubbles developed.
After a critical suction strength, the separation region lengthened and unsteady
oscillations developed leading to vortex shedding. They suggested that the burst-
ing observed by Gaster was related to a time-averaged periodic vortex shedding.
This work was later extended by Hsiao & Pauley (1994) who tried to compare
Navier-Stokes computations with triple-deck theory and interactive boundary
layer theory. However, for large Reynolds numbers they were not able to com-
pute stable laminar solutions to be able to make proper comparisons with the
theory.

The problem has been looked at recently by many others including Alam &
Sandham (2000) who carried out numerical simulations with short laminar sep-
aration bubbles in two and three-dimensions. The stability characteristics of the
mean flow profiles was examined and they have suggested that the bursting and
vortex shedding may be connected with absolute instabilities. Cassel et al. (2007)
have investigated the flow geometry similar to Pauley et al. (1990) and Alam &
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Sandham (2000) and studied aspects of optimal control and unsteady separation.
The boundary conditions used by Cassel et al. (2007) are more relevant to the
flow in a channel and in particular they do not find short and long separation
bubbles, only steady and unsteady separated flow regimes.

In the current work we have reconsidered the Hsiao & Pauley (1994) prob-
lem, see figure 1 which gives a sketch of the geometry with the suction slot. The
numerical techniques we have used allow us to compute and track unstable basic
states using continuation methods. Briefly the Navier-Stokes equations are solved
using a hybrid method with finite-differences and spectral collocation. To inves-
tigate the instability, we haves used a combination of global stability analysis in
which we look for perturbed solutions of the form eλtf(x, y) which leads to a gen-
eralised partial differential eigenvalue problem. The stability is also investigated
by doing simulations of the unsteady equations.

l

m

x
xmax

y

ymax

0 ψ = 0
ψy = 0

ω − ψyy = 0

ψxx = 0ψ = y

ω = 0 boundary layer

Figure 1: Sketch of channel with suction with boundary conditions.

2 Results

Marginal separation theory, see Braun (2006), predicts two solution branches for
short and long separation bubbles with a turning point bifurcation. In our work
we have been able to calculate these solutions and track solutions from one branch
to the other using continuation algorithms. This is the first time that such stable
and unstable basic states for long and short bubbles have been computed. The
plots of the parameter β, which is the suction ratio, versus bubble separation
length for different values of the Chebyshev points N and finite difference points
m in the y-direction and x-direction respectively, and fixed value of Re = 50000,
are shown in figure (2) for different grid sizes. These plots, clearly illustrate
branching diagrams, as well as turning point bifurcations.

Streamline plots of the multiple solutions for a fixed Reynolds numbers and
suction parameter are shown in figure 3.

A global stability analysis was used to the investigate the stability of the
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Figure 2: Tracking diagram of turning points obtained from different values of N
and m, where Re = 50000.
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Figure 3: Streamline contour plots for lower and upper branches where R =
50000, β = 0.0997, N = 100 and m = 501. Solid line(-) for streamline level and
dashed line(...) for separation bubble.

steady solutiuons computed. This leads to a partial differential eigenvalue prob-
lem and requires the solution of a generalised eigenvalue problem. The results
of our computations using global stability analysis show that the flow is linearly
stable on the lower branch with the short bubbles, but linearly unstable on the
upper branch. The smallest real part of the eigenvalue confirms the presence of
the turning point as it changes signs while moving from the lower stable solution
branch to the upper unstable solution branch as seen in figures (4.a) and (4.b).

The global stability analysis was cross checked with linear temporal simulation
of the full unsteady equations. It was found that the unstable growth rates
predicted by the global stability analysis were in excellent agreement with those
from the simulations.
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Flow past an Eppler 61 airfoil is numerically studied for α = 10o and 1000 ≤ Re ≤ 87000. The
incompressible flow equations are solved using a stabilized finite element method on a parallel
Linux cluster.1 Transition of the flow from two- to three-dimensional state is studied. The
dynamics of the laminar separation bubble and their effect on the aerodynamic coefficients are
investigated. Further, 2D computations are carried out and salient flow features are compared
with the results obtained in the 3D computations.

1 Evolution of three-dimensional flow

Figure 1 shows the isosurfaces of the spanwise (ωz) and streamwise vorticity (ωx) for various
Re. Coherent vortices are shed in the Re = 1000 flow as shown in Figure 1(a) even though 3D
instability is present. At this Re the value of ωx is very low and therefore, the 3D instability
does not affect the wake significantly. From Figure 1(b) one can observe that as Re is increased
to 2500 the three-dimensionality gets stronger resulting in spanwise undulations in primary
vortices. With further increase in Re, vortex dislocations form in the primary vortices as can be
seen in Figures 1(c) and 1(d). Another important observation is that the upstream movement of
the the point of onset of the shear layer instability with increase in Re. For Re ≥ 10000, small
scale vortices appear in the flow. They become stronger and move upstream on the surface of
the airfoil with the increase in Re, as seen in Figures 1(e) and 1(f).

Jones et al.,2 via numerical simulation, demonstrated that for the NACA-0012 airfoil forRe =
50000 and α = 5o the two-dimensional vortex shedding becomes unstable as a 3D instability
sets in the flow that is similar to mode-B in the wake of a bluff body. In our simulations
we observed that the 3D streamwise flow structures are orderly placed along the span in the
Re = 1000 flow (see Figure 1(a)). However, as mentioned previously, ωx is very low at this Re.
It becomes stronger with the increase in Re. Figure 2 shows the variation of ωx along the span
at a downstream location for different Re. In this figure one can see that ωx is spatially periodic
at Re = 1000, whereas, in the Re = 2500 flow ωx becomes higher and the spatial periodicity is
lost. The stronger 3D instability eventually leads to vortex dislocations in the primary vortices
as shown in Figure 1. This phenomenon is similar to the evolution of the mode-A instability
during the transition of the wake of a circular cylinder shown by Behara and Mittal.3

2 Laminar separation bubble and aerodynamic coefficients

In the past, several experimental studies4,5 as well as numerical simulations6,7 demonstrated
that on an airfoil the flow undergoes laminar separation and the separated shear layer becomes
turbulent depending upon the angle of attack and Re. Consequently, the flow gains energy to
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(c) Re=5000

(b) Re=2500(a) Re=1000

(d) Re=8000

(e) Re=10000 (f) Re=30000

ωω ω ωz x z x

Figure 1: 3D flow past an Eppler 61 airfoil for α = 10o: instantaneous pictures of isosurfaces
of spanwise vorticity (ωz = ±5) and streamwise vorticity (ωx = ±3). The isosurfaces for the
streamwise vorticity at Re = 1000 are shown for ωx = ±0.001.

resist the adverse pressure gradient on the surface of the airfoil and thus reattaches to the body
forming the laminar separation bubble. For a fixed Re the laminar separation bubble increases
in length with increase in the angle of attack. At a certain high value of α the bubble disappears
as the separated shear layer fails to reattach to the surface of the airfoil leading the stall to occur.
As a result, lift decreases and drag increases abruptly. For e.g., in a recent computational study
Savaliya et al.

6 observed stall on the Eppler 61 airfoil for α = 12o and Re = 46000. Our
simulations are different from the earlier investigations as Re is varied for the fixed α = 10o. It
is observed that with the increase in Re the length of the laminar separation bubble decreases,
while, the bubble moves upstream. Figure 3 shows the pictures of time-averaged vorticity (ω̄z)
and time-averaged streamlines (ψ̄) for 2D and 3D cases, respectively. In the 2D flow the laminar
separation bubble can clearly be seen for Re ≥ 7000, while, it appears for Re > 18000 in the
case of 3D flow. Locations of flow separation and attachment points on the surface of the airfoil
as well as the length of the bubble for various Re are shown in Figure 4. The length of the
bubble monotonically decreases and it moves upstream with as Re increases.

Figure 5 shows the variation of time-averaged aerodynamic coefficients with Re for both two-
and three-dimensional flows. The results for 2D and 3D computations are same for Re ≤ 2000.
The lift undergoes an abrupt increase, while the drag decreases, at Re ∼ 7000 in the 2D flow
and for Re ∼ 20000 in the 3D computations. The jump in the aerodynamic coefficients is caused
by the appearance of laminar separation bubble.
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Figure 2: 3D flow past an Eppler 61 airfoil for α = 10o: variation of the streamwise vorticity
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Figure 3: 3D flow past an Eppler 61 airfoil for α = 10o: time-averaged vorticity plots (ω̄z) and
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SUMMARY 

 
The flow over a backward-facing step represents a conceptually simple case 

of a separating and reattaching flow, and has been studied extensively. In this 
paper, we present results about the internal structure of the mean separation 
bubble downstream of the step and the spanwise structure of the unsteady flow 
around the reattachment region. The measurements with PIV are done over a 
range of Reynolds numbers, 7000 < Reh < 67,000, based on the step height (h) 
and for a range of expansion ratios, 1.11 < ER< 2.5 (ER = downstream channel 
height / upstream channel height). These measurements show that the 
reattachment length (Xr/h) becomes independent of Reynolds number for 
Reh>20,000, for all expansion ratios. As the expansion ratio is increased, the 
reattachment length (Xr/h) is found to increase and reach a saturation value of 
8.5 for ER>1.8. The internal structure of the mean separation bubble, when 
normalized by the reattachment length, is found to be nearly the same for high 
Reynolds numbers and for all expansion ratios investigated. In the spanwise- 
streamwise plane, instantaneous velocity fields obtained close to reattachment 
show streaky structures, similar to those seen in boundary layers. Conditional 
averaging of such velocity fields, show large-scale structures with length-scale 
of about 2 step-heights in the spanwise direction.  

 
 The backward facing step is a simple geometry (figure 1) exhibiting flow separation and 

reattachment, and has been studied by many investigators. Armaly et al. (1983) studied the 
effect of Reynolds number on the reattachment length in the laminar to turbulent regime (70 < 
Reh < 8000), and showed the presence of additional regions of flow separation at low Reynolds 
numbers. At higher Reh, they showed that only the primary recirculation region exists. Our 
present experiments are done at high Reh where only the primary recirculation region is 
expected. The effect of parameters such as the Reynolds number, aspect ratio (span to step 
height) and expansion ratio on mean reattachment length (Xr/h) have been reported by others 
such as Eaton and Johnston (1980), Kuehn (1980), Brederode and Bradshaw (1972) and Durst 
& Tropea (1982). The focus of the present work is the mean separation bubble downstream of 
the step and the unsteady spanwise structures around the reattachment region. 

 
 

 
 
 
 
 
 
 
 
 
 
 
Figure 1. Schematic of Backward facing step showing the mean separation bubble 
downstream. In the figure, h is the step height, Xr is the reattachment length, H is the channel 
height and the expansion ratio (ER = (H+h)/H). 
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The schematic of the geometry with the definition of the important parameters is shown in 
figure 1. The range of Reynolds number based on step height for the present experiments is 
7000 to 67,000, and the range of expansion ratios is 1.11 to 2.5. The aspect ratio of the step 
varied from 17 to 56, which is well above the lower limit of 10 suggested by Brederode and 
Bradshaw (1972), to keep the flow nominally two-dimensional. For each case, 2000 Particle 
Image Velocimetry (PIV) realizations were acquired and processed to give instantaneous 
velocity fields, and the mean velocity was obtained by simple averaging of the 2000 PIV 
realizations. The reattachment length (Xr/h) was determined from the mean velocity field. The 
mean streamline demarcating the separation bubble was calculated by integration of the mean 
streamwise velocity profiles, such as those shown in figure 3, with the requirement that the 
integrated net flow rate should be zero. In each case, the center of the separation bubble, 
where both the streamwise and vertical velocities are zero, and the line through the bubble 
having zero streamwise velocity were also determined (see figure 3). 

 
Figure 2(a) shows the variation of mean bubble length (Xr) with Reh for different expansion 

ratios (ER). In each case, the length Xr is found to increase with Reh, at lower values of Reh, 
and then remain constant for Reh > 20,000. The high Reynolds number mean bubble length 
taken from figure 2(a) is shown in figure 2(b) as a function of expansion ratio. It is clear from the 
plot that the mean bubble length increase with ER, nearly linearly until ER=1.8, and then seems 
to become independent of expansion ratio. This has also been reported by Durst & Tropea 
(1982) and our results match well with their data (▲) also shown in figure 2(b).  

 

 
 
 
 
 

 
Figure 2: Variation of reattachment length (Xr) with (a) Reh for different expansion ratios, and 
(b) expansion ratio. In (b), the value corresponding to high Reh (Reh >20,000) is shown.         
: ER=1.11; : ER=1.30;  : ER=1.50; : ER=1.84; : ER=2.5; ▲ Tropea & Durst (1982). 

 
The lines demarcating the mean separation bubble is shown in figure 3 for different values 

of high Reynolds number (Reh>20,000) corresponding to ER=1.3. As explained earlier, these 
lines are calculated from the corresponding mean velocity profiles, examples of which are 
shown in the figure. The line connecting the points through the bubble having zero streamwise 
velocity and the center of the bubble are also shown in figure 3 for the three Reynolds 
numbers. It is clear that at high Reh, all these curves are very similar, independent of Reh. In 
figure 4, we present similar curves for different expansion ratios at Reh>20,000, normalized by 
the corresponding reattachment length. The curves again are very similar, indicating that the 
internal structure of the mean separation bubble is independent of Reh and expansion ratio at 
high Reh. This has been noted earlier by Durst and Tropea (1982), although it has not been 
shown clearly by them. 
 

In case of turbulent boundary layers, the presence of hairpin type vortices has been shown 
by Tomkins & Adrian (2003) using the statistical tool of Linear Stochastic Estimation (LSE) to 
determine conditional velocity fields. In order to probe the unsteady spanwise structures in the 
backward-facing step flow, determine their scales and the growth of these structures along the 
bubble length, we have applied the same technique to our span-wise PIV measurements.  



Figure 3: Internal structure of the mean separation bubble structure for different Re (ER= 
1.3). : Reh=34000; : Reh=48000;  : Reh=65000; Bulls-eye: Bubble center. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 4: Internal structure of the mean separation bubble structure for different expansion 
ratios at high Reh. 
: ER=1.30;  : ER=1.50; : ER=1.84; Bulls-eye: Bubble center. 

 
An instantaneous velocity field in the spanwise-streamwise plane at half a step height from 

the lower wall and around reattachment is shown in figure 5. Streamwise streaky structures 
can be seen in the figure indicating the presence of unsteady span-wise structures. On 
applying the LSE technique, the conditionally averaged field obtained is shown in figure 6(a) 
indicating the presence of two counter-rotating structures suggestive of hairpin-like vortical 
structures.  Spanwise correlation of the streamwise velocity through the center of the 
structures in figure 6(a), is shown in figure 6(b). The length-scale of the spanwise structures 
can be estimated from figure 6(b) as the distance between the two points having highest 
negative correlation value, which is found to be 1.9h, where h is the step-height. This length-
scale is of the same order as the scales given by Lee et. al. (2004) from their pressure-velocity 
correlations. Further, experiments and analysis is going on to reveal the development of these 
spanwise structures in space and time and will be presented at the conference.  
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Figure 5. Instantaneous velocity field in the spanwise (z) and streamwise (x) plane close to 
reattachment. The velocity field is shown at 0.5h above the lower wall and for ER=1.5 and 
Re=40000. In the figure, the dark line along the span indicates the mean reattachment line. 

    
 

    
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 6 (a) Conditionally averaged velocity field obtained using LSE (Tomkins & Adrian, 
2003) for the case in figure 5, showing two counter-rotating structures. (b) Span-wise 
spatial correlation of u’ velocity through the center of the counter-rotating structures in (a). 
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Abstract

In this talk a review of the main simulation results in vortex induced vibrations is presented along with new results. 
Spectral element methods combined with a smooth profile method have made these simulations more efficient and 
hence high Reynolds number flows can be tackled. Special attention will be based on stochastic CFD and the new 
capability of modeling VIV and bluff body wakes in the presence of uncertain boundary conditions including noisy 
inflows.
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1 Vortex-induced vibrations of flexible structures in non-uniform flow

Vortex shedding in the wake of a bluff body immersed in a cross-flow inducesunsteady forces on the
body, and can lead to vibrations if the body is flexible or flexibly mounted. Thephenomenon of vortex-
induced vibrations (VIV), occurs in a number of physical problems, especially in the context of long
flexible cylindrical structures employed in ocean engineering, such as risers or marine cables. The case
of a rigid circular cylinder free to move, or forced to oscillate within a uniformcurrent, is considered as
the canonical problem to investigate VIV mechanisms [1, 2, 3, 4]. It has been shown that self-excited,
self-limited, large amplitude oscillations occur when the vortex shedding and thestructural vibration
frequencies coincide, a condition of wake-body synchronization referred to aslock-in.

10

20

30

40

50

60

70

80

90

100

110

120

130

140

150

160

170

180

z

(a) (b)

xy

z

Figure 1: Instantaneous iso-surfaces of spanwise vorticity downstream of the cylinder: (a) linear velocity
profile (ωz = ±0.3) and (b) exponential velocity profile (ωz = ±0.15). Part of the computational domain
is shown. Arrows represent the shear oncoming flow.



The increased complexity of the VIV phenomenon in the case of slender flexible bodies immersed in
sheared currents has been highlighted in recent experimental and numerical works [5, 6, 7, 8, 9, 10].
Mono-frequency as well as multi-frequency structural responses have been reported in this context
[6, 11]. The occurrence of multi-frequency vibrations may significantly impact the fatigue life of the
structures. However, previous studies were limited to narrowband vibrations and the case of broadband
responses, where both high and low structural wavenumbers are excited, still needs to be investigated.

The objective of this work is to analyze the fluid-structure interaction mechanisms involved in the devel-
opment of broadband VIV in non-uniform current with an emphasis on thelock-in phenomenon and its
impact on the energy transfer between the flow and the body.

We consider a flexible cylinder of circular cross-section and length to diameter aspect ratio200, pinned
at both ends, free to oscillate in the in-line and cross-flow directions and immersed in a sheared current.
Two types of sheared profiles, linear and exponential, are used as shown in figure 1. In both cases,
the ratio between the maximum and minimum oncoming flow velocity is set to3.67 and the maximum
Reynolds number is equal to330. The flow is predicted by direct numerical simulation of the three-
dimensional Navier-Stokes equations. The structural dynamics is governed by a tensioned beam model
with similar tension and bending stiffness in both cases. The structure to displaced fluid mass ratio is
set to6. The coupled fluid-structure problem is solved by the Nektar code that is based on spectral/hp
element method [12] and that has been validated in previous works concerning similar configurations
[10, 13, 14].

2 Narrowband versus broadband multi-frequency responses

The typical structural vibrations observed in the cases of linear and exponential shear profiles are illus-
trated in figures 2(a) and (b), respectively, by selected time series of thecylinder cross-flow displacement.
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Figure 2: Typical structural responses: (a,b) selected time series of thecross-flow displacement and (c,d)
corresponding PSD, along the span, in the cases of (a,c) linear and (b,d) exponential velocity profiles.



In both cases, the response is a combination of standing and traveling wavepatterns. The maximum
amplitude of oscillation in the case of exponential shear is approximately half theamplitude observed in
the linear shear case, in both the in-line and cross-flow directions.

The response power spectral densities (PSD) are plotted in figures 2(c) and (d). Both cases exhibit multi-
frequency vibrations but the structural responses differ by the excited frequency bandwidth and the range
of excited wavenumbers: three main frequencies are excited along the span within a narrow band in the
case of linear shear while a broadband response is observed in the exponential shear case. Through
spatio-temporal spectral analysis, each excited frequency can be related to the corresponding excited
structural wavenumber. In the case of narrowband response, only high wavenumbers, corresponding to
three adjacent sine Fourier modes, are excited. In the case of broadband vibrations, both high- and low-
wavenumber responses are noted. This change in the nature of the structural response between the linear
and exponential shear velocity profiles is related to changes in the lock-in/non-lock-in pattern along the
cylinder span as shown in the following.

3 Distributed lock-in and fluid-structure energy transfer

For long flexible structures, the lock-in condition can be defined at each spanwise location by the syn-
chronization of the local vortex shedding frequency with the local cross-flow vibration frequency; oth-
erwise, the condition is referred to as non-lock-in. The spanwise regionwhich includes all the locally
locked-in locations is referred to as the lock-in region. The PSD of the cross-flow component of the
flow velocity in the wake is used to identify the vortex shedding frequency along the span (figure 3). In
the case of linear shear (narrowband response), the lock-in region islocated on the high velocity side
while on the rest of the span, vortex shedding and cylinder vibration are not synchronized. The case
of exponential shear (broadband response) exhibits a contrasted behavior: the lock-in condition isdis-
tributed along the length of the body; hence, the lock-in region covers the entire span, in spite of the
sheared inflow. As previously noted in the case of narrowband multi-frequency vibrations [11], the lock-
in phenomenon remains a locally mono-frequency event since the vortex shedding occurs principally at
a single frequency at a given spanwise location. The wake patterns arecomposed of spanwise cells of
constant vortex shedding frequency that induce an oblique orientation of the vortex rows as they form, as
well as vortex splittings between adjacent cells (figure 1). The vortex splittings are necessary to ensure
the continuity of the vortex filaments while the vortex shedding frequency is discontinuous.
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Figure 3: PSD of the temporal evolution of the cross-flow component of theflow velocity along a span-
wise line in the wake for the (a) linear and (b) exponential shear cases. Vertical dashed lines indicate the
predominant frequencies of the cross-flow vibrations.

The fluid force coefficient in phase with the cylinder velocity is used to quantify the energy transfer
between the fluid and the structure [13]. A frequency decomposition of theforce coefficient in phase
with velocity including both the in-line and cross-flow contributions is plotted in figure 4. Positive energy



transfer from the fluid to the structure, i.e. structure excitation by the flow, occurs locally under the lock-
in condition. As a consequence, the case of narrowband response exhibits a well-defined spanwise pattern
composed of a zone of structure excitation located on the high velocity side and a zone of vibration
damping located on the low velocity side. In contrast, excitation and damping regions are distributed
along the span in the case of broadband response. It can be noted thatshort regions of excitation of
spanwise extent smaller than5% of the cylinder length lead to significant responses. The size of the
excitation regions appears to be determined both by the local gradient of inflow velocity and by the
excited structural wavelength.
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Figure 4: Frequency decomposition of the force coefficient in phase withthe cylinder velocity for the (a)
linear and (b) exponential shear cases. Vertical dashed lines indicate the predominant frequencies of the
cross-flow vibrations.
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    SUMMARY 
 

Previous work on rigid splitter plates in the wake of a bluff body has shown that 
the primary vortex shedding can be suppressed for sufficiently long splitter plates. 
Recently, there has been interest in studying hinged rigid splitter plates behind a 
cylinder, both from the viewpoint of drag reduction and for the suppression of 
vortex-induced vibrations. In the present work, we study the problem of a flexible 
sheet as a splitter plate in the wake of a circular cylinder. In this case, the splitter 
plate is free to continuously deform along its length due to the fluid forces acting on 
it. Results from experimental studies are presented for the case of such a sheet 
like splitter plate. These measurements indicate that the splitter plate deformations 
appear to be in the form of a travelling wave. The maximum tip amplitudes are of 
the order of 1D, and the non-dimensional oscillation frequency (fD/U) is close to 
0.2, approximately the same as the Strouhal number for the bare cylinder. The 
non-dimensional amplitude and frequency of the splitter plate appear to be nearly 
independent of the normalized splitter plate length (L/D) over the range of L/D 
values investigated. PIV measurements of the wake vorticity field indicates that 
there appears to be a nearly continuous sheet of vorticity on both sides of the 
flexible splitter plate, and the vortex sheet forms distinct vortices only at the trailing 
edge of the plate. The results suggest that for this fully flexible splitter plate case, 
the vortices form at the same frequency and are of the same strength as in the 
bare cylinder case, but their formation is pushed further downstream. 

 
 

Rigid splitter plates in the wake of a bluff body have been studied by a number of investigators 
[Roshko (1954), Bearman (1965), Apelt, West & Szewczyk (1973)]. Their studies show that the 
vortex formation in the wake can be suppressed or inhibited by the presence of a sufficiently long 
splitter plate. More recently, Assi, Bearman & Kitney (2009) and Shukla, Govardhan & Arakeri 
(2009) have studied a hinged-rigid splitter plate behind a cylinder, as shown in figure 1(a). These 
recent investigations show that depending on the damping associated with the hinge, the plates 
can oscillate or reach an equilibrium position that is at an angle to the free-stream. Assi, Bearman 
& Kitney (2009) have shown that such configurations can be very useful for both drag reduction 
and suppression of vortex-induced vibrations.  

 
In the present work, we study the case of a fully flexible sheet as a splitter plate in the wake of 

a circular cylinder. In this case, the splitter plate is free to continuously deform along its length due 
to the fluid forces acting on it, as shown by the schematic in figure 1(b). This problem could have 
practical applications in energy extraction (Allen & Smiths, 2001) and in suppression of vortex-
induced vibrations (VIV). This problem is also related to the flag flutter problem that has been 
studied extensively [e.g. Argentina & Mahadevan, 2005; Connell & Yue, 2007], for the case when 
the flag pole diameter is not negligible compared to the flag/membrane thickness. 
 

 
 



 
 
 
                            
                                          
 

                     (a)  Hinged rigid splitter plate                  (b)  Fully flexible splitter plate 
 

Figure 1.  Schematic of two types of flexible splitter plates. In case (a), a rigid plate is 
hinged, as was recently studied by Assi, Bearman & Kitney (2009) and Shukla, 
Govardhan & Arakeri (2009). The present work corresponds to case (b), where the 
splitter plate is fully flexible. 

 
 The fully flexible splitter plate was made using a 30 micron thick plastic sheet. In order to keep 
the motions of this sheet two-dimensional, spanwise stiffeners made of 400μ plastic were attached 
to the sheet at regular intervals. The experiments reported here were conducted in a 1m x 1m 
cross-section water tunnel, which has a maximum speed of 1 m/s. The cylinder diameter used was 
1.78 cm and the flow velocity was varied from about 0.01 m/s to 0.60 m/s, resulting in a Reynolds 
number range, Re ≈ 200 – 10,000. The aspect ratio of the cylinder used was 13. In all the 
experiments reported here, end-plates of streamwise length 8 diameters were used to encourage 
two-dimensional vortex shedding. The flexible splitter plate motions were visualized at rates up to 
120 Hz using a CCD camera in conjunction with a continuous wave laser or a PIV Nd-Yag laser. 
Image processing of the visualizations of the sheet deformations were done to obtain quantitative 
information about the dynamics of the flexible sheet. 
 
 

 t =  0

 t  = T / 4

   t  =  2 T / 4

   t  = 3 T / 4

 
 

Figure 2.  Time sequence of pictures showing the deformation shape of a fully flexible 
splitter plate over one oscillation cycle. Each of the pictures shown is separated by a 
quarter cycle. In the plots, T is the time period of oscillation obtained from the spectra 
of the time traces. In this case, Re ≈ 10000 and L/D = 5.0. 

 



 An example time sequence of the visualized deformations of the flexible sheet or splitter plate 
is shown in figure 2 at a reasonably high Re of 10,000. The visualizations shown correspond to a 
splitter plate length to diameter ratio (L/D) of 5, with each picture separated in time by a quarter 
period. The sequence shows a very periodic deformation of the splitter plate even at these high 
Re. In the first image (t=0), a local deflection maximum can be seen at roughly the center of the 
splitter plate. As time progresses, this local maximum is seen to move to the right, and reaches 
the tip of the plate at t = 3T/4. The last image also clearly shows the formation of a new local 
maximum ahead of the splitter plate center, and this local maximum will in turn progress to the 
right with the sequence repeating indefinitely. This clearly suggests that the deformations of the 
splitter plate are in the form of a travelling wave.  
 
 The amplitude of the travelling wave type deformation of the flexible splitter plate can be seen 
to be growing as the wave progresses to the right in figure 2. This can be seen more clearly in 
figure 3, where a large number of captured images have been superimposed. The figure suggests 
that the amplitude grows roughly linearly with streamwise distance. The simplest model for the 
deformation of such a sheet would be that of a non-dispersive travelling wave, one whose 
wavelength does not change as the wave progresses. Using the visualizations, one can obtain all 
the parameters necessary for such a model. The measurements suggest that the non-
dimensional phase speed (c/U) is about 0.8, which as one might expect is close to the convection 
speed of the vortices. It may also be noted here that the predicted deformations from such a 
simple model turn out to be very close to the actual deformations of the sheet.  

 
Figure 3: Superimposed image of a time sequence of images showing the envelope of 
the of the flexible splitter plate motion. The picture suggests that the oscillation 
amplitude at any streamwise location is approximately a linear function of the 
streamwise distance x. In this case, L/D = 5.0 and Re ≈ 10000. 

 
 The variation of the tip amplitude with Re is shown in figure 4(a). The plot shows that the 
normalized amplitude increases gradually with Re at low Re, and then reaches a saturation level 
at higher Re. This behaviour is qualitatively similar to the response seen in the hinged-rigid splitter 
plate case in Shukla et al. (2009). Figure 4(b) shows variation of the corresponding normalized 
frequency (fD/U) with Re. It seems that the normalized frequency reaches a nearly constant value 
of fD/U ≈ 0.2 at higher Re, which is very close to the Strouhal number (S ≈ 0.2) for the bare 
cylinder. An important difference between these fully flexible splitter plates, and the hinged rigid 
splitter plate (Shukla et al., 2009) is the behaviour of long splitter plates. For the hinged-rigid 
splitter plates only small plates (L/D <=3.0) oscillate, while in the present fully flexible splitter plate 
case strong oscillations are possible even when the length of the splitter plate is large (L/D = 7). 
 
 PIV measurements of the wake vorticity field have been done and show a nearly continuous 
sheet of vorticity on both sides of the fully flexible splitter plate. Distinct vortices appear to form 
only at the trailing edge of the plate. The results suggest that for this fully-flexible splitter plate 
case, the vortices form at the same frequency and are of the same strength as in the bare 
cylinder case, but their formation is pushed further downstream. This and other ongoing work 
including the effect of increasing the flexural rigidity of the flexible splitter plate will be presented 
at the conference. 



 

 
 

Figure 4. Variation of (a) normalized transverse tip amplitude and (b) normalized frequency 
for the fully flexible splitter plate with Re, for different values of L/D. The amplitude 
increases initially and reaches a saturation value of about 1D at higher Re, while the 
normalized frequency reaches a constant value of about 0.2 at higher Re, nearly 
independent of L/D. 
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Abstract 
 

Free oscillations of a rotating circular cylinder in a uniform flow is computed for a range of reduced velocity 

(3.0 ≤ U* ≤ 24.0). The rotation rate (α), defined as the ratio of the cylinder surface velocity to the free-stream 

velocity, is kept constant at 4.5. The mass ratio is m* = 10. The incompressible Navier-Stokes equations and 

equations of motion are solved using a stabilized space-time finite element method
1
. Vortex shedding is observed 

for the entire range of U*. It is observed that beyond U* = 6.2, the cylinder undergoes galloping oscillations. It 

traces elliptic orbit in clockwise direction (the rotation imposed on the cylinder is anti-clockwise). Vortex-

induced oscillations are observed for a part of the orbital motion, especially when the cylinder moves against the 

free-stream flow. 

  

Keywords: circular cylinder, galloping, vortex shedding 

 

 

Introduction 
 

The basic phenomena of vortex-induced vibration (VIV) and galloping associated with flow past bluff bodies are 

quite well known. VIV is caused by the fluctuating forces due to vortex shedding from the structure, and can 

occur only for a finite range of flow speeds (U*). Galloping refers to the aerodynamic instability, wherein the 

oscillating fluid force keeps on reinforcing the cylinder amplitude for all U* above a threshold value of flow 

speed (U*). Galloping mainly depends on the relative angle of attack of the flow with the structure. Therefore, 

non-rotating circular cylinders, where angle-of-attack has no relevance, are immune to galloping. However, in 

the case of flow past a rotating cylinder, which can be treated as flow past an airfoil with circulation, angle-of-

attack can have a significant role. Therefore, rotating cylinders can be vulnerable to galloping instability. Stansby 

and Rainey
2
 have reported the existence of galloping-like oscillations which fail to satisfy the assumptions of 

quasi-static theory. They also demonstrated the co-existence of small amplitude, high frequency oscillation for 

part of the oscillation cycle.  The purpose of the present work is to study the response of rotating circular 

cylinder for progressively varying flow speed and to examine the possibility of galloping instability. 
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Results  
 

The circular cylinder resides in a computational domain of blockage 0.5%. The Reynolds number based on the 

diameter of cylinder, free-stream speed and viscosity of the fluid is 200. The reduced velocity, U*, is varied 

progressively in small steps. The computations are carried out until the fully developed flow is reached. To allow 

high amplitude oscillations, the structural damping of cylinder is set at zero. The cylinder is allowed to undergo 

transverse as well as in-line oscillations. 

 

Figure-1 shows the variation of non-dimensional peak-to-peak transverse and in-line amplitudes of cylinder 

oscillation with U*. An abrupt change in flow characteristics is observed U* = 6.2. For U* ≤ 6.1, the cylinder 

oscillates with amplitudes of the order of 1D which is typical of vortex-induced vibrations. For this regime of 

vortex-induced vibration, cylinder picks up a variety of trajectories and shows rich vortex shedding patterns as 

shown in figure-2.   

 

 
 

Figure 1: α = 4.5, Re = 200: variation of maximum amplitude of transverse and inline response with U*.  

 

 

 

 

 
 

Figure 2: α = 4.5, Re = 200: vorticity field for different values of U*. 

U* = 3.5 U* = 4.0 

U* = 6.2 U* = 8.0 

U* = 5.0 U* = 6.0 



 

 
For U* ≈ 6.2, cylinder oscillation shows a sudden jump in response characteristics and galloping phenomenon is 

observed. The initial amplitude for galloping comes from vortex shedding, as noted by Blevins
2
. With further 

increase in U*, the cylinder amplitude continues to increase steadily. The cylinder undergoes coupled in-line and 

transverse galloping resulting in the formation of an elliptical envelope
3
. Amplitudes as high as 18D are 

observed for U* = 24.0.   
 

 
Figure 3: α = 4.5, U* = 16.0, Re = 200: galloping of a rotating cylinder: time histories of aerodynamic and 

response characteristics. 

 

 

 

 
 

Figure 4: α = 4.5, U* = 16.0, Re = 200: galloping of a rotating cylinder: vorticity plots at four different time 

instants. The dotted curve represents the trajectory of cylinder. 
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The time histories and vorticity plots for cylinder at U* = 16.0, a typical galloping condition, are shown in 

figures 3-4. The co-existence of high frequency, low amplitude oscillations are prominently seen in time 

histories of aerodynamic force coefficients. The cause for these high frequency oscillations are analyzed by 

looking at the corresponding instantaneous vorticity fields. It can be seen that as the cylinder goes through the 

bottom part of its elliptical orbit, it sheds multiple vortices of 2S
4
 kind. This occurrence of intense vortex 

shedding correlates with appearance of high frequency, low amplitude fluctuations in the force coefficients.   

 

 

Conclusion 
 

Free oscillations of a circular cylinder, subjected to forced rotation, are investigated for a rotation rate of 4.5 

(anti-clockwise) at Re = 200. The cylinder follows orbital motion in clock-wise direction and sheds vortices of 

different patterns for the range of reduced velocity (3.0 ≤ U* ≤ 24.0). Large amplitude, low frequency galloping 

phenomenon is seen for U* beyond 6.2. In this galloping range, vortex-induced vibration and galloping response 

interact with each other resulting in increased complexity of fluid dynamics.  
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INTRODUCTION

In the last two decades, offshore oil exploration on the brazilian coast has significantly increased, and nowadays
the high importance of this economical activity to the country is undisputed. One of the challenges in the
design of offshore systems is to cope with the vortex-induced vibration (VIV) of risers, which can cause serious
damage by fatigue. There are many devices that are employed to mitigate and/or suppress VIV; amongst the
most common of them are strakes. Strakes are metallic ribbons that are weld to the riser forming a helix around
it. The usual design is to use three ribbons equally spaced along the riser circumference, so the cross-section
of the final product is a circle with three small protrusions, spaced 120 degrees from each other.

Although the suppression of VIV is crucial for the offshore industry and strakes are by far the most used
device to achieve this goal, the number of papers about the flow around straked cylinders published so far is
not large. Almost all of them are experimental (Trim et al., 2005; Branković & Bearman, 2006; Korkischko &
Meneghini, 2010); Constantinides & Oakley Jr (2006) published the only computational work that investigates
the flow around straked cylinders we are aware of. These papers and the experience in the oil industry shows
that strakes are indeed efficient in suppressing VIV. However, little is understood about the physics of how
it works. The Centre for Fluids and Dynamics (NDF) of the Department of Mechanical Engineering at the
University of São Paulo has recently started an initiative to elucidate the physical mechanisms of the VIV
suppression by strakes. The first approach was experimental, and resulted in the publication of a paper in
an international journal (Korkischko & Meneghini, 2010). Currently, we are approaching the problem with
computational tools. Gioria et al. (2011) presents an investigation using the Lattice-Boltzmann Method, while
here we use the Spectral/hp Element Method (Karniadakis & Sherwin, 2005). The goal of this initiative is to
understand the mechanism that damps the VIV, so more efficient designs can be proposed. Besides that, it
is known that strakes increase the drag on the cylinder; a secondary objective of this study is to find ways to
lessen this downside of the device.

We carry out two-dimensional simulations to investigate the dynamics of the shear layers that separate from
the body, and compare to what is observed for a plain cylinder. The Reynolds number tested is 150, which is
well below that characteristic of offshore structures, but high enough to allow the observation of the interaction
of the shear layers that separate from the body. We believe that the physical insights obtained in this work will
be valid for higher Reynolds numbers.

METHODOLOGY

We ran simulations for the flow around a fixed cylinder and around a rigid cylinder mounted on an elastic base.
For the simulations around movable cylinders, the computational results were obtained by coupling the solution
of the flow with the solution of the structural response. To simulate the oscillatory movement of the body, an
oscillatory cross-flow around circular cylinder in a frame of reference fixed to the body has been employed. The
uniform flow is superimposed on a cross-flow representing the transverse movement of the body, modifying
the Dirichlet boundary conditions (upstream boundary) and adding the oscillatory component (α) like in Li
et al. (2002). The flow is governed by the incompressible Navier-Stokes equations, which can be written in
non-dimensional form, for a non-inertial frame of reference, as:

∂u
∂t

= −(u.∇)u−∇p +
1

Re
∇2u + α, (1)

∇.u = 0. (2)

The cylinder diameter D is the reference length and the free-stream speed U∞ is the reference speed used
in the non-dimensionalisation. u ≡ (u, v , w) is the velocity field, t is the time, p is the static pressure, Re =
ρU∞D/µ is the Reynolds number and µ is the dynamic viscosity of the fluid. The pressure was assumed
to be scaled by the constant density ρ. The numerical solution of these equations was calculated using a
Spectral/hp discretisation as described in Karniadakis & Sherwin (2005), which is high order and has been
extensively validated in previous works.

On the structural side, we assumed that the moving cylinder was rigid and mounted on an elastic base with
zero damping that allows displacement in only one direction; the behaviour of such an oscillating structure is
described by the equation of a linear mass-spring system forced by the fluid load. This equation can be written



U

Dθ

∞

Figure 1: Schematic drawing of the straked cylinder. The configurations investigated are identified by the angle
θ indicated, with respect to the direction of the free stream.

in non-dimensional form as
πm∗

4
ÿ∗c +

π3m∗

V 2
r

y∗c = F ∗y (ÿ∗c , ẏ∗c , t∗). (3)

The non-dimensional parameters m∗ = 4M
ρπD2L and Vr = U∞

fnD are the mass ratio and reduced velocity respectively

and F ∗y = CL
2 = Fy

ρU2
∞DL is the non-dimensional force imposed by the fluid in the direction of motion. The

corresponding dimensional structural parameters are the dimensional mass M and the structural stiffness K .
fn is the natural frequency of the structure in vacuum (fn =

√
K/M/(2π)), L is the (axial) length of the cylinder

and CL is the lift coefficient. The structural equation was integrated using Newmark’s scheme (Newmark,
1959).

The equations (1), (2) and (3) have to be solved in a coupled manner. The fluid load F ∗y in eq. (3) is
calculated from the solution of the flow equations (1)-(2), and the velocity of the flow on the boundaries, which
are necessary for the solution of eqs. (1)-(2), is determined by the solution of the structure equation (3). In
this work, the structure and flow solvers were loosely coupled, similar to the work of in Jester & Kallinderis
(2004), since the time step sizes necessary for the solution of the flow equations (i.e. the CFL restriction) were
sufficiently small to yield convergent loosely-coupled schemes.

RESULTS

We have simulated the flow around a bare cylinder with diameter D, to serve as a benchmark case, and around
a cylinder with three strake ribbons, each one with a cross section of 0.2D of height and 0.05D of width. We
have tested five different configurations of the straked cylinder: the first had one of the strakes aligned with the
flow, pointing in the upstream direction, and the four other configurations were obtained rotating the cylinder
in steps of 15 degrees in the anti-clockwise direction, as illustrated in figure 1. We employed circular meshes
to run the simulations. This choice was made because we intend to extend the code to run three-dimensional
simulations, and we envisage a way of dealing with helical geometry that will require circular meshes. The
meshes were very refined close to the cylinder and strakes and had coarser elements away from the body.
We have employed velocity inlet boundary conditions on the left-hand border of the mesh: (u = 1, v = 0) and
a high-order boundary condition for the pressure as explained in Karniadakis et al. (1991). On the right-hand
border outflow conditions were employed, i.e., (∂u/∂n = 0, ∂v/∂n = 0, p = 0). No-slip boundary conditions
were imposed on the cylinder and strakes surfaces. A 8th degree Jacobi polynomial was employed as test
function in all mesh elements. This discretization was chosen after a rigourous convergence test that analysed
the variation of the most important integral quantities (mean drag coefficient, Strouhal number and RMS of the
lift coefficient), and ensured a relative error of less than 0.1% in these quantities for fixed cylinders.

First, we show the results from the simulations with fixed cylinders. Next, we present simulations for cylin-
ders mounted on an elastic base, with mass ratio equals to 10.0 and zero structural damping, and vary the
reduced velocity from 2.0 to 15.0, keeping the Reynolds number constant, i.e. changing the stiffness of the
structure. All the simulations were run for more than 1000 non-dimensional time units.

Fixed cylinders
Table 1 shows the force coefficients obtained from the simulations of the flow around the fixed configurations.
It can be seen that the value of all the quantities vary significantly from one geometry to the other. It is also
remarkable the increase in drag when the cylinders are fitted with strakes. For these fixed configurations, the
presence of strakes also increases the fluctuation of the lift coefficient, as can be seen in the column with CL
RMS data.

Cylinders mounted on elastic bases
Figure 2(a) shows the amplitude vibration of the cylinder as a function of the reduced velocity, for all config-
urations. It can be seen that the bare cylinder exhibits a typical low Reynolds number VIV response, with
significant amplitudes located on a limited range, which is the synchronisation range. Within this range, the
frequency of vortex shedding is approximately equal to the natural frequency of the structure, as can be seen
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Table 1: Force coefficients obtained from the simulations around fixed cylinders.

Geometry St C̄D CL RMS C̄L
Bare Cylinder 0.185 1.323 0.365 0.000
Strakes 0◦ 0.171 2.009 0.602 0.000
Strakes 15◦ 0.170 1.968 0.616 -0.789
Strakes 30◦ 0.161 1.969 0.694 -1.281
Strakes 45◦ 0.135 2.371 1.060 -0.718
Strakes 60◦ 0.136 2.568 1.183 -0.001
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Figure 2: Structural responses of the configurations mounted on elastic bases.

in Fig. 2(b). For the parameters studied here (Re = 150 and m∗ = 10), the maximum amplitude of vibration is
about 0.56D and the synchronisation occurs for 4.0 < Vr < 7.5.

The straked cylinders show different responses. For the configurations with 0◦, 15◦ and 30◦ rotations, the
responses are similar to that obtained with the bare cylinder: there is a synchronisation range for which the
amplitude of vibration is significant and outside this range the amplitude is small. This reduced velocity range
is the same as that of the bare cylinder. However, the amplitudes are smaller within the synchronisation range
when compared to the bare cylinder, reaching a maximum of about 0.51D. In contrast, the configurations
with 45◦ and 60◦ rotations show a strikingly different behaviour. For 45◦ rotation, there is a synchronisation
range too, but it is wider than for the previous cases, starting at Vr = 4.0 and finishing at Vr = 10.0, reaching
amplitude values of about 0.69D. After this synchronisation range, there is a region of very high amplitudes,
for Vr > 11.0. In this region, the cylinder is vibrating due to galloping. Figure 2(b) shows that during galloping,
the structure vibrates at the natural frequency. This is different from what happens to the other configurations,
since for those at high reduced velocities the cylinder vibrates at the Strouhal frequency. For the configuration
with 60◦ the galloping range merges with the synchronisation range, there is no clear separation between
them.

Figure 3 shows some examples of instantaneous vorticity contours obtained with configurations mounted
on elastic bases at reduced velocities for which the amplitude of vibration was large. The bare cylinder, shown
in Fig. 3(a), exhibits the typical Kármán wake, while the other configurations present different vortex patterns.
For 15◦ rotation within the synchronisation range (Fig. 3(b)), the vortex wake is regular, with vortices of oppo-
site vorticity on different sides of the wake, but the wake itself is much wider than in the bare cylinder case.
Figure 3(c) shows contours for 45◦ rotation at the peak amplitude of the synchronisation range. We see that
the wake is not regular and the vortices interact in a manner completely different from the previous two cases.
Finally, a galloping case is illustrated in Fig. 3(d), in which the separation and reattachment of the boundary
layer, typical from galloping responses, can be seen on the lower part of the cylinder. The vortex wake is not
regular in this case either.

CONCLUSION

The results show that two-dimensional strakes are not effective in suppressing VIV, so we conclude that the
helical geometry is a prime feature of this device. Although the simulations do not reproduce what happens with
helical strakes, the results presented here give some insights of the mechanisms involved in the suppression.
We could see that the flow fields and response of the structure changes dramatically with just a slight change
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(a) Bare cylinder – Vr = 5.5 (b) Strakes 15◦ – Vr = 6.5

(c) Strakes 45◦ – Vr = 8.0 (d) Strakes 60◦ – Vr = 12.0

Figure 3: Instantaneous non-dimensional vorticity contours for cylinders mounted on an elastic base, selected
configurations and reduced velocities. Values range from −3.3 (blue) to 3.3 (red).

of the angle of the geometry with respect to the incoming flow direction. For example, we could see VIV
or galloping happening at the same reduced velocity, depending on the straked cylinder rotation. Therefore
we expect that the flow will be completely de-correlated along the span, and this certainly contributes to the
vibration suppression. In the next stages of the research, we are going to extend the computational code in
order for it to be able to simulate the flow around a three-dimensional helical geometry.
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Abstract 
 

Two-dimensional fluid flow around an oscillating cylinder is studied numerically at different values 
of oscillation frequency, amplitude and Reynolds number. The Reynolds number ranges from 150 
to 10e4, a regime that includes both laminar and turbulent flow. Turbulence is taken into account 
for Re>300. Effects of amplitude and frequency of the imposed oscillation on frequency locking of 
the vortex–shedding street are studied for different Reynolds numbers. The simulation results are 
in agreement with previously published data with some difference regarding the shape of the  
lock-in region. 
Keywords: oscillating systems, CFD, Von Karman vortex street 
 
 

Application and results 
 
Flow past a (an) fixed (oscillating) circular cylinder has been studied extensively because of its 
many practical applications. So, this is important to study the behavior of flow and its interaction 
with the cylinder in a wide range of flow speeds. Lu and Dalton [1], Anagnostopoulos [2] and 
Nobari et al. [3] have performed numerical and experimental studies of the hydrodynamic forces, 
wake geometry and vortex formation of an oscillating cylinder. The numerical study of the flow past 
a circular transversely oscillating cylinder, at different Reynolds numbers, are presented in this 
paper. The time histories of the transverse component of the fluid velocity are plotted for several 
points in the wake of the cylinder. Analyzing the Power Spectral Density (PSD) plots, the shedding 
frequency is determined. A detailed comparison confirms a good agreement between results with 
available literature.  
For the sake of simplicity, we used the velocity and pressure information for a fixed point at the 
wake instead of lift and drag coefficients. Numerical simulations are implemented at different 
Reynolds numbers correspond to Re=150, 300, 1000 and 104. These Re numbers cover both 
laminar and turbulent flows and make a comprehensive perception on the behavior of the flow 
around a moving cylinder. All simulations are in 2D and turbulence is integrated for Re>300.   
At first, Strouhal frequency, 

€ 

fs, for each Reynolds number is computed from a fixed cylinder and is 
used in further analysis. In all cases the cylinder was excited sinusoidally, with the displacement 
given by 

€ 

y = Asin(ωct), 
where 

€ 

ωc  is the circular frequency oscillation of cylinder and 

€ 

A is the oscillation amplitude. The 
initial displacement of the cylinder is zero. Computations were conducted at various conditions of 
the frequency ratios, 

€ 

fr , and amplitude ratios, 

€ 

A /D , where 

€ 

fr  denotes the ratio of the cylinder 
oscillation frequency, 

€ 

fc , to the natural shedding frequency, 

€ 

fs, and 

€ 

D  is cylinder diameter. The 
cylinder is forced to oscillate at a range of amplitudes and frequencies, including 0.01 to 1 for 
amplitude ratio (

€ 

A /D ) and 0.1 to 2 for frequency ratio (

€ 

fr ). For each case considered, the time 
history of the transverse component of the fluid velocity is plotted for series of points located in 
wake downstream of the cylinder. As an example, the time histories of the transverse component 
of the fluid velocity and their corresponding power spectra plots at Re=150 for 

€ 

fr =1.5 and 

€ 

A /D  
equals to 0.2, 0.3 and 0.5 are displayed in Figure 1(a-f). The Strouhal frequency (

€ 

fs) is computed 
for a fixed cylinder at this Reynolds number and is equal to 0.38.  



 
Figure 1: Trace of the transverse component of velocity and its power spectra at Re= 150 for 

€ 

fr = 1.5 and 

€ 

A /D = 0.2 (a,b), 

€ 

A /D = 0.3 (c,d) and 

€ 

A /D = 0.5 (e,f) 
 
As can be seen from Figure1-b, when the amplitude is 20% of a diameter, the prominent frequency 
is 47% of the cylinder oscillation frequency.  Since the prominent peak is not equal to the cylinder 
oscillation frequency this combination cannot be considered as "locked". When the amplitude 
becomes 30% of a diameter, Figure 1-d, two peaks are detectable; one exactly at the cylinder 
frequency, another equal to 0.54% of 

€ 

fc . Since the prominent frequency is absolutely equal to the 
cylinder oscillation frequency, the wake is locked. Because the magnitude of the first peak is 
considerable, it can be conclude that this combination is close to lock-in boundary. If the amplitude 
of the cylinder increases to 50% of a diameter, Figure 1-f, the first peak would shrink dramatically 
and there is one prominent peak exactly equals to cylinder frequency. Consequently, if the power 
spectrum contains a prominent frequency absolutely equal to the cylinder oscillation frequency as 
in Figure 1(d, f), the wake can be considered as "locked'', although other frequencies may be 
present at a lower level. Also, it is evident that, for a constant frequency ratio, synchronization 
persisted for a further increase in amplitude.  
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Figure 1:
Trace of the transverse component of velocity and its power spectra for fr = 1.5 and A/D = 0.2 (a,b),

A/D = 0.3 (c,d) and A/D = 0.5 (e,f).

decreases as the amplitude increases. When the oscillation amplitude exceeded a threshold, the shedding
frequency no longer changes. This implicate that the wake is locked and persists on synchronization for
further larger amplitudes. For fc > fs(fr > 1), the manner is slightly different. Increasing the amplitude,
the shedding frequency decreases at the beginning. At a certain value of amplitude ratio, any increment
to amplitude causes further growth in shedding frequency value. This continues to a point which the
shedding frequency remains constant for larger oscillation amplitudes.
It can be concluded for all of the combinations that as the cylinder starts to oscillate, the shedding
frequency deviates from the natural shedding frequency for the fixed cylinder and converges to cylinder
oscillation frequency. For a certain value of oscillation amplitude the shedding frequency synchronizes
with cylinder oscillation frequency (consider as ”locked”) remains locked for larger oscillation amplitudes.
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In Figure 2 the shedding frequency 

€ 

fs is displayed as a function of amplitude ratio for different 
cylinder oscillation frequency. For 

€ 

fc < fs ( fr < 1) , the shedding frequency decreases as the 
amplitude increases. When the oscillation amplitude exceeded a threshold, the shedding 
frequency no longer changes. This implicate that the wake is locked and persists on 
synchronization for further larger amplitudes. For 

€ 

fc > fs ( fr > 1) , the manner is slightly different. 
Increasing the amplitude, the shedding frequency decreases at the beginning. At a certain value of 
amplitude ratio, any increment to amplitude causes further growth in shedding frequency value. 
This continues to a point which the shedding frequency remains constant for larger oscillation 
amplitudes.  
 
 

Figure 2: Shedding frequency, 

€ 

fs, as a function of amplitude ratio, 

€ 

A /D , for different cylinder oscillation 
frequency at Re=150. Strouhal frequency is equal to 0.38.  

 
The boundary of the lock-in region is presented in Figure 3. As the amplitude increases, the lock-in 
region will spread. Also, unlike to the curves drawn by Blevins (1994; p. 55, figure 3-10) [4], the 
lock-in boundaries for different frequency ratios are not symmetrical with respect to the vertical line 
through 

€ 

fr = 1. It can be concluded for all of the combinations that as the cylinder starts to oscillate, 
the shedding frequency deviates from the natural shedding frequency for the fixed cylinder and 
converges to cylinder oscillation frequency. For a certain value of oscillation amplitude the 
shedding frequency synchronizes with cylinder oscillation frequency (consider as "locked") remains 
locked for larger oscillation amplitudes.  
 
 

Figure 3: Boundary of the lock-in region for Re=150 

frequency no longer changes. This implicate that the wake is locked and persists on synchronization for
further larger amplitudes. For fc > fs(fr > 1), the manner is slightly different. Increasing the amplitude,
the shedding frequency decreases at the beginning. At a certain value of amplitude ratio, any increment
to amplitude causes further growth in shedding frequency value. This continues to a point which the
shedding frequency remains constant for larger oscillation amplitudes.
It can be concluded for all of the combinations that as the cylinder starts to oscillate, the shedding
frequency deviates from the natural shedding frequency for the fixed cylinder and converges to cylinder
oscillation frequency. For a certain value of oscillation amplitude the shedding frequency synchronizes
with cylinder oscillation frequency (consider as ”locked”) remains locked for larger oscillation amplitudes.
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Figure 3:
Shedding frequency, fs, as a function of amplitude ratio, A/D, for different cylinder oscillation

frequency

Figure 4 shows the shedding frequency versus cylinder oscillation frequency for different A/D ratios.
The lines with different A/D ratios altogether behave in the same way. For a constant oscillation
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Figure 4 shows the shedding frequency versus cylinder oscillation frequency for different 

€ 

A /D  
ratios. The lines with different 

€ 

A /D  ratios altogether behave in the same way. For a constant 
oscillation amplitude the shedding frequency deviates from frequency corresponding to natural 
shedding frequency for fixed cylinder [5]. This corresponds to the first part of the plots where there 
is a reduction in the shedding frequency. All lines overlap for the middle part of the plot. This part 
represents the lock-in region and if a line has been drawn through this part, it would pass 
coordinate origin with the slope of unit. There are two points at both sides of this line that the slope 
of the line changes. These points are the boundaries of the lock-in region. When the cylinder 
oscillation frequency goes beyond a certain value, the wake cannot follow the cylinder anymore 
and would shed with different frequency.  
 
 

Figure 4: Shedding frequency, 

€ 

fs, as a function of cylinder oscillation frequency for different 

€ 

A /D  ratios 
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Estimation of aeroelastic response of submerged bodies and its implications on the flow field 

are associated with a number of uncertainties. A few sources of these uncertainties are 

variation in the fluid density, elastic and inertial properties and geometric imperfection of the 

submerged body. A reliable prediction, therefore, should consider these uncertainties into 

account. Such a prediction can be made in a probabilistic framework where the uncertain 

parameters are modeled as random variables, vectors, or processes. The uncertainties in 

the parameters are then propagated using a computational tool to predict the probabilistic 

behavior of the response. Modeling the random parameters and propagating the uncertainty 

adds a considerable mathematical and computational challenge in the prediction task. 

 

In this work, the probabilistic behavior of a fluid flow due to uncertainties in the boundary 

conditions is studied. It is assumed that the submerged body is not affected by the flow field. 

Geometric imperfection in the submerged body is considered as a major contributor toward 

the uncertainty, which is modeled using a set of continuous mean-square integrable random 

variables with suitable probability distributions. This problem can be considered as a 

precursor of a more complex fluid-structure interaction problem. The main goal here is to 

develop a computationally efficient way of uncertainty propagation. The flow field --- 

assumed to be incompressible, inviscid, and irrotational --- is computed using panel method. 

The panel method adopted in this study involves representation of the submerged body by a 

closed polygon of vortex panels. The circulation density which plays a vital role in lift 

calculation on each panel is assumed to vary linearly from one corner to the other and is 

continuous across the corner. The solution of the simultaneous equations --- formed by 

applying zero normal flow boundary condition --- is eased by incorporating the Kutta 

condition which is then followed by additional calculations of pressure and tangential velocity 

components on each of the panels. 

 



 

 

To propagate the uncertainty Monte Carlo Simulation (MCS) is performed first. In this 

method, first set of realizations of the random parameters are generated. Each of these 

realizations corresponds to a realization of the physical uncertain system. Then the flow 

solver --- the panel method here --- is invoked for each individual realization. Finally, the 

quantities of interest in the flow field --- for instance, mean and standard deviations of the 

velocity field --- are estimated using statistical averaging over these realizations. Since the 

flow calculations are done a number of times, in general MCS is computationally expensive. 

To find a computationally more efficient way, applicability of the stochastic finite element 

method (SFEM) is explored. In this method, the flow variables such as velocity and pressure 

fields are expressed using a set of random orthogonal polynomial bases. Estimation of the 

coefficients in these expressions poses the main computational challenge in SFEM. 

Numerical studies are conducted to study the advantages and disadvantages of both the 

methods. Feasibility of a few other uncertainty propagation tools is also discussed. 

 

Further scope of this work will be to consider the flexibility of the submerged body into 

analysis, which may require tailoring or adapting the uncertainty propagation methods. 
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1. ABSTRACT 
Two-dimensional numerical investigations have been carried out to study the characteristics of 
unsteady wake for flow past a transversely oscillating square prism confined in a parallel 
channel. The unsteady square prism in consideration is set in oscillatory motion with an 
excitation frequency synchronous with that of the natural vortex shedding frequency in the wake 
behind a stationary square prism. The present work, focuses on investigating the effect of 
amplitude of oscillation over vortex shedding mechanisms and their possible pairing-up 
phenomena at low Reynolds numbers. For that reason computations are carried over a range of 
amplitudes of transverse oscillations and for different Reynolds number values of 100, 150 and 
200. The effect of amplitude on drag and lift forces on oscillating square prism is also studied. A 
computational code has been developed based on finite difference method using dynamic grid 
approach to solve the governing equations and boundary conditions. 
 
 

2. INTRODUCTION 
In practical situations, we often encounter flows past oscillating bluff bodies as well as oscillating 
flows past stationary bluff bodies. Whenever a structure is exposed to a flow stream, under 
unsteady conditions, periodic fluid forces are imposed on the structure. The structure 
oscillations could be either flow induced or externally forced. The mechanics of flow-induced 
oscillations can be very well studied by examining the interplay between the vibrating body and 
the unsteady near wake. The phenomenon of oscillating bluff body in cross flow, is associated 
with various fluid mechanical puzzles such as frequency lock-in, the nature of lift and drag 
forces over the body, wake formation lengths, etc. The inferences reported so far in the 
literature point out the subtle differences in flow physics between in stream and cross stream 
oscillations of bluff body. In the past, numerous experimental studies have been carried out to 
study the characteristics of unsteady wake behind the oscillating bluff bodies in cross flow, viz., 
Koopmann (1967), Griffin and Ramberg (1976), Ongoren and Rockwell (1988a,b), Williamson 
and Roshko (1988) to name a few. One of the approaches to numerically solve the problem of 
flow past oscillating bluff bodies is that of application of dynamic grids. Patil and Tiwari (2009) 
have demonstrated dynamic grid approach to solve flow past vibrating upstream square cylinder 
in presence of an inline stationary downstream square cylinder for Re = 200. They considered 
fixed amplitude for oscillation of the upstream cylinder and varied its excitation frequency. The 
present work investigates the effect of amplitude of oscillation of the square prism on unsteady 
wake behavior for fixed oscillation frequency. 
 



3. PROBLEM STATEMENT AND NUMERICAL TECHNIQUE 
Figure 1 shows the computational domain of the square prism confined in a parallel channel. 
The side length of the prism (d), responsible for the boundary layer development, is considered 
to be the characteristic dimension. The excitation frequency of the oscillating prism, fe is fixed at 
fo; where fo is the vortex shedding frequency in the wake behind the stationary square prism. 
The governing equations of continuity and momentum have been solved using finite difference 
approach and MAC algorithm. The problem of flow past oscillating obstacles employs the 
concept of dynamic grids, which involve dynamic handling of the unsteady boundary conditions. 
Figure 2 shows schematic of the grid on the two-dimensional physical domain for a square body 
oscillating transversely in cross-flow with an excitation frequency fe in general. 

 
Fig.1: Schematic of the computational domain 

 

 
Fig.2: Schematic of the vibrating square cylinder over the two-dimensional grid lines 

 
To study the wake characteristics for flow past synchronously oscillating square prism, 
computations have been carried out for domain size: stream-wise length, L1 = 16d and length in 
cross-stream direction, L2 = 8d; with air as the working fluid. The results presented herein 
correspond to the computations performed on uniform mesh of size of 240 x 200. The uniform 
mesh provides an ease in control of the algorithm while testing out with the dynamic boundaries 
approach. Moreover, the study also made equal use of non-uniform meshes which provided the 
necessary refinement near the square prism while looking out into the vortex formation region of 



near wake. The computational approach has been pre-verified for its stability and consistent 
performance. 
The computations have been carried out over a range of Reynolds number (Re = 100, 150 and 
200) and amplitudes of oscillation of the square prism (A = 0.16d to 1.2d). The excitation 
frequency (fs) in each case equals the shedding frequency (fo) behind the stationary square 
prism, i.e. the regime focusing on the lock-in phenomenon as reported extensively in literature. 
 

4. RESULTS 
The vortex shedding frequency (fo) of stationary square prism is observed as 0.220, 0.207 and 
0.195 for Re = 100, 150 and 200 respectively; which goes in agreement with Breuer et al. (2000) 
and Sharma and Eswaran (2005). They reported that the shedding frequency behind the 
stationary square prism decreases with increase in Reynolds number for particular blockage 
ratio (d/L2) of 0.125. Figure 3 shows one of the early investigation results concerning variation of 
Strouhal number with amplitude ratio (A/d). A similar trend in variation of shedding frequency is 
observed for all the Reynolds numbers considered.  
 

 
Fig.3: Variation of Strouhal number with amplitude ratio 

 
The vortex shedding frequency behind the transversely oscillating square prism decreases with 
increase in amplitude and it remains constant over a range of amplitudes from 0.32d to 0.8d. 
Since the simulations are performed for the established ‘lock-in’ regime (fe = fo), the key 
observation to be made is that the Strouhal number (in present case the frequency of vortex 
shedding) is in close agreement with the excitation frequency (fe). Authors would like to mention 
that the close agreement between Strouhal number and the excitation frequency is within 5%. 
Moreover, it is also evident from Fig. 3 that the perfect synchronization occurs over the 
amplitude range of 0.4d < A < 1.2d for transverse oscillations of the square prism indicating the 
lock-in phenomenon.  
While studying a physical problem, it would be of interest to have a look over the temporal 
evolution of the unsteady flow field. Here, Fig. 4 shows the illustrative vorticity field plots for A = 
0.8d and Re = 100 over one time period of oscillation of square prism. It can be seen that the 
vortex shedding behind the oscillating square prism follows a ‘2S’ pattern as reported by 
Williamson and Roshko (1988) in the synchronization range. Hence, it drives the curiosity about 
what other vortex street mechanisms might exist with variation in the amplitude of oscillation and 
the flow regime as dictated by the Reynolds number. 



  

  
Fig. 4: Vorticity contour plots in the wake of transversely vibrating square prism over a time 

period of vibration 
 
 
Further results include the comprehensive examination of vortex shedding modes behind 
transversely oscillating square prism, variation of Strouhal number as well as variation of drag 
and lift on the prism with amplitude for different values of Reynolds numbers. 
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1 Introduction

It is well known that when a bluff body is flexibly mounted, it results in flow induced vibrations (FIV) due
to fluctuating pressure forces that acts on the body. These vortex induced oscillations impact the vortex
dynamics, some times leading to structural failure when the shedding frequency coincides with natural
frequency of the body ([1]- [3]). The supression of vortex shedding and control of flow induced oscillations
is of great practical significance in a number of applications such as, riser tubes, off shore structures,
chimneys, buildings, bridges, stacks, transmission lines, mooring cables, heat exchanger tubes etc [4].
Understanding the fluid structure interaction coupling in flow past an elastically mounted body is crucial
before atempting to control the vortex induced oscillations. A large number of systematic experimental,
analytical and numerical studies are available in the literature on FIV ([1], [3], [5]).

Generally reduction of flow induced vibrations is achieved by increasing the natural frequency of the
body by increasing the stiffness (or) redistributing its mass [4]. The rapid advances in materials, is making
the structures more flexible and lighter, this necessitates analysis of vortex induced vibrations. Therefore
the ability to manipulate and control the flow field to reduce flow induced oscillations is gaining importance.
Control of these vibrations can be attained by modifying the fluid forces responsible for oscillation, either
through active or passive means ([6] - [8]). Active closed loop control naturally lends itself to feedback mech-
anism. Inspired by the pioneering work on chaos control by OGY [9], Patnaik and Wei [10] have proposed
a strategy for controlling wake vortices behind a D-cylinder. The strategy of momentum injection control
was further extended by Muddada and Patnaik [11] to control vortex shedding behind a circular cylinder by
means of two symmetric rotating elements. In the present investigation, a closed-loop feedback control al-
gorithm is designed and implemented to suppress the flow induced oscillations. The governing equation for
momentum injection is then coupled with the mass and momentum equations and the dynamical evolution
equation for structure. The fluid forces and flow visualization is obtained to investigate the efficacy of the
control cylinders and the closed loop feed back algorithm on the self excited oscillations.

2 Governing equations and numerical methodology
In the present study, the fluid flow features are modeled by assuming a two dimensional, unsteady and
incompressible flow, past the main circular cylinder with two small control cylinders. To enable momentum
injection, two simple rotary type control cylinders are located at 120o, behind the main cylinder. The ratio of
main cylinder, control cylinders and the gap between them is maintained at D: 0.1D: 0.01D respectively. The
control cylinders are rotated (top one clock-wise and bottom one counter clock-wise) to enable momentum
injection. The governing mass and momentum conservation equations in the non-dimensional form, can be
written as follows:

∂ui

∂xi
= 0, (1)

∂ui

∂t
+ uj

∂ui

∂xj
= − ∂p

∂xi
+

1
Re

∂2ui

∂xj∂xj
. (2)

Here, ui (or) uj refers to velocity either in the streamwise x or crossstream y direction. The flow domain
of interest with the corresponding boundary conditions are shown in Fig. 1(a). For the purpose of clarity,

∗corresponding author, Email: bsvp[at]iitm.ac.in

1



(a) (b)

Fig. 1: (a). Computational domain of interest with different boundary conditions and (b). close-up view of
control cylinder as implied by the rotation parameter.

close-up view of moving wall boundary condition on the top control cylinder is shown in Fig. 1(b). The
popular finite volume based SIMPLE scheme [13], which is incorporated in Fluent version 6.3 [12] is used
in our numerical calculations. A first order accurate semi-implicit scheme is chosen for the time integration.
The spatial discretization is performed on a standard collocated grid using finite volume method. Further
details related to the flow solver and spatial discretization scheme are discussed in detail in popular ref-
erences such as Patankar [13]. Since the present study involves dynamic meshing to accommodate for
the oscillations, a mesh with triangular elements is chosen to enable to quick changes (deformations) in
elemental connectivity.

2.1 Cylinder motion and coupling algorithm
The study of vortex induced vibrations entails the computation of forces for flow past the cylinder and its
temporal evolution. This in turn necessitates calculation of the cylinder displacement which is triggered by
the fluctuating lift force acting on the structure. The most common model used to describe the motion of
the structure is through the idealizations involving mass, spring and damper system. Motion is enabled only
along the y-direction by virtue of its connectivity to linear springs. The governing equation for the structure
is given by,

mÿ + cẏ + ky = FL(t) (3)

where FL(t) refers to the fluctuating lift force. The parameters associated with the structure, viz., mass
(m), damping (c) and stiffness (k), are chosen inline with earlier experimental studies. Once the lift force
(FL(t)) is determined by solving the Navier - Stokes equations, the ordinary differential equation (3) can be
solved to find the position of the cylinder. At the end of each time step, lift force on the structure is obtained
from the flow solver. The current position of the centre of gravity of the cylinder is updated and its position
at the next time step is obtained.

2.2 Closed-loop control algorithm
To investigate the dynamic nature of the vortex induced oscillations and its suppression a sensitivity check
is carried out by designing a simple control equation as suggested in Refs. [10] and [11]. Based on the
displacement, the maximum standard deviation (σ(t)) against time in each cycle of oscillation is constructed
as

σ(t) = max |yCG(t)− ỹCG(t)| (4)

where yCG denotes the position of the centre of gravity of the vibrating cylinder about its desired equilib-
rium position ỹCG, which is free from oscillations. This is coupled to the control cylinder velocity by means
of a rotation parameter ξ = Uc

U∞
and is given by the equation (5) below.

dξ

dt
= Cσ(t) (5)

Furthermore, this control equation is incorporated along with the equation of structure and solved with
mass and momentum conservation equations. Here, the coefficient C is proportionality constant and can
be varied like a fuzz factor.
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3 Results and Discussion
Before attempting the original problem, we carried out the simulations to capture the dynamics of the vortex
structures past a rigid cylinder. The spatio-temporal dynamics of the wake zone is best reflected through the
streakline visuals which is shown in Fig 2 (a). Validation of numerical values of fluid flow parameters such
as, Strouhal number, average drag and RMS lift coefficient have been performed. Extensive grid sensitivity
studies are carried out to enable consistency for the parameters of interest (see Ref [11] for more details).

(a)

(b)
(c) (d)

FIG. 2: Vortex shedding behind a (a) stationary circular cylinder and (b) oscillating circular cylinder. Tem-
poral history of (c) displacement and (d) lift coefficient of the oscillating cylinder at Re = 100.

When a cylinder is flexibly mounted, it under goes free vibrations. These oscillations are triggered by
the fluid forces, which in turn determine the motion of the cylinder. It is observed in Fig 2 (b) that wake
is wider in the case of flexible mounted cylinder when compared to the that of a stationary cylinder. The
temporal history of the oscillating cylinder displacement and lift coefficient is depicted in Fig 2 (c) and Fig 2
(d) respectively. The maximum amplitude (y/D) of oscillation is 0.65 and frequency ratio (fn/fst) is 0.82.

(a) (b) (c)

FIG. 3: Temporal history of (a) displacement (y/D) and its associated rotation parameter, (b) lift coefficient
(Cl) and (c) drag coefficient (Cd) of the oscillating cylinder with control two control cylinders while control
algorithm is acting at Re = 100.

The control equation described in the section 2.2 is coupled with the governing equations of both struc-
tural motion and fluid flow. Control cylinder rotations are switched on (indicated by A ), only after reaching
the full blown form of steady periodic oscillations as shown in Fig.3 (a). The rate of injection of momentum
(through ξ(t)) gradually picks up and reaches a steady state value, while the amplitude of the oscillations
(y/D) droops down (see the Fig. 3 (a)). We observed the complete supression of oscillations at study state
value of ξ(t) = 1.48. The concomitant changes in the fluctuating lift and drag forces are indicated in Fig.3
(b) and Fig.3 (c) respectively.

The temporal evolution of wake stabilization process is presented in the form of streakline visuals as
shown in Fig. 4. A wide and fully developed wake is obseved in the Fig.4 (a) at t = 100 where control
cylinders start rotating. Once the control is switched on, the actuators starts injecting the momentum into
the wake and a quiescent state of wake is achived through gradual changes as depicted in Fig 4 (b)-(d).
The complete suppression of vortex shedding and flow induced oscillations is achived at t = 250 where the
rotation parameter (ξ) reached the steady state value.

3



(a) t = 100 (c) t = 150

(b) t = 120 (d) t = 250

Fig. 4: Temporal evolution of streakline patterns at different time levels by coupling control cylinder rotations
to main cylinder oscillation.

4 Conclusions
Control of vortex structures past a flexibly mounted cylinder is investigated for Re = 100. The wake structure
is revealed by tracking numerically released passive tracers. It was observed that vortex shedding and flow
induced oscillations are completely controlled with momentum injection. The flow induced vibrations are
effectively suppressed with the present closed-loop feedback control strategy. Through the flow visualization
one can notice complete control of cylinder oscillations when rotation parameter (ξ) reached 1.48.
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    SUMMARY 
 

Highly-loaded turbomachine blades can stall under off-design conditions. In 
this regime, the flow can separate close to the leading edge of the blade resulting 
in periodic formation of vortices that can lead to blade vibrations, commonly 
referred to as stall flutter. Towards understanding this phenomenon, we 
experimentally study the propensity of an isolated NACA 0012 foil (with chord c) to 
undergo self-excited oscillations at high angles of attack and at low Reynolds 
numbers (Re ~ 30,000). We force the foil, placed at large mean angle of attack, to 
undergo small amplitude pitch oscillations and measure the unsteady loads on the 
foil. From the measured loads, the direction and magnitude of energy transfer 
to/from the foil is calculated. Systematic measurements have been made for 
varying mean foil incidence angles and for different excitation amplitudes and 
frequencies (f). These measurements indicate that post stall there is a possibility of 
excitation of the foil over a range of Strouhal Numbers (St = fc/U) with the 
magnitude of the exciting energy varying with amplitude, frequency and mean 
incidence angles. In particular, the curves for the magnitude of the exciting energy 
against Strouhal number (St) are found to shift to higher St values as the mean 
angle of attack is increased. The unsteady flow around the blades responsible for 
these exciting forces is being studied using PIV. 

 
Turbomachinery blades are subjected to unsteady fluid-mechanical forces and these can lead 

to blade vibrations that are detrimental both for the structural integrity of the blade and the overall 
machine performance. There are many sources for unsteady fluid forces in a turbomachine. In the 
present work, we focus on vortex shedding from blades near stall angles, which can be an 
important source. 

 
Due to its practical application, the flutter vibration of turbo-machine blades has been studied 

by a number of investigators. Srinivasan (1997) gives an overview of the different aspects of 
blade vibrations in a real machine with a review of the literature in the field. Direct experimental 
measurements of the unsteady loads on forced blades have been done by a few investigators, for 
example by Buffum et al. (1998) and Zhu et al. (2004). Buffum et al. (1998) report that at large 
incidence angles there is a significant effect on the unsteady pressure distribution, particularly in 
the separated flow region. Zhu et al. (2004) have evaluated the phase difference (Φ) between the 
unsteady torque and blade’s oscillating displacement. This phase difference is used to infer the 
possibility of self oscillation of a thin cambered blade. At low Reynolds numbers, there have also 
been studies on the forces and flow field around foils at large incidence angles (Alam et al., 
2010). 

 
In the present work, we study the unsteady loads and the wake velocity field of a foil forced to 

undergo pitch oscillations close to stall at low Reynolds numbers (Re = 31,250). The incidence 
angle of the foil in this case may be written as: α = αm + α0 sin(2πf t), where αm is the mean angle 
of attack, α0 is the amplitude of pitch oscillation and f is the corresponding oscillation frequency, 
as is schematically shown in figure 1. 

 
The experiments were performed in a water tunnel with a test section that is 1200 mm long, 

280 mm wide and 400 mm high. The uniform velocity maintained in the test section for this study 
was U = 25 cm/s. The foil used was a NACA 0012 with a chord of c = 125 mm and a span of s = 
300 mm. End plates were used on both sides of the foil span to help promote two dimensionality 



of the flow. The oscillatory motion to the foil was provided by a motor running at constant speed 
attached to a cam follower mechanism. The amplitude of oscillation could be changed by 
changing the cam, while the frequency could be changed by varying the motor speed. A rotary 
potentiometer was used to record the angular displacement of the foil (α), and a load cell was 
used to measure the unsteady force and torque (τ) on the foil. The normalized energy transfer 
over an oscillation cycle (CE) is given by:  

csU

dt
TCE 35.0

1

ρ

ατ∫
•

=  

 

where T is the oscillation period. This can be directly calculated from the measured unsteady 
torque and angular displacement. When CE > 0, the energy transfer is to the flow implying such 
oscillations would be damped, while if CE < 0, the energy transfer is to the foil from the flow 
representing the condition under which the blade can be self-excited into oscillations.  
 

u

mα = α  + α       ωsin0 t

αm

 
Figure 1.  Schematic of NACA 0012 foil kept in a uniform flow and oscillated sinusoidally about 
a mean angle of attack (αm). 

 
We first present results for the stationary foil at different angles of attack (α). The 

corresponding lift coefficient measured with the load cell is shown in figure 2, as a function of α. It 
can be seen that at these low Reynolds numbers, the lift coefficients even at small α are 
substantially different from the thin airfoil potential flow line (2πα), consistent with the results of 
Alam et al. (2010). Further, it may be noted that the lift coefficient values begin to deviate from a 
linear trend at α ~ 10°, suggesting that the stall angle is close to 10°. 
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Figure 2.  Lift coefficient for the stationary NACA 0012 foil versus the angle of attack (α) for the 
present experiments at Re=31,250. Also, shown is the data of Alam et al. (2010) at similar low 
Reynolds numbers (Re=51,000). 
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Figure 3.  Time traces of the measured non-dimensional torque (CM) and the corresponding 
forced angular displacement of the foil. In (a), time traces are shown for a damping case  (CE > 
0) corresponding to St=0.49, while in (b), time traces are shown for an exciting case (CE < 0) 
corresponding to St=0.14. In both cases, αm = 150, α0 = 40. 
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Figure 4.  Variation of amplitude of the amplitude of CM with Strouhal number for αm = 150, α0 = 40. 

 
For the oscillatory tests, the mean angle of attack was set to be around and greater than stall 

(10°) and the amplitude and frequency of oscillation were systematically varied. The unsteady 
torque and angular displacement were measured in each case, and the normalized energy 
transfer per oscillation cycle (CE) calculated. We present in figure 3 example time traces of the 
measured normalized torque (CM) along with the angular displacement (α) for two cases where all 
parameters are kept same except for the forcing frequency (f) represented by the Strouhal 
number (fc/U). The case shown in figure 3(a) has a positive energy transfer (CE > 0), while the 
case in (b) corresponds to negative energy transfer (CE < 0), representing an exciting energy 

CM amp 



transfer. The first striking thing to note is that the shape of the CM curve for the damping case in 
(a) is nearly sinusoidal, while the shape appears to be quite asymmetric in the exciting case, with 
positive and negative displacements about the mean giving rise to quite different CM values. It 
should be kept in mind that in these cases, the mean angle is non-zero, and hence positive and 
negative displacements can be different. The qualitative shapes of the CM time traces shown in 
figure 3 appear to be typical and were seen in all cases. It may also be noted that the phase of 
the CM curve changes in the two cases, as would be expected from the fact that the sign of the 
energy transfer is different in the two cases.  

  
The amplitude of the fluctuating torque (CM amp) is shown in figure 4 as the Strouhal number is 

varied for a mean incidence angle of 150. As may be seen, the amplitude of CM decreases for 
Strouhal numbers in the range from 0.1 to 0.2 and then increases. This appears to be linked to 
the different shape of the CM time trace in the exciting regime, as shown in figure 3. This is made 
clearer in figure 5, which shows the variation of the normalized energy transfer (CE) with Strouhal 
number. It is clear from figure 5 that the Strouhal numbers from 0.1 to 0.2, where the CM 
amplitude decreases, does indeed correspond to the excitation regime (CE < 0). In figure 5, we 
also additionally present results for mean incidence angles of 100 and 200. It can be seen that in 
the 100 case, CE is always positive over the measured range of Strouhal numbers, while in the 
case of 200, CE is negative (exciting) between Strouhal numbers of 0.16 to 0.28. Overall, our 
measurements suggest that beyond stall, exciting energy is possible over a band of Strouhal 
numbers with the band shifting to higher Strouhal numbers as the incidence angle is increased. 
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Figure 5. Variation of the normalized energy transfer per oscillation cycle (CE) versus the 
Strouhal number for mean incidence angles (αm) of 100, 150and 200. In all cases, the oscillation 
amplitude (α0) is 40.  

 
All the results mentioned above are for the case where the amplitude of oscillation is 40. 

Experiments have also been done to study the effect of amplitude on the excitation range and the 
values of excitation energy. From these, contours for CE values are obtained in the plane of α0 
and St, which show a zone of α0 and St values, where excitation of the foil is possible. Further 
experiments are in progress to study the flow field around such oscillating blades using PIV. 
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1. ABSTRACT 
A novel fixed Cartesian grid based method has been developed to simulate two dimensional external 
flow past moving bodies. The method derives from techniques that are generally applied in the realm 
of multi-phase flow computations and uses a source based approach to emulate the effect of solid 
structures in the flow field. The implicit representation of the solid body allows for straightforward 
characterization of flow over arbitrary geometries undergoing complex motion. This results in drastic 
simplification of complexities prevalent in the existing techniques pertaining to the domain 
readjustments and the application of interfacial conditions. A generalized approach for evaluation of 
the hydrodynamic forces acting on arbitrary solid bodies has been proposed, using the principle of 
momentum conservation. The new methodology is applied for the simulation of external flow past a 
circular cylinder undergoing forced vibrations. Phase-locking of the wake for sinusoidal oscillations in a 
certain range of forcing frequencies is predicted successfully, establishing the capability of this 
method. The associated lift and drag force coefficients also corroborate well with those available in the 
literature. 
 

2. INTRODUCTION 
Numerical simulation of fluid flow over moving solid bodies offers great prospects for understanding 
the nuances of complex viscous flow behavior. The conventional numerical approach adopted in such 
simulations can be broadly categorized as moving-grid methods and fixed-grid methods. The moving-
grid methods typically realign the body-fitted mesh in tune with the dynamics of solid structure and the 
varying physical flow domain is mapped to a fixed computational domain using time-dependent 
coordinate transformations [1]. The other class of methods, notably the Immersed Boundary (IB) 
method developed by Peskin [2] uses a single Cartesian grid which spans over both the solid and fluid 
regions of interest. The solid structure is explicitly represented by Lagrangian marker points whose 
configuration is governed by constitutive laws of the material. Other methods employing a similar 
approach include the virtual boundary method of Goldstein et al. [3] where the no-slip condition on the 
solid boundary is imposed using a forcing term governed by a feedback loop. However, as noted by 
Saiki and Biringen [4], issues in these methods primarily arise due to the imposition of forcing terms on 
selected marker points that eventually gives rise to virtual flow fields within the solid domain [5]. This 
has been remedied by various researchers [6] by the use of fictitious domain approach. Here, the 
domain is considered as a porous medium governed by Navier-Stokes/Brinkman equations [7] and the 
forcing term is defined based on the permeability of the medium which is infinite for the fluid phase 
and approaches zero for the pure solid. The current work presents a novel extension to the fictitious 
domain model with enhanced capability to handle dynamic solid structures. It uses the approach of 
Voller and Prakash [8] and Sinha and Sundararajan [9] where the volumetric forcing term is related to 
the local solid fraction through the Carman-Koseny equation [10]. Such a discrete representation of 
the solid body is inspired by the Volume of Fluid (VOF) method where different phases are implicitly 
represented by the local volume fraction FS defined as the ratio of solid volume contained in a 
computational cell to the total volume of the cell. The dynamics of the solid body is transformed into 
temporal redistribution of the discrete solid fractions within the cells of the computational domain. 



Appropriate source terms are then used to make the fluid velocity near the interface to approach the 
rigid-body velocity. The resultant hydrodynamic forces are evaluated using an indirect method which 
conserves the momentum in an arbitrary rectangular control volume enclosing the solid domain.  
 

3. FIXED GRID MODELLING 

                
   Figure 1: Schematic of object immersed in a    
Cartesian grid Ωs - solid; Ωf - fluid; δΩ - interface;             Figure 2: Non-uniform Cartesian grid 
              Γ – Enclosing control volume  
. 
The present strategy facilitates the conversion of constituent laws corresponding to the individual 
media into a unified conservation equation that is applicable to both the phases. The whole 
computational domain Ω (Fig. 1) is considered as a porous medium and the momentum equations 
(given below) are modified by prescribing a forcing term ‘S’ that accounts for the blockage in a each 
computational cell based on the local solid fraction Fs (= 1−λ,where λ is the porosity). 

( ). . TU U U p U U S
t

ρ μ∂⎛ ⎞ ⎡ ⎤+ ∇ = −∇ +∇ ∇ +∇ +⎜ ⎟ ⎣ ⎦∂⎝ ⎠
   (1) 

In the above equation, p represents the gauge pressure and ρ, μ denote the fluid density and the 
dynamic viscosity respectively. The forcing term S acts as a momentum sink (volumetric drag) and is 
generally referred to as the Darcy drag. The primary objective of the porous medium approach 
adopted here is to provide a smooth transition region of about one cell thickness over which the flow 
resistance due to blockage varies from zero (in fluid region) to infinity (in solid region). Generally, as 
the porosity decreases the resistance to flow increases and this results in a decrease of flow velocity 
asymptotically to a limiting value of zero when the medium becomes entirely solid (λ = 0). However, 
with respect to the dynamic solid structures, the flow velocity has to be made asymptotic to the 
instantaneous rigid body velocity Us. Mathematically, this scenario can be emulated by defining the 
source term S as 

( )sS A U U= − −      (2) 

where A increases from zero to a large value, as Fs increases from zero value in the fluid to unity in 
the fully solid region. Since A is zero in the fluid region, the governing equations are simplified here to 
the classical Navier-Stokes equations. In the region near the interface, where 0 < Fs < 1, the source 
terms begin to dominate and the momentum equations approach the Darcy law form. As the local 
solid fraction becomes one, the source term dominates over all other terms in the momentum 
equations and forces the velocity in the solid region to approach the rigid body velocity. In Eq. (2), the 
coefficient A is related to the local solid fraction Fs through the Carman-Koseny expression [11] as 

( )

2

31
s

s

FA C
F q

=
− +

     (3) 



Here, q is a computational constant (0.001) introduced to prevent the situation of division by zero in 
the solid region and the value of C is chosen as 1.6 × 106. For a known solid shape, the precise value 
of local solid fraction Fs is obtained by geometrically estimating the ratio of truncated solid area to the 
total area of the cell. In situations involving dynamic solid structures, the effect of moving solid bodies 
is captured through reassignment of the local solid fraction values at every time step. The solid 
fraction values thus obtained determine the magnitudes of source terms for the momentum equations 
in each computational cell.  
Estimation of hydrodynamic forces acting on the solid body is carried out by integrating the Navier-
Stokes equations over the ‘enclosing control volume’ Γ as given below.  

( ) ( )1 . .s
UF F d U U n dl n dl
t

ρ ρ σ
Ω Γ Γ

∂⎡ ⎤= − − Ω + −⎢ ⎥∂⎣ ⎦∫∫ ∫ ∫    (4) 

The inclusion of (1 − Fs) term in the above equation permits us to easily exclude the inertial force of 
the moving solid body in the force estimation and such exclusion is warranted because this force is a 
resultant of the imposed dynamics and not a component of fluid forces acting on the solid. It is worth 
noting that none of the terms in Eq. (4) depends on the geometry of the immersed solid, making this 
method of evaluating hydrodynamic forces applicable irrespective of the shape, location or type of 
unsteady motion for the solid body inside the ‘enclosing CV’. 
 

4. SIMULATION OF FLOW PAST AN OSCILLATING CIRCULAR CYLINDER 
Using the above formulation, simulations have been performed to predict flow over a circular cylinder 
of diameter, D undergoing sinusoidal oscillations in a uniform stream. The in-line oscillations are 
imposed by updating the location of the cylinder center as xc = xo + a[1 − cos(ωt)] and yc = yo, where 
the location (xo, yo) is (5,5). Here, ω is two times the forcing frequency (fo) and a is the amplitude of 
oscillation. A typical Cartesian mesh using in solving this problem is shown in Fig.2. The inlet, exit and 
lateral boundaries are subjected to following conditions. 

u = u , v = 0 at x = 0 (inlet)∞  
2 2 2 2= 0, = 0 at x = 20 (exit)u x v x∂ ∂ ∂ ∂     (5) 

 = 0,  = 0 at y = ±5 (lateral boundaries)u y v y∂ ∂ ∂ ∂  

As a first test, in-line oscillations of the circular cylinder in uniform flow at Re = 100 with Ao (=a/D) = 
0.14 and fo = 2 have been simulated. Table I shows good comparison of 

DC and ˆ
LC  values obtained 

from the present simulation with the corresponding values reported in literature [5]. Figure 3 shows the 
characteristics of in-line oscillations at Re = 100, fo = 2, Ao = 0.2. The phase plot for drag coefficient 
variation Fig. 3(b) shows that the wake is indeed synchronized with the cylinder motion as expected, 
since fo = 2 is always inside the range of lock-in capture. In this situation, the vortex shedding 
frequency (dominant peak in the FFT of CL) which is expected to be half the forcing frequency (fo = 1), 
has been accurately captured in Fig. 3(c). The dominant peak in Fig. 3(d) matches with the forcing 
frequency, contributed by both the vortex shedding process and the streamwise cylinder motion. 
Similar plots are presented for computations at Re = 100, fo = 0.5, Ao = 0.14 in Fig. 4. Here, being a 
non-synchronised state as evident from the garbled phase plot of Fig. 4(b), the system displays much 
smaller fluctuating hydrodynamic forces. This can be inferred by comparing Fig. 4(a) to Fig. 3(a) of the 
locked-in state. The frequency of vortex shedding remains unaltered from the corresponding value for 
stationary case. Though the frequency signature of the drag force is expected to contain both fo = 0.5 
and 2, the latter is not captured in the spectra shown in Fig. 4(c) as the contribution to fluctuating drag 
due to the cylinder motion is much larger than that due to shedding vortices. The stream-wise velocity 
component u on the other hand, captures the vortex shedding (fo = 1) and drag oscillation frequencies 
(fo = 2), in addition to the frequency of oscillation fo = 0.5. All these factors clearly demonstrate the 
capability of the current fixed grid formulation in efficiently handling flow over dynamic fluid structures. 
 

 



Table 1: Comparison of mean drag (
DC ) and maximum lift coefficient (

LC ) for in-line cylinder oscillations at Re = 

100, fo = 2, Ao = 0.14 

 Hurlbut et al [11] Su et al. [5] Present 

DC  1.68 1.70 1.69 

LC  0.95 0.97 0.94 
 

     
           Figure 3: (a) Temporal variations of CD and CL              Figure 4. (a)Temporal variations of CD and CL  
                  (b)Phase plot of ( )* /c cx x x D= −  versus CD;                (b) Phase plot of ( )* /c cx x x D= −  versus CD;   

                              (c,d) FFT of CL and CD                      (c,d) FFT of CL and CD 
                        Re = 100, f0 = 2, Ao= 0.2; t* = t fs.     Re = 100, f0 = 0.5, Ao = 0.14; t* = t fs 
 

5. REFERENCES 
1. Shanks SP, Thompson JF. Coupling genetic algorithms and gradient based optimization techniques. In 

Proceedings of the 2nd International Conference on Numerical Ship Hydrodynamics, Berkeley, 1977; 202– 
220. 

2. Peskin CS. The immersed boundary method. Acta Numerica 2002; 1–39. 
3. Goldstein D, Handler R, Sirovich L. Modeling a no-slip flow boundary with an external force field. Journal 

of Computational Physics 1993; 105:354–366. 
4. Saiki EM, Biringen S. Modeling a no-slip flow boundary with an external force field. Journal of 

Computational Physics 1996; 123:450–465. 
5. Su SW, Lai MC, Lin CA. An immersed boundary technique for simulating complex flows with rigid 

boundary. Computers and Fluids 2007; 36:313–324. 
6. Khadra K, Angot P, Parneix S, Caltagirone JP. Fictitious domain approach for numerical modelling of 

Navier-Stokes equations. International Journal for Numerical Methods in Fluids 2000; 34:651–684. 
7. Brinkman HC. A calculation of the viscous force exerted by a flowing fluid on a dense swarm of particles. 

Applied Scientific Research 1949; 1:27–34. 
8. Voller VR, Prakash C. A fixed grid numerical modelling methodology for convection-diffusion mushy region 

phase-change problems. International Journal of Heat and Mass Transfer 1987; 30:1709–1719. 
9. Sinha S.K., Sundararajan T. A variable property analysis of alloy solidification using the anisotropic porous 

medium approach. International Journal of Heat and Mass Transfer 1992; 35:2865–2877. 
10. Carman PC. Fluid flow through granular beds. Transactions of Institute of Chemical Engineers 

1937;15:150–156. 
11. Hurlbut SE, Spaulding ML, White FM. Numerical solution for laminar two dimensional flow about a cylinder 

oscillating in a uniform stream. ASME Journal of Fluids Engineering 1982; 104:214–222. 



E�ect of Cylinder-Spacing on

Flow across three side-by-side Cylinders at Re=100

Kaushal Prasad, Amit Agrawal and Atul Sharma*

(*Corresponding Author, Email: atulsharma@iitb.ac.in)

EXTENDED ABSTRACT

1 Introduction

Free stream �ow across an isolated circular cylinder has been widely investigated in the past[1]. There
are relatively less work on �ow across two side-by-side cylinders; reviewed by Sumner [2]. Almost no
work is found on the �ow across three side-by-side cylinder, except that of Kang [3]. For the side-by-
side cylinder, spacing between the cylinder called as gap-ratio (G = g/D) is an additional governing
parameter other than the Reynolds number (Re = ρu∞D/µ). Under the in�uence of neighboring
cylinder, �ow features changes considerably and various �ow regimes are reported [4, 5].

The objective of the present work is to study the e�ect of neighboring (top and bottom) cylinder
on the onset of vortex-shedding across the middle cylinder. Furthermore, the objective is to propose
di�erent �ow-regimes at various cylinder-spacings.

2 Description of the Problem

The �ow con�guration, for �ow with three cylinders in the �ow is as is shown in Figure 1. The diameter
of the cylinder D and the free-stream velocity u∞ are taken as reference length and velocity scales,
respectively. The unsteady, conservative and dimensionless form of the Navier-Stokes equations, for
the incompressible �ow, are the governing equations for this problem.

In the present study, an in-house-code developed in an earlier investigation for uncon�ned �ow and
heat transfer across a single cylinder [6] has been modi�ed to study �ow across three cylinders. A
multi-block structured grid is used in the present work. Code validation is done at a gap-ratio of 15
and 3. At the larger gap-ratio, G = 15, the results are found to match with that of the free-stream
�ow across a single cylinder. Whereas, at G = 3, the present results agree very well with the results
obtained by Kang [3].

3 Results and Discussion

In the present study, gap-ratio is varied from 1 to 6 in step of 1 at a constant Reynolds number of
100. However, various other Reynolds numbers are considered for determination of the critical Re for
the onset of vortex-shedding. It is found that the onset of vortex-shedding occurs at 40 < Re < 50 for
G = 1 and 6; whereas, it occurs at 50 < Re < 60 for 2 ≤ G ≤ 5. Thus, the �ow gets stabilized at
intermediate range of gap-ratios.

Figure 2 (a-f) shows the instantaneous vorticity-contours and Figure 2 (g-l) shows the instantaneous
wakes behind the cylinders, for various gap-ratios at Re = 100. The vorticity contours in Figure 2(b-d)
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Figure 1: Computational domain for free stream �ow across three side-by-side cylinder.

shows that the VS (vortex-shedding) from the middle cylinder is in-phase with the VS from the top
cylinder and is anti-phase with the VS from the bottom cylinder, at G = 3− 5. For G = 3 at X > 50,
it is interesting to see in Figure 2(d) that the negative (positive) shed-vortex from the middle-cylinder
merges with same signed shed-vortex of the top (bottom) cylinder. At G = 2, Figure 2(e) shows
that the VS from all the cylinders are in-phase and merge almost immediately after they are shed. At
G = 1, the downstream-length behind the cylinder at which the vortices are shed varies for the di�erent
cylinders.

Here, wake is de�ned as the region where instantaneous stream-wise velocity is less than the free
stream inlet velocity. At gap-ratio G = 6, it can be clearly noticed from Figure 2(g) that wakes are
separated by �ow, jetting in-between the cylinders; with weak interaction between the wakes of the
di�erent cylinders. The wake interaction increases with increasing gap-ratio, resulting in merging of
the wakes (corresponding to the black region) of the adjoining cylinder at certain axial locations for
3 ≤ G ≤ 5 (Figure 2(h-j)) It is interesting to see in the �gures that the axial location where the wake of
the top (bottom) and middle cylinder merges corresponds to the accelerated-�ow, i.e., white region, for
the �ow in-between the bottom (top) and middle cylinder. Figure 2(k-l) shows the complete merging
of the wake behind of the cylinder, at a smaller downstream distance for G = 1 as compared to that at
G = 2.

For the middle cylinder, Figure 3 shows the temporal variation of lift and drag coe�cients at various
gap-ratio. It is interesting to see a modulation in frequency for 3 ≤ G ≤ 5, corresponding to secondary
frequency in the plot for power-spectra of the lift signal (�gure not shown). This is called as quasi-
periodic regime ([4]). The lift signal at G = 2 shows a single frequency and corresponds to synchronous
�ow. The power spectra of the lift signal at G = 1 shows multiple frequency and corresponds to chaotic
�ow.
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Figure 2: Instantaneous (a-f) vorticity contours and
(g-l) wake structure at Re=100 for various gap
ratios: (a,g) 6; (b,h) 5; (c,i) 4; (d,j) 3; (e,k) 2 and
(f,l) 1. Note that black and white color in the
�ooded vorticity contour represents positive (CCW)
and negative (CW) vorticity, respectively; whereas,
the black color in gray-scale �ooded U−velocity
contour (with values below the free-stream velocity)
represents wake.

Figure 3: Temporal variation of lift and drag
coe�cient, of middle cylinder, at Re=100 for
various gap ratios: (a,g) 6; (b,h) 5; (c,i) 4;
(d,j) 3; (e,k) 2 and (f,l) 1.

For �ow across row of square cylinder, �ow regimes at various gap spacings are classi�ed as chaotic,
synchronous and quasi periodic; by Kumar et al. [4]. According to them, the main characteristic
of synchronous �ow is that the time interval of successive primary cycle in the lift coe�cient signal
remains constant and there is no secondary frequency. Also, if there is any phase di�erence between
the temporal variation of lift-coe�cient of the consecutive cylinder, it is maintained constant. Flow is
said to be quasi periodic, if a secondary frequency in the temporal variation of drag and lift coe�cient
signal also exist.

The �ow regime map for the present problem is plotted in Figure 4, with all the three cylinders
corresponding to same �ow regime at a constant G. However, with decreasing gap-ratio, the �ow
transition takes place from quasi-periodic to chaotic �ow; with synchronous �ow at an intermediate
G = 2. For row of cylinder with periodic boundary condition on the top and bottom boundary of the
domain, Kumar et al. [4] found similar �ow transition; without synchronous �ow at the intermediate
value of G. It is also interesting to note that the secondary frequency for the present three side-by-side
cylinders is one order smaller than that obtained by Kumar et al. [4] for row of cylinders.
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Figure 4: Flow regime map for various cylinders at di�erent gap-ratio and Re=100.

4 Conclusion

The e�ect of various gap-ratio 1≤ G ≤ 6, on the onset of vortex-shedding and �ow-regime, is investi-
gated numerically; for �ow across three side-by- side cylinders at Re=100. Onset of vortex-shedding is
found at higher Re for intermediate range of gap-ratio; indicating the stabilization of the �ow. The �ow
features are studied with the help of vorticity contours and wake structure. The dominant frequency
in the �ow is obtained by taking the power spectra of the temporal variation of the lift coe�cient for
all the three cylinders. Secondary frequency is obtained for 3 ≤ G ≤ 6, indicating quasi-periodic �ow.
Multiple frequencies are obtained at the smallest gap-ratio G = 1, indicating chaotic �ow. However,
it is interesting to �nd a synchronous �ow with only one frequency corresponding to vortex-shedding
frequency at intermediate gap ratio of G = 2.

.
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Abstract: 

 

Flow past a cylindrical body in the vicinity of a solid wall has been a subject of research 
due to its engineering and physical importance. This flow is technologically important for 
submarines, pipelines and bridges under the effect of wind, etc. The proximity of the wall 
introduces additional complications to the vortex shedding behind a bluff body. The shear layer 
existing within the boundary layer formed over the wall and the separated shear layers 
convecting downstream of the body interact intensely forming a complex flow pattern in the 
neighbourhood  of the body as well as in the wake. This grossly alters the lift and drag forces 
acting on the body and also affects the vortex shedding frequency. However, the complexity of 
the flow phenomena involved in flow past a circular cylinder in the vicinity of a plane wall is 
enhanced significantly when two or more cylinders are introduced, particularly when cylinders 
are arranged in tandem fashion. The complex flow phenomena in the gap between the 
cylinders, creation and shedding of asymmetric vortices from the multiple cylinder surfaces in 
the presence of boundary layer shear and destabilization of the wall shear layer due to the 
multiple body wake are some of the interesting flow features needing necessary exploration.  
 

Keywords: gap ratio; cross-stream dimension; tandem circular cylinders; vortex-wrapping; wall 
shear layer; wake instability  
 
 
Results and Discussions: 

In the present work, a scheme based on finite volume approach for 2-D unstructured grid 
(CFRUNS) developed by Harichandan and Roy (2010) has been used to calculate the flow field 
around cylindrical bodies placed in the close vicinity of a plane wall. For cylinders arranged in 
tandem fashion, the flow field between the cylinders becomes marginally unsteady for critical 
gap (1.1D < L < 2.2D) with increase in Reynolds number (Zdravkovich, 1985). Flow behind the 
downstream cylinder becomes unsteady and a sparse Karman vortex street is formed. In the 
present work, two cylinders in tandem are considered with L = 2D (within critical gap range) and 
L = 5D (beyond critical gap range). In both the cases, we have conducted numerical simulations 
by systematically varying the Reynolds number (Re = 100 and 200) and gap spacing in fairly 
wide range of 0.5 and 1.0. All the flows considered in the present study are assumed to be two-
dimensional and laminar even if they are not physically so in the ranges of high Reynolds 
number and small gap spacing. The flow domain in each case has 6.25% blockage ratio. All the 
cases for different gap ratio values are discussed as follows: 
 

 



 

 

(A) when g* = 0.5 

  L = 2D 

  
L = 5D 

Figure 1. Vorticity contours and streamlines for flow past a pair of tandem circular cylinders in 
the vicinity of a plane wall at Re = 200. 

 
Figure 1 presents the vorticity contours and streamlines of flow past a pair of circular 

cylinders in tandem (L = 2D and L = 5D) in the vicinity of a fixed wall at non-dimensional time t = 
100. The presence of the wall shear causes the vortex pair in the near-wake to move upward as 
can be seen from Figure 1. The positive vorticity manifests itself as an elongated chain of 
vortices stringed together, originating from the lower half of the cylinders. Unlike single cylinder 
case, the unsteady separation triggered on the plane wall in the vicinity of the vortex formation 
region in the wake of the cylinders is not so strong. It is noted that the presence of the shear in 
the oncoming flow delays and weakens the vortex shedding from the cylinder. This 
phenomenon has strong effect on the upstream cylinder than the downstream one. In either 
cases, the time dependent behaviour of lift and drag coefficients of flow past a pair of circular 
cylinders in the vicinity of a fixed wall have been found to be periodic behaviour at Re = 200. 
However, for the first case of arrangement with L = 2D at Re = 100, the lift and drag coefficients 
have periodic behaviour initially for certain non-dimensional time but afterwards they become 
steady. It is also observed that unsteady separation of shear layers and their complex 
interaction in the wake region have profound impact on the time history of stagnation point 
location and on the lower and upper separation point locations on cylinder surface. The angles 
oscillate periodically but the FFT analysis of time history of lift coefficient as well as stagnation 
angle does not result in any dominant vortex shedding frequency for cylinders placed within 
critical gap range. But, at higher longitudinal distances between the cylinders, the angles 
oscillate periodically and the FFT analyses of time history of lift coefficient as well as stagnation 
angle result in exactly same dominant vortex shedding frequency.    

 
(B) when g* = 1.0 

 L = 2D 

 

  



L = 5D 
Figure 2. Vorticity contours and streamlines for flow past a pair of tandem circular cylinders in 

the vicinity of a plane wall at Re = 200. 
 

Figure 2 presents the vorticity contours and streamlines of flow past a pair of circular 
cylinders in tandem (L = 2D and L = 5D) in the vicinity of a fixed wall at non-dimensional time t = 
100. An interesting aspect of the vorticity dynamics has been found for L = 2D case where a 
positive vorticity patch is seen to originate from the shoulder of the upstream cylinder. However, 
at Re = 100, this vorticity pattern is not observed. Similar vorticity pattern were also reported by 
Dipankar and Sengupta (2005) for flow past a circular cylinder in the vicinity of a plane wall at 
moderate Reynolds number (Re = 1200). Negative vorticity from the cylinder originates in 
between these two positive vorticity patches. Unlike single cylinder case, the unsteady 
separation triggered on the plane wall in the vicinity of the vortex formation region in the wake of 
the cylinders is not so strong. At L = 5D, after a considerable distance in the wake of 
downstream cylinder, the positive vorticity manifests itself as an elongated chain of vortices 
stringed together. Flow separation occurs near the wall in the up-stream direction of the cylinder 
due to the induced adverse pressure gradient. 
 

It is observed that for L = 2D case, the time dependent behaviour of lift and drag 
coefficients for flow past a pair of circular cylinders in the vicinity of a fixed wall at Re = 100 are 
periodic initially for certain non-dimensional time but afterwards they become steady. Whereas 
at Re = 200, the force coefficients show very erratic behaviour due to the combined effect of 
smaller gap ratio and higher Reynolds number. Unlike unconfined flow, in the present study it is 
noticed that the FFT analysis of lift coefficient and the stagnation point does not produce same 
value. But, for L = 5D case, it is observed that lift and drag coefficients have periodic behaviour. 
Like unconfined flow, in the present study it is noticed that the FFT analysis of lift coefficient and 
the stagnation point produce same value. Figure 3 shows the FFT analysis of lift coefficient and 
front stagnation angle of the upstream cylinder at Re = 200. Also, the Strouhal frequencies of 
both the cylinders are found to be same. This suggests that the wall proximity has no significant 
effect on circular cylinders in tandem for the present case (L = 5D and g* = 1.0). 
 

  

FFT analysis of lift coefficient FFT analysis of stagnation angle 

Figure 3. FFT of the lift coefficients and stagnation angle for flow past a pair of tandem circular 
cylinder in the vicinity of a fixed wall (g* = 1.0, L = 5D) at Re = 200. 

 

 

 



Conclusion 

 
For the case of flows past cylinders in the vicinity of a plane wall, “vortex-wrapping” 

phenomena is observed as the shear layers from the top and bottom surfaces curl up into an 
alternating sequence of vortices of differing strength. Due to presence of shear in the near-wake 
of the cylinder, vortex pair originating from the cylinder surface moves slightly upward at an 
angle to the flow direction. These vortices destabilize the shear layer on the plane wall 
downstream of the cylinder, triggering unsteady separation from the wall in the vicinity of the 
vortex formation region in the wake of the cylinder. A vortex-instability phenomena is 
responsible for this flow separation and it strongly depends on the gap ratio (g*). This separation 
appears to be coupled in a periodic manner with the vortex shedding from the cylinder. It is also 
observed that the gap ratio (g*) has a strong influence on the onset of vortex shedding from the 
cylinders. Finally, authors would like to state that the present 2D analysis is very much useful 
because the predominant frequency values are generally less influenced by the 3D effects, than 
the amplitudes of the unsteady forces. Moreover, this work will be useful for a future comparison 
with a more detailed study. 
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EXTENDED ABSTRACT 

 
Introduction 
When flow takes place around a circular cylinder, over a range of Reynolds numbers, vortices are 
shed alternatively into the wake. Due to this, under certain conditions, the cylinder can be 
subjected to flow induced vibrations. An interfering cylinder either in front or behind can influence 
the amplitude of vibration considerably – the amplitude can increase or be suppressed depending 
on the relative position and size of the interfering cylinder. Similarly a square cylinder also is prone 
to flow-induced vibrations and aerodynamic loading with and without interference [1-3]. However, 
there appears to be very little information on the flow field around three and four square cylinders 
occurring in various relative positions. Recently, Chatterjee, Biswas and Amiroudine [4] have 
studied flow structures obtained for a row of four square cylinders in a row normal to the flow. The 
spacing between the cylinders is varied and the resulting vortex structures analyzed. Combinations 
of three and four square section bodies are common in building aerodynamics. In the present study 
flow visualization results are obtained for a combination of four square cylinders (Fig.1) in a square 
array. The gap (g) between the square bodies is varied systematically and for each gap, results are 
obtained at different  angle of attack (α).   
 
Experimental Arrangement 
Experiments have been conducted using the Flow Visualization Facility at the Fluid Mechanics 
Laboratory, Department of Mechanical Engineering, BTL Institute of Technology, Bengaluru. It 
consists of a FRP (Fibre Reinforced Plastic) tank 2.5 m in length, 1.5 m in width and 150 mm deep 
(Fig. 2). A set of aluminum discs separated by small distances are located at one end of the tank 
which are connected through a system of shaft and bevel gears  to a induction motor with cooling 
arrangement. When the discs are rotated, they act as paddles and the flow created is guided into 
the test section (350 mm wide) through two guides (Fig.2). The test section width is 350 mm and 
by controlling the speed of the motor, the required speed in the test section could be obtained.  
 
For the present study, the square cylinders with sharp corners and side width (b) equal to 25 mm 
(Fig.1) are made out of mild steel and painted black. The gap g is varied to get g/b values of  0, 0.2, 
0.4, 0.6, 0.8 and 1.  At each value of g/b, the cylinders fixed in the slots provided on a base plate 
are carefully turned in clockwise direction to achieve α = 00, 150, 300 and 450. Considerable care 
was taken to achieve these positions with the help of accurately drawn lines on the top of the  
cylinder.    All the results are obtained at a free stream velocity of 0.18 m/s which corresponds to a 
Reynolds number of 4500 referred to the side width b. Fine aluminum powder is used as tracer 
medium and a single lens reflex (SLR) digital camera was located at a suitable height above the 
cylinders to photograph the flow field. Two 500 watt halogen lamps were used to get proper lighting. 
 
Results 
The flow visualization results are presented for only two typical cases (g/b = 0.2 and 0.8) due to 
page restrictions. At g/b = 0.2 and α = 00 (Fig.3a), the gap flows create vortices on the gap side 
and the flow side of B and D. Further, the exiting gap flows cause flow along the rear faces of B 
and D. There is symmetric separation on A. At α = 150, the gap flow is seen only between A and B 
which strikes the cylinder C at its edge. There is stagnant vertical flow in between the cylinders. At 
=300, the weak gap flow occurring between A and B, strikes the lower edge of D. With further 
increase in α to 450, the gap flow straightens and there is a streamlining effect on the flow field.  



At g/b = 0.8 and α = 0, there is strong symmetric flow within the space between the cylinders. The 
flows coming out of the gaps between B-C and C-D give rise to vortex formation and swinging in 
the wake. At α =150, the flow pattern in the space between the cylinders changes and strong flow 
along the face of cylinder D occurs. With further increase in α 300 and 450 the gap flow straightens. 
At α = 300 the effect of the outer sharp corners give rise to streamlining effect and very little 
periodicity is seen in the wake. For α =  450 the strong gap flow which is straight between the 
cylinders become biased at the exit and contributes the formation of the complex vortex system 
seen.   
 
Conclusions 
1) Without any gap (g/b = 0), the combination of four cylinders act as a single body with strong 
vortex shedding behind. One can expect considerable periodic forces on the downstream cylinders. 
2) At g/b = 0.2, gap flow occurs with vortical flow regions within the space between the cylinders. 
The gap flow becomes biased at α =  300 and  straightens at α =  450. There is streamlining effect 
at α =  450. 
3) At larger values of gap (g/b = 0.4 to 1) there is strong symmetric flow at α =  00 and strong flow 
along the downstream face of cylinder D at α =  150. Biased gap flow occurs at α =  300 and nearly 
straight and strong gap flow at α =  450. Usually, there is a streamlining effect at α =  450. however, 
very complex flow pattern can result as seen for the case with g/b = 0.8. 
4) The angle α = 150  appears to be the critical angle with considerable changes in the flow 
occurring at this angle which can result in strong wind loads.  
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Fig.1 Configurations considered    Fig.2. The experimental setup 
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Fig. 3 Flow field at g/b = 0.2, a) α = 00, b) α = 150, c) α = 300, d) α = 45
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Fig. 4 Flow field at g/b = 0.8, a) α = 00, b) α = 150, c) α = 30 α = 450. 
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Extended Abstract

The �ow across six identical square cylinders placed one behind the other (in-line or tandem

con�guration) has been studied in this work (Fig. 1). A part of the motivation for exploring �ow

across large number of in-line cylinders comes from observations for two cylinders where the drag

on the downstream cylinder becomes negative. Can these observations be extended to a system of

more than two cylinders in the �ow is not clear and needs to be explored. The other motivation for

undertaking this work comes from observation that certain species of birds when �ying in large size

of �ocks �y in V-con�guration. We have arbitrarily chosen six cylinders, which is representative of a

relatively large size of �ock. It is also expected that �ow around the last few cylinders will become

independent of the cylinder number when large number of cylinders are actually present.

Many researchers have studied �ow past two in-line circular cylinders. The typical regimes reported

are single blu� body, shear layers reattachment, and synchronization of vortex shedding from the

cylinders. A comprehensive and recent review of literature on two cylinders is available in Sumner

(2010). There are relatively few studies with multiple (> 2) in-line cylinders in the �ow. Haricharan

and Roy (2010) proposed that the forces becomes severe at small spacings (s/d = 1.0). When the

longitudinal gap is increased (s/d = 4.0), there was no �ow separation or reattachment of shear

layer from the upstream cylinder to the immediate downstream cylinder; instead, Karman-vortex-

streets were observed between the cylinders. However, the vortex shedding from the downstream

cylinder was highly disturbed by the impingement of the upstream vortex streets emerging from the

uppermost and middle cylinders. A gap vortex shedding mechanism was proposed by Hetz et al. (1991)

who experimentally studied the �ow around �ve in-line cylinders (which is known as pentad). For

s/d = 0.1 − 0.8 with Re = 1 × 104 − 5 × 104, it was conjectured that such a gap vortex shedding

mechanism is present in the �ow across a bank of cylinders and could be excited if driven by structural

vibrations. Liang et al. (2009) studied the �ow around six in-line circular cylinders for 1.1 ≤ s/d ≤ 3.0
at Re = 100. They proposed that an increase in the spacing makes the �ow more asymmetric and

induces vortex shedding starting from the last cylinder and proceeding upstream.

Thus, it is noticed from the literature survey that the �ow behavior for a large number of in-line

cylinders is not well studied. Our purpose here is to extend the works of Hetz et al. (1991) and Liang

et al. (2009) by performing a detailed numerical study of �ow around six in-line square cylinders,

which is a problem of signi�cant fundamental interest besides being of engineering importance. The

�ow regimes are de�ned as a function of spacing for Re = 100. The other important objective of this

work are to document the variation of engineering parameters (Strouhal number, drag coe�cient and

lift coe�cient) as a function of spacing.

The physical problem considered here is �ow across six square cylinders arranged in-line as shown

in Fig. 1. All cylinders are of identical size with the same distance between two consecutive cylinders.

These cylinders with side d, which is also the characteristic length scale, are exposed to a constant and

1Corresponding author: Phone: +91 22 2576 7516; Fax: +91 22 2572 6875; Email: amit.agrawal@iitb.ac.in
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Figure 1: The computational domain. Note that the origin of the coordinate axis is located at the
centre of the front surface of the �rst cylinder. The cylinders have been marked as C1 through C6

starting from the left.

uniform velocity, U0. Two-dimensional lattice Boltzmann method (LBM) is used in this study. The

assumption of two dimensionality can be justi�ed due to the small value of Reynolds number employed

here. The code employed for the present study is essentially the same as used in our earlier works

(Kumar, Sharma and Agrawal 2008; Sewatkar, Sharma and Agrawal 2009, 2011). Uniform and square

grid is employed in the simulations. The cylinder is appropriately resolved to obtain grid independent

results (minimum of 24 points on one side of the cylinder). A uniform velocity (U0) with negligible

compressibility e�ect is prescribed at the inlet boundary. Free slip boundary conditions have been

applied on the lateral edges of the computational domain. Convective boundary condition is used at

the outlet to ensure unconstrained movement of �uid away from the computational domain (Sewatkar

et al., 2011). Simulations start with the �ow initially at rest. The code has been validated for both

single and multiple cylinders as presented earlier (Kumar et al., 2008; Sewatkar et al., 2009, 2011).

The experiments were conducted using PIV in a closed circuit channel made out of 1.5 cm thick

acrylic sheet of outer dimensions 120 × 40 × 40 cm3. The water was pumped into the channel using a

6 lps capacity pump which produced �ow velocity of 0.8 to 4 cm/s. The water was seeded with hollow

glass particles of (size around 30 to 40 µm) density around 1.1 g/cm3. Double pulsed light sheet was

produced from dual Nd:YAG lasers (Beamtech, China; Energy: 200 mJ, Repetition rate: 1- 15 Hz,

Wavelength: 532 nm). A CCD camera was used to capture the images (PCO, Germany; Image size:

1392 × 1024 pixels, Frame rate:, Bu�er size: 126 MB). The square cylinders of size 10 × 10 mm2 of

acrylic material were used in the experiments. The images obtained from the camera were processed

using a commercial code to get the velocity vectors and vorticity contours. The experimental set up

has been validated with a simple problem of �ow over a single square cylinder. Subsequently, the

experiments were conducted with six in-line square cylinders. Limited �ow visualization study was

also undertaken.

The �ow regimes and the variation of �ow parameters such as Strouhal number, mean drag and rms

lift coe�cients with spacing have been obtained for Re = 100. The four basic �ow regimes proposed

as part of this work are: synchronous (s/d ≤ 1.1), quasi-periodic-I (1.2 ≤ s/d ≤ 1.3), quasi-periodic-II

2



Figure 2: Experimental (a,c) and numerical (b,d) results for instantaneous vorticity contours at (a,b)
s/d = 0.5 and (c,d) s/d = 4.0

(1.4 ≤ s/d ≤ 5.0), and chaotic (6.0 ≤ s/d ≤ 10.0). At low spacing between the cylinders (s/d ≤ 1.1),
the �ow is symmetric about the cylinders and vortex shedding does not occur between the cylinders.

The formation of a single wake (Fig. 2a,b) behind all the cylinders (single body behavior) makes the �ow

synchronous, while growth and shedding in the gap region leads the �ow to transit to quasi-periodic-I,

quasi-periodic-II and chaotic regimes (Fig. 2c,d). For comparison, the �ow for row of square cylinders

is synchronous for large spacings and progressively becomes chaotic with a reduction in spacing. The

four basic �ow regimes are therefore present in both in-line and row of cylinders, but with a change

in order with respect to the spacing. The existence of these basic �ow regimes however needs to be

checked further for other con�gurations of cylinders. Yen et al. (2008) with the help of streamlines

pattern and topological analysis proposed three �ow patterns: vortex street of single mode, vortex

street of reattached mode, and vortex street of the binary mode; these �ow patterns are respectively

equivalent to synchronous, quasi-periodic-I and quasi-periodic-II regimes.

The Strouhal number corresponding to vortex shedding experienced by the cylinders is same for all

the cylinders, which indicates the lock-on behavior of vortex shedding between upstream and down-

stream cylinders. The Strouhal number reaches a minima at s/d = 1.0; it increases rapidly between

1.0 < s/d < 4.0 and slowly beyond it. Although the value of Strouhal number for a single cylinder is

not recovered at the highest spacing (s/d = 10), it is expected to be achieved for a very large spacing

free of wake interference e�ects. The negative mean drag coe�cient acting on the downstream cylinder

in case of two in-line cylinders is reported by many researchers. In the present study, at small spacing

s/d < 2.0, as the �ow occurs over the �rst cylinder the pressure behind the �rst cylinder does not

reduce to the level as it would have been in the single cylinder case. Therefore, the average level of

mean drag on the �rst cylinder is smaller than the mean drag on an isolated cylinder. The small

pressure inside the vortex core causes the pressure on the front surface of the second cylinder to be

small in such cases. If the shear layer from the �rst cylinder goes into the gap between the second

and third cylinders, the pressure in this gap is comparatively large and therefore the second cylinder

experiences negative drag. The value of negative drag increases with successive downstream cylinders

and on increasing the spacing. The instantaneous lift force on all the cylinders (except �rst) at spacings

between 2.0 to 3.5 is more than the instantaneous drag force experienced by these cylinders. This is an

3



important observation which does not seem to have been reported earlier. A related observation is that

the frequency of unsteady �ow (represented by Strouhal number) for all the cylinders in case of in-line

cylinders is less than a single cylinder, whereas the amplitude of unsteady �ow (represented by CLrms)

for all the cylinders is more than a single cylinder (except for the �rst cylinder). Interestingly, although

the average drag per cylinder is less with in-line cylinders as compared to cylinders in V-con�guration,

birds and �shes when moving in formation prefer V- over in-line con�guration. This may be due to

the strong lateral force in the in-line con�guration noted above. These changes are consistent with the

corresponding abrupt changes in mean drag coe�cient. The mean drag and rms lift coe�cients show

peculiar variation in the range of s/d = 2.0 to 4.0 for third to sixth cylinders in that they exhibit a

sudden drop in this range. The mean drag and rms lift coe�cients on second cylinder continues to

increase with spacing as the vortices grow in strength in the gap and vortices shed by the �rst cylinder

hits the second cylinder on the front face. However for the third cylinder, because the vortex which

is shed by the second cylinder reaches the rear surface of the third cylinder these parameters show a

sudden drop beyond s/d = 3.5. With a further increase in spacing (s/d ≥ 5.0), the vortex shed by

the second cylinder again hits the third cylinder at its front surface leading to an increase in the mean

drag and rms lift coe�cients. Similar observations apply to the fourth, �fth and sixth cylinders. This

phenomenon of wake interference is consistent with that of drag inversion range and possible states

reported by Carmo et al. (2010) for two circular cylinders.

It is therefore noticed that the scale of wake interference is in�uenced by the spacing between the

cylinders, which also alters the nature and magnitude of the forces acting on the cylinders. The re-

sults for such a large number of square cylinders actually present in the domain are not readily available.
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Introduction 
 
  The classical problem of the evolution of incompressible viscous flow over two tandem 
circular cylinders is one of the bench mark problems in computational fluid dynamics 
(CFD). When more than one circular cylinder is placed in a fluid flow, the resulting vortex 
shedding pattern may be completely different from those found on a single cylinder at 
the same Reynolds number. This type of flow problems frequently arise in various 
engineering fields which offer tough challenges particularly at high Reynolds numbers 
(Re). Because of its complexity, limited numerical, theoretical and experimental results 
are available for this problem in the literature. A number of attempts have been made to 
study flow over two tandem circular cylinders using continuum-based methods and a 
very few attempts have been made using lattice Boltzmann method.  
     In the last two decades a different kind of numerical method for applications in CFD, 
namely, the lattice Boltzmann method (LBM) has gained popularity. The LBM is a means 
of flow computation based on simplified kinetic models using discrete particle velocities, 
which exploits the fact that the collective behaviour of the molecules does not explicitly 
depend on their individual dynamics. Being a relatively new and an alternative method of 
flow computation, it is still being experimented with to realize its full scope of application 
and to test its ability to capture untested physics. In the present work, flow over two 
tandem circular cylinders is analyzed using the Lattice Boltzmann method, which is 
capable of handling complex geometries.  
 
Lattice Boltzmann Method 
 
The LBGK model with single-relaxation-time (LBM-SRT), which is a commonly used 
lattice Boltzmann method, is given by  

                              1 (0)( , ) ( , ) = - ( , ) ( , )x x x xf t t t f t f t f ti ii i τ
⎛ ⎞
⎜ ⎟
⎝ ⎠

+ ∆ +∆ − −ci                             (1) 

where ( , )f ti x  and 0( )( , )f ti x  are the particle and equilibrium distribution functions at 

( ,tx ), ic  is the particle velocity along the ith direction and τ  is the single-relaxation-time 
parameter that controls the rate of approach to equilibrium. For simulating two-
dimensional flows, the two-dimensional nine-velocity model (D2Q9) with nine discrete 
velocities ic ( 0,1..,8)i =  is commonly used (Figure 1). In the D2Q9 square lattice, a 
suitable equilibrium distribution function that has been proposed is 

                                  ( ) ( )2( ) 1 3 4.5 1.5( )eq
i if wρ ⎡ ⎤= + + −⎣ ⎦i ic .u c .u u.u                             (2) 
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where the lattice weights are given by 40 1 2 3w  = 4/9,  w  = w  = w  = w  = 1/9 and 

5 76 8w  = w  = w  = w  = 1/36.  

 
 

Figure 1: Two-Dimensional nine-velocity square lattice model.  
 
The macroscopic quantities such as density ρ and momentum density ρu  are defined 
as velocity moments of the distribution function fi  as follows: 

                                                             N
ρ= fii=0

∑                                                         (3)   

                                                         N
ρ = fii=0

∑ iu c                                                         (4) 

where N = 8. The relaxation time which fixes the rate of approach to equilibrium is 
related to the viscosity by   

                                                           6 1 = 
2
υτ +                                                         (5) 

where υ  is the kinematic viscosity measured in lattice units. The validity of the LBM 
code is tested through comparisons with benchmark solutions for flow around a single 
circular cylinder in the next section.  

 
Code Validation 
 
The schematic diagram of the flow past a single circular cylinder confined in a channel is 
shown in Figure 2. In this problem, a cylinder with circular cross section with diameter D 
mounted centrally inside a plane channel of height H with blockage ratio B = H/D. The 
channel length L is fixed at L/D = 50 to reduce the influence of outflow boundary 
conditions on accuracy. An upstream length of l = L/4 or 12.5D has been chosen. In this 
problem, the inlet boundary conditions are given by a uniform velocity profile.  
 

 
Figure 2: Schematic diagram of the flow past a circular cylinder confined in a channel. 
 

We use bounce-back boundary condition with additional momentum on the top and 
bottom walls, which indicate no-slip. It creates a mechanism for the pressure wave from 
the interior of the computational domain to interact with the inlet boundary and it can be 
reflected back. At the outlet of the computational domain, fi can usually be 
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approximated by a extrapolation boundary condition. On the solid curved boundary, i.e., 
on the surface of the cylinder, a robust second order accurate curved boundary 
treatment is used for the particle distribution function. 
In the present LBM simulation, we use the momentum exchange method to compute 
the fluid force on the circular cylinder. The total force acting on a solid body by fluid can 
be written as 

                           ( ) ( ) ( )
1

, , 1
d

b

N

b b b
allx

xF e f x t f x e t t w x e tα α α α α
α

δδ δ
=

⎡ ⎤= + + × − +⎡ ⎤⎣ ⎦⎣ ⎦∑∑                   (6) 

where Nd is the number of non-zero lattice velocity vectors and ( )bw x eα+ is an 
indicator, which is 0 at xf  and 1 at xb. The inner summation calculates the momentum 
exchange between a solid node at xb, and all possible neighbouring fluid nodes around 
that solid node. The outer summation calculates the force contributed by all boundary 
nodes xb. The two most important characteristic quantities of flow around a cylinder are 
the coefficient of drag and coefficient of lift. The coefficients are defined as 

                       Coefficient of drag   21
2

x
D

FC
U Dαρ

=
×

                                                       (7) 

                        Coefficient of lift   
21

2

y
L

F
C

U Dαρ
=

×
                                                         (8) 

where Fx and Fy are the x- and y- components of the total fluid force acting on the 
cylinder.  
For a blockage ratio B = H/D = 8 computations are carried out at Re = 60 with the help 
of LBM-SRT model (Figure 3). The lattice size of 500×80 is used for the present 
configuration.  
 

   
Figure 3: Instantaneous streamline patterns and vorticity contours for flow past a single 
circular cylinder at Re = 60.  

 
Table 1: Coefficient of drag (CD) for different steady-flow Reynolds numbers by LBM. 

 
 

Authors 
 

Re=10
 

Re=20
 

Re=30
 

Re=40 
Tritton (1959) - 2.22 - 1.48 
Fornberg (1980) - 2.00 - 1.50 
Calhoun (2002) - 2.19 - 1.62 
Present LBM 3.21 2.25 1.74 1.50 

 
In Table 1 we present the coefficient of drag for different steady-flow Reynolds 
numbers. Expectedly as the Reynolds number increases coefficient of drag (CD) 
decreases. It is worth mentioning that the numerical simulations of our LBM are much 
closer to existing available results.   
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Two Tandem Circular Cylinders Arrangement (Preliminary 
Results) 
 
It is known that, the prediction of flow around circular cylinders are very complex when 
two or more of circular cylinders are placed in proximity to each other and confined 
between channel walls. As we have seen, the flow at lower Reynolds numbers is steady 
whereas at higher Reynolds numbers unsteadiness develops and the flow becomes 
periodic. Figure 4 shows instantaneous streamlines for flow past a pair of tandem 
cylinders at Re = 100 in a circle. It is seen that, the tandem cylinder flow patterns are 
completely different from those of single circular cylinder. The separated layer from the 
upstream cylinder no longer reattaches to the front of downstream cylinder. Instead, a 
Karman street is formed behind the upstream cylinder. Our LBM result agrees with 
available results (Ding et al. 2007). 
 

 
 

Figure 4: Instantaneous streamlines for flow past a pair of tandem cylinders at Re = 100 
in a circle.  
 

Conclusion 
 
In the present work, LBM computation is carried out for the flow past two tandem circular 
cylinders confined in a channel. This problem serves two purposes: it demonstrates that 
(i) LBM can be used to handle curved boundaries without much difficulty (ii) LBM has the 
ability to capture the unsteady flow states characterized by the circular cylinders at 
relatively higher Reynolds number. It is shown that LBM, as a credible alternative to the 
continuum-based methods, holds very good promise in CFD, which is demonstrated 
through the impressive performance of LBM in terms of its capacity to resolve smaller 
scales, extreme closeness to existing numerical results, ability to attack a wide range of 
problems with varied complexities etc. 
  
 

Keywords: two-dimensional, circular cylinder, tandem arrangement, Lattice Boltzmann 
Method, D2Q9 model.  
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Abstract 

The interaction between two spheres falling collinearly in a viscoplastic medium 

has been simulated using the finite element method. The flow is assumed to be 

with negligible inertial forces, i.e., vanishingly small Reynolds numbers. The 

discontinuity in the Bingham plastic fluid model is treated by using the 

Papanastasiou’s regularization in the present numerical study. The effects of the 

Bingham number and the dimensionless distance, α, between the two spheres 

on the flow field has been examined in great details. The location of yield surface 

demarcating the yielded and unyielded regions and the size of various rigid 

zones are found as functions of the Bingham number and α. Detailed results on 

of the structure of the flow field, stress field and drag coefficient embracing wide 

ranges of the pertinent parameters as Bingham number, 51 10Bn   and 

dimensionless distance,1 8   are presented and discussed here.     

Problem formulation 

Consider two spheres, each of 

radius R falling collinearly in a 

Bingham plastic fluid at very low 

Reynolds numbers so that the 

inertial effects are negligible.( Figure 

1) The objective of this work is to 

study the unconfined flow over the 

spheres. But since it is really not 

possible to simulate the truly 

unconfined flow condition, the 



numerical solution has been sought 

by assuming an artificial domain (of 

a square shape) with the usual slip 

boundary condition imposed on 

them so that their influence on the 

flow field is minimised. Under the 

creeping flow assumption, this flow 

exhibits symmetry and therefore, 

one can economise on 

computational effort by solving the 

governing equations only in one 

quarter of the domain as shown in 

Figure 1. Under the assumptions of 

2-D incompressible fluid, steady and 

creeping flow the equations of 

motion can be written as follows:  

 V = 0  

0p       

Papanastaiou [1] proposed a 

suitable model with a growth rate 

parameter ( m ) which provides a 

better convergence and accurate 

prediction of the size and shape of 

the rigid zones. Within this 

framework, the Bingham plastic fluid 

model can be written as follows: 

0[1 exp( )] Bm          

The extra stress tensor in general 

can be written as follows: 

    

 And the apparent (scalar) viscosity 

  is now given by: 

0 [1 exp( )]B m
  


    


  

       

where   is rate-of-deformation 

tensor and given by  

 T    V V    

The magnitude of the rate of 

deformation tensor and extra stress 

tensor respectively are given by 

21
( )

2
tr    

21
( )

2
tr   

This problem is governed by a single 

dimensionless group called the 

Bingham number and it is the ratio of 

the yield stress to viscous stress and 

can be written mathematically as 

follows:  



0 (2 )

B

R
Bn

V




  

Thus, the increasing value of the 

Bingham number corresponds to the 

diminishing viscous effects, i.e., 

yielded regions.  

As noted earlier, keeping in mind the 

symmetry of the flow, the 

corresponding boundary conditions 

are shown in fig. 1 

The drag coefficient is a measure of 

the total force exerted on the sphere  

x
y

Computational domain

V =y V


 y

V
= 0y

V =x 0


 x

V
= 0y

V =x 0

V =x 0

V =y V
V =x 0

O
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       Fig. 1 Schematics of flow 

 

in the direction of flow and Stokes 

drag correction can be defined as:   

6
D

S
B

F
C

V R 
   

where FD is the drag force on each 

sphere. Scaling considerations 

suggest the drag coefficient to be a 

function of Bn and α. This 

relationship is explored in this work. 

Results and discussion 

Rigid zones 

Depending upon the local stress 

levels, the fluid may or may not yield 

and naturally this is strongly 

influenced by the value of the 

Bingham number, Bn.The effect of 

Bingham number on the rigid 

(unyielded) zones is shown in fig. 2. 

The shaded portion corresponds to 

unyielded regions. As one can see in 

this figure, the size of the yield 

surface S1 decreases with the 

Bingham number while that of the 

yield surfaces S2 and S3 increases. 

Naturally, such unyielded regions 

profoundly influence the rate of heat 

and mass transport in such systems. 

Stokes drag coefficient                     



Fig  3  shows  the  dependence  of  the 

Stokes drag coefficient on the Bingham 

number which  is qualitatively similar to 

that reported  for a single sphere and a 

circular cylinder [2]. 

Conclusions 

In this study, the Stokes drag 

coefficient is calculated numerically 

and the trend of the Stokes drag 

coefficient is found qualitatively 

similar as in case of a sphere [3]. 

Also, the effect of Bn is shown on 

the yielded/unyielded regions. 
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Fig. 2 pictorial representation of rigid zones as a function of Bingham number. 

 

Fig. 3 Variation of Stokes drag coefficient, Cs with Bingham number. 
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     The turbulent plasma wake behind bluff bodies is a practical model of flows in a variety of 
technical facilities. As actual important examples we may point to such areas as active flow control 
[1], lasers physics [2], [3], and fuel ignition in engines [4]. Laminar flows are of great interest as well 
[5]. Our main interest is the wakes beneath cylinders with low aspect ratio , that is why 
the wake is assumed to be treated here as quasi two-dimensional flow. The Reynolds number 
value of the flow belongs to the range of 1000-2500. The dimensionless spacing between the 
cylinders axes is of the magnitude  since in this area modes of the wake may coexist. 
In the experiment the velocity pulsations in the wake were studied for the case of plasma flow and 
for relevant neutral gas flow also. Non-equilibrium plasma flow was sustained by glow discharge 
between electrodes arranged upstream and beneath the cylinders row (the details of the 
experiment may be found in [6]). In both cases of two and three cylinders row there are one or two 
peaks in the wake velocity spectra. (Three peaks spectrum was rarely observed for two cylinders 
wake at a special set of the parameters values.) The switching on glow discharge (realizing 
transition from neutral gas wake to adequate plasma wake) leads to a redistribution of the velocity 
pulsation power among these spectral peaks. It was found previously [7] that, for the case of two 
cylinders wake, the discharge switching on induces a growth of relatively low frequency (LF) 
maximum of the spectrum and corresponding reducing the high frequency (HF) peak. Unlike, for 
the case of three cylinders wake, the electrical discharge switching on induces an increase of 
integral power of HF peak and decreases the relatively LF maximum of the velocity spectrum [8]. 

3~/ DH

2.2~/ DL

 
 

                          
                         
                               A                                                                            B 
                                                                                

Fig. 1 
Velocity pulsation spectra of the wake behind three cylinders row 

for the case of gas flow (A) and plasma flow (B) at current mean dencity of 2 A/m 
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Here, the values of the dimensional parameters are: 6.3/;2.2/;8/ ==== DHDLTDx . 
      When expounding this discharge effect the principle question concerns the mode structure of 
the wakes under consideration. The simplest way to solve this problem is using one-dimensional 
flow model of coupled van-der-Pole oscillators [7], [8]. According to this model, there are only two 
global modes of in-phase and anti-phase synchronization of the oscillators (representing the type 
of synchronization of von-Karman streets) for the wake of two cylinders. The additional-third 
spectral peak seen (under some conditions) in two cylinders wake corresponds to velocity 
oscillation lock-in at odd overtone of the facility vibration frequency. Due to this lock-in mode, one 
may state which of the rest two peaks corresponds to particular global mode. Accordingly, the HF 
peak is attributed to in-phase synchronized oscillators-streets whereas the LF peak corresponds to 
its anti-phase synchronization in the case of two cylinders wake. And for the three cylinders wake 
the HF peak is also attributed to in-phase synchronized oscillators but LF maximum corresponds to 
the flow mode with mirror symmetry (and zero amplitude of central oscillator).  
      This brings up the question of: What is about the mode of anti-phase synchronization in three 
cylinders wake? An attempt has been made to answer this question in the course of modeling 
coupled van-der-Pole oscillators. The Krylov-Bogolyubov method of slow amplitudes and phases 
[9] has been applied to the set of coupled van-der-Pole oscillators. One may use this powerful 
method since in transient regimes the amplitude increment ε  is low enough, and it has been 
proved for wake flow at such parameters [10]. As a result, the set of (slowly) amplitude equations 
stated for three cylinders wake (with interaction between only neighboring streets considered) has 
the form: 
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The quantities zyx ,,  are the dimensionless amplitude squares of the modes (for modes with in-
phase synchronization of coupled oscillators, anti-phase synchronization and mirror-symmetry 
mode, respectively). The independent variable τ  is a dimensionless time and the right side  of 
the equations is a stochastic force. Constants 

ih
λε ,, С  are the model parameters. (Previously we 

use similar model for two cylinders wake [7].) 
      The magnitude of parameter may be directly estimated from the disposition of spectral 
peaks frequencies in the velocity spectra (as in Fig.1). Thus, the estimated value of parameter С  
is approximately  

С

 

                                                                       
4
1

−≈C                              (4) 

 
for both cases of two and three cylinders wake.  
      The evaluation problem of the parameter λ  is more sophisticated. To reach this goal, one has 
to study the attraction domains of three (mentioned above) global modes according to set of 
equations (1), (2) and (3) (with zero right sides). Configuration of the domains depends on constant  
 
 



 
λ   (as well as on the value of parameter , but it has been already evaluated). For particular 

value of magnitude
C

λ :   
 
                                                                         1≈λ                                 (5) 
 
the domain relative volume for the mode of anti-phase synchronization is small enough and 
localized near stationary point of this mode. In such manner we may conclude about low realization 
probability for the mode of anti-phase synchronization in conditions (4) and (5) according to the 
model stated for three cylinders wake (1), (2) and (3) with nonzero right part. This conclusion 
agrees with experimental observations.  
 
                                                                        
                                                                          z  

                             
                             x                                                                                     y
 
 
                                                                   Fig. 2 
 
   Attraction domains of three global modes (namely , "0" ""π  and "" sm − ) for the case 1=λ  
             (More precisely, this is a cut 25.0=++ zyx  of phase space zyx ,, ) 
 
       Moreover, under conditions (4) and (5) relative domain volume of mirror-symmetry mode 

 is essentially grater then corresponding volume of in-phase synchronization mode , 
that is in good agreement with experimental evidence as well. Appling the stated model to the two 
cylinders wake we see that condition (4) guarantees a dominance of the mode with in-phase 
synchronization as compared to the mode of anti-phase synchronization of oscillators-streets (in 
neutral flow) as this has been observed. The configuration of the attraction basins for two cylinders 
wake is independent on parameter

"" sm − "0"

λ of the model. 
      The next question is how the electric discharge may effect on the flow mode competition? To 
answer this nontrivial question one may use symmetry arguments. For relatively low electrical 
current densities the gas temperature distribution and the current density distribution are 
approximately homogeneous ones. For higher electrical currents the homogeneity of current 
density distribution (as well as temperature distribution) becomes to be broken (due to positive 
reverse coupling through gas heating mechanisms [11]). At this point we have a reformulation of 
the problem: what flow mode realizes greater reverse coupling for gas heating?  For two-cylinder  
 
 



 
wake it is anti-phase synchronized streets with contacting stagnant zones behind the cylinders (in 
proper phase of the oscillation). For the case of in-phase mode of three cylinders wake, the 
amplitude of von-Karman oscillation is greater for central cylinder. Thus, the discharge supports 
the first of all formation of central von-Karman street. Consequently, the electric discharge supports 
a formation of mode with in-phase synchronization (in conditions when the formation of mode with 
anti-phase synchronization is forbidden). Characteristic current density for arising of this mode 
redistribution was 1-2 A / m (that is line density per unit of cathode length) in the experiment.  
 
Conclusions: 
 

1. It was found that for intermittent wake flows the electrical discharge effects realization 
probability of the flow modes. The discharge switching on increases the probability of LF 
mode for two cylinders wake and HF mode for three cylinders wake.  

2. Simple model of the wake is supposed. This is a model of coupled van-der-Pole oscillators. 
All three parameters of the model have been estimated using the experimental data.  

3. Using the model supposed, the velocity spectral peaks was attributed to particular global 
modes of the wake. Accordingly, the electric discharge increases the realization probability 
of mode with anti-phase synchronized oscillators-streets for two cylinders wake, as well as 
increases the probability of mode with in-phase synchronized oscillators in the case of three 
cylinders wake.  

4. The wake model arguments plus the property of symmetry breaking of electrical current 
allow an explanation for this discharge effect. 
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Abstract 

 
Complex three-dimensional moving boundaries and fluid-structure interaction are hallmarks of biological 

configurations. Computational modeling of such flows however poses severe challenges for conventional modeling 

approaches and the last decade has seen a tremendous rise in the popularity of immersed-boundary methods (IBM) 

for modeling such flows. The key feature of the immersed boundary method is that simulations with complex 

moving boundaries can be carried out on stationary, body non-conformal Cartesian grids. This approach eliminates 

the need for complicated re-meshing algorithms that are usually employed with conventional body-conformal grid 

methods. I will describe the salient features of a versatile sharp-interface immersed-boundary method which is 

especially well suited for biological flows. The IB method developed here is accurate, efficient, scalable and fast, 

and can handle extremely complex, moving geometries with relative ease. The solver is coupled to a powerful finite-

element based solid-dynamics solvers as well as a low-Mach number acoustics solver, enabling multi-physics 

simulations of complex biological flows. This simulation tool is being used in a number of studies including insect 
flight, fluid-structure interaction in the human larynx and hemodynamics and flow-induced sounds in the left 

ventricle, and results from these studies will be presented.  
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EXTENDED ABSTRACT

1 Introduction

Historically, in the beginning of the development of numerical methodology for CFD simulation of �ow
across a stationary immersed complex-shaped body problems, Cartesian grid system along with the �nite
di�erence method was used; approximating the curved body as a stepped one. Latter on, to obtain better
accuracy in lesser computational time, body-�tted grid along with the �nite-volume method became more
popular. This continued for quite some time with further development from structured to unstructured
body-�tted grid system. However, recently with more industrial applications of CFD, where the geometry
is very complex and reasonably accurate results are desired still in lesser computational time, there is a
renewed interest in the Cartesian grid.

In terms of code development e�ort, computational cost and memory requirement, Cartesian grid
outweighs the body-�tted grid; specially for the moving boundary problem. Thus, there are lots of work
in the last decade to improve the numerical methodology for CFD simulation of viscous �ows with immersed
(or embedded) boundaries on Cartesian (non-body conformal) grids, called as Immersed-Boundary-Method
(IBM); reviewed by Mittal and Iaccarino [1].

Level set method is a powerful numerical technique for analyzing and computing moving boundaries
(between solid-liquid, liquid-liquid and liquid-gas) in a variety of situations. It relies on Eulerian rather
than Lagrangian method of tracking interface and thus, are easy to implement in the codes. Although
it has been used in various �elds of science and engineering, in case of computational �uid dynamics, it
has been more commonly used for simulation of combustion, multi-phase �ow as compared to that for the
moving boundary problems.

Thus, the objective of the present work is to propose a novel sharp interface level-set based Immersed-
Boundary Method (LSIBM) for two-dimensional CFD simulation of moving boundary problems. In present
method, the solid-body is tracked by solving an Eulerian equation for level set function and the solid-�uid
interface boundary conditions are implemented by sharp interface treatment. The interface is tracked
using level set method and treated with a new �nite volume method without the use of forcing function
to represent boundary e�ects. The developed method is easy to implement on both stationary as well as
moving complex shaped bodies. The in-house code is tested on three di�erent moving boundary problems.

2 Mathematical Formulation and Numerical Methodology

In the present work, there are two sets of unsteady equations: �rst, Navier-Stokes (NS), to solve for the
�ow; and second, level-set (LS), to account for the changes in the numerical methodology, for non body
conformal �xed grids and the e�ect of moving immersed body. At the curved solid-�uid interface, level set
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values helps in numerical implementation for the calculation of the �uxes (mass, advection and di�usion
needed in the �nite-volume method) and pressure boundary condition (using �nite di�erence method).
Moreover, for moving boundary problem, they keep track of the di�erent types of cells in the domain.
This is done by using level set function which is advected, using the velocity of the solid as advecting
velocity. Both level set advection and reinitialization equations are solved to obtained the correct level-set
function after each time step. A modi�ed form of implicit �nite-volume pressure projection method on a
non-staggered grid, proposed by De and Dalal [2], is used in the present �ow solver.

The level set(φ) function is de�ned as a signed normal distance function measured from the interface
and is equal to zero at the interface, with a change in sign across the interface (Figure 1). In the immersed
boundary method (IBM), when domain is divided into Cartesian grid there are certain cells through which
the interface passes, i.e., it is partially �lled by �uid and solid respectively, as shown in Figure 2; called
here as border cell. Moreover, if the centroid of the border cell is in solid (�uid) then it is called solid
(�uid) border cell. In case of moving boundary problems, solid boundary changes its spatial location with
time. This results in uncovering of some of the cells, which were solid-cells in previous time-step and
became �uid-cell in present time-step, shown in Figure 3. Such cells are termed as freshly cleared cells
(FCC). In the development of numerical methodology for IBM, there are three major numerical issues:
implementation of pressure boundary condition at the immersed-boundary, treatment of freshly cleared
cells and mass source or sink; discussed in paragraph below.

In order to �nd the pressure �eld, it is necessary to solve the pressure-poisson equation in the �uid
region. While calculating pressure of �uid border cells, values of pressure of solid border cells are needed to
satisfy the pressure boundary condition. This is obtained by �nite di�erence discretization of the pressure
boundary condition: ∇P.n̂ = 0 for stationary boundary and ∇P.n̂ = −DU

Dt .n̂ for moving boundary. Here,
the normal unit vector n̂ is expressed in terms of level set function as n̂ = Oφ/ |Oφ|. As LS function is
de�ned as normal distance function, |Oφ| =1. Thus, the normal pressure gradient (∇P.n̂) at the solid
body is obtained by �nite di�erence discretization of ∇P.Oφ.

While solving �ow �eld with time-marching, time history of cell center velocity is needed to predict ve-
locity. For the freshly cleared cells, �ow �eld needs to be solved but the time history is not available as they
were in solid in earlier time-step. To deal with such cells weighted average or interpolation/extrapolation
of neighbors can be done. But if grid is �ne or movement per time step is fast then instead of a single
cell, a group of cells will be collectively becoming freshly cleared cells (Figure 3). Thus, averaging or
interpolation/extrapolation is not possible or is very di�cult. In present method, this issue is dealt with
by taking velocity of immersed boundary at previous time step as the time history for such FCC.

Due to the motion of the solid, numerically, certain �uid (solid) cell gets converted into solid (�uid) cells
in each time step. Physically, the volume corresponding to the disappearing �uid (solid) cells gets pushed
(sucked/pulled) in the direction of motion. This phenomenon is numerically modeled by incorporating
mass source/sink; their volumetric-�ux on the solid surface is approximated as the velocity of the solid
body, averaged between the two consecutive time steps (t and t+ ∆t).

0φ =

0φ >

0φ <

φφφφ<<<<0000                        φφφφ>>>>0000 φφφφ    ====0000
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EW
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Interface at time t

Solid cell Fluid cell

Interface at time t+∆t
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Figure 1: Cartesian Grid and
level set function (φ).

Figure 2: Di�erent types of cells
encountered for moving boundary
problems in Cartesian grid.

Figure 3: Representative freshly
cleared cells formed during
movement of boundary
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3 Results and Discussion

An in-house code, developed using the methodology discussed above, is tested on three di�erent problems:
First, �ow generated by a cylinder oscillating horizontally in a stationary �uid; second, free-stream �ow
across a transversely-oscillating cylinder and third, free-stream �ow across a pitching NACA0012 airfoil.
The computational domain and boundary conditions are as shown in Figure 4.
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Figure 4: Computational domain and boundary conditions for di�erent test problems.
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Figure 5: Comparison of the present results with the (a-f) numerical and (g-l) experimental results of
Dutsch et al. [3]. Figure (a-c) and (g-i) are U-velocity pro�le whereas (d-f) and (j-l) are the V-velocity
pro�le at di�erent X-coordinate and phase angle of the oscillating cylinder.
Figure 4 also shows the expressions for the temporal variation of displacement and velocity of the solid
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body movement, where A = a/Lc and K = 2πfLc/uc are the non dimensional amplitude and frequency of
oscillations, respectively. For non-dimensionalization, the characteristic length (Lc) is taken as diameter for
the cylinder and chord-length for the airfoil. The characteristic velocity (uc) is the free-stream velocity for
the second and third problem; and maximum cylinder velocity for the �rst problem. The non-dimensional
governing parameter for these di�erent types of oscillations are Reynolds number, oscillation-amplitude
and oscillation-frequency. Their values considered in the present code validation is given in Figure 4. The
present simulation is done on a non-uniform Cartesian grid size of 626×470, 626×470 and 696×388, with
the �nest grid size of 0.0125, 0.0125 and 0.0025 clustered near the cylinder/airfoil; for the �rst, second
and third problem, respectively.

For the �rst problem, Figure 5 (a-f) and 5(g-l) shows an excellent agreement of the present results
with the published numerical and experimental results, respectively; obtained by Dutsch et al.[3]. For the
second and third problem, good agreement between the present and published results is shown in Table 1
and 2, respectively. For the second (third) problem, a maximum error of 2.9% (7%) is obtained for mean
drag-coe�cient (amplitude of lift-coe�cient). Thus, an in-house code developed by the novel LSIBM is
tested; will be used for a detailed simulation of �ow across a moving boundary in future.

Table 1: Comparison of present and published results, for mean drag-coe�cient, at a Reynolds number of
185 and non-dimensional oscillation amplitude of 0.2 for various non-dimensional frequency.

K CD

Guilmineau & Queutey[4] Present

0.965 1.2 1.19

1.2 1.5 1.49

1.33 1.36 1.4

Table 2: Comparison of present and published results, for mean drag-coe�cient and amplitude of lift coef-
�cient, at Reynolds number of 1100 and maximum oscillation amplitude of 50 for various non-dimensional
frequency.

K CD Ĉl

Pedro et al.[5] Present Pedro et al.[5] Present

4 -0.1132 -0.1099 0.7107 0.6597

8 -0.0904 -0.0929 2.36 2.2799
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Cactus spines and grooved cross-section,
VIV reducers or self-defense mechanisms?

Benjamin Levy1, Ying Zheng Liu, Liu Liu Shi

School of Mechanical Engineering, Shanghai Jiao Tong University
800 Dongchuan road, Shanghai 200240, China

1 Abstract

In order to understand the physics of the flow around an adult saguaro cactus, we have decom-
posed it into two experimental models: a grooved cylinder and a spined cylinder. Measures
around a smooth cylinder with a regular cross section have been made for the purpose of
the comparative study and the validation of our results with the existing literature (Williamson,
1996). A low speed recirculation water channel was used for the experiments; the Reynolds
number (ReD), defined by the free-stream velocity and the diameter of the cylinder (D), was set
at 3 different values: 325, 405 and 1500. Time-resolved particle image velocimetry (PIV) was
used for the experimental data acquisition. Comparative results between the grooved cylinder
and the smooth cylinder have already emphasized on the increase of the recirculation zone by
nearly 18.2% (Liu et al., 2011). With the use of the proper orthogonal decomposition method
(POD) in the near wake of the grooved cylinder, small scale vortices were identified to be gener-
ated and convected downstream in phase. By delaying the formation of the Karman-like vortex
street, the grooved cylinder must reduce the fluctuating forces on its surface. The spined cylin-
der proves itself to significantly modify the flow.

Keywords: VIV, spines, grooves, flow control, drag reduction, bio-fluid-dynamics, PIV, POD

2 Introduction

The saguaro cactus are found on the American continent. Despite their shallow root systems
and their poor flexibility they are able to withstand wind of very high velocities. Why aren’t they
uprooted? How can they not suffer major fractures due to vortex inducing vibrations? One fact
is obvious: cactus do have a singular look .. could this be part of the solution? With an height
up to 15 meters for a diameter of less than a meter (Hodge, 1991), they look like cylinders
scattered across desert landscapes. This cactus is characterized by its span-wise V-grooved
cavities which number can varies between 10 and 30 depending on its age and its size. The
aspect ratio of the cavity depth (Lg) to the diameter of the cylinder (D) is about 0.07 ± 0.0015.
Numerous spines are squattered along the tip of the grooves. That is why the fluid mechanics
community slowly came to wounder whether the grooved cross-section of cactus and/or their
spines did not have any significant effects on the aerodynamic drag and the fluctuating forces
on its surface (Tally & Mungal, 2002; Babu & Mahesh, 2008; Liu et al., 2011). Recent work have
demonstrated the ability of a self-adaptive hairy coating to significantly reduce the drag and the
lift fluctuations (Favier et al., 2009), the ability of poroelastic system to reduce drag (Gosselin &
de Langre, 2011) and the capacity to modify large and robust vortex structure (Levy, 2009).

3 Experimental Setups

Due to the complex dynamics that might occur around the spines and within the grooves, and
since only few articles were written on the topic, we have decided to first decompose the cactus

1 e-mail: benjamin.levy@sjtu.edu.cn or benjamin.levy@hotmail.fr
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cross-section into the sum of a grooved cylinder and a spined cylinder (fig. 1). By doing so, we
should be able to understand the individual effect of each component of the cactus geometry.

As represented on figure 1(a), a total of 24 V-grooved cavities were equally distributed
around the cylinder surface, and the ratio of the cavity depth (Lg) to the cylinder diameter (D)
was manufactured at 0.07. The cylinders spanned the entire width of the test-section and were
placed in the water channel at mid-depth. The V-grooved spikes and the spines were placed
symmetrically with a spike/spine on the leading edge. As the aspect ratio of the experimental
cylinders is 10, we have to assume the side effects due to the walls are negligible.

As represented on figure 1(c), a total of 32 homogeneous spines were equally distributed in
pairs around the cylinder surface, and the ratio of their length (Ls) to the cylinder diameter (D)
is about 0.1. The ratio of the spines geometry Ls/ds is about 10.7.

U0

θg θs

4.9 D

Y

0

H

X

D

Lg

Ls

D

ds

(a)                                                                                                   (b)                                                                                       (c)

Fig. 1: (a) dimensions of the grooved cylinder; (b) schematic of the experimental setup (groove cylinder configura-
tion); (c) dimensions of the spined cylinder.

The dimension of the test-section is 150 mm (width) x 200 mm (height) x 1050 mm (length).
The wake behind the cylinder was measured by PIV. Glassbeads (ρ ≈ 1.05kg/m3, d ≈ 10µm)
were used as tracer particles; the middle plane was illuminated by a 1.8 Watt continuous-wave
semiconductor laser (532nm). A high-speed CMOS camera was used to acquire the images at
a frequency of 250 Hz and a resolution on 1024 x 1024 pixels (multiple areas down stream of
the cylinder were recorded).

4 Results

4.1 Grooved cylinder vs. smooth cylinder

Within the V-grooved cavities on the windward side of the cylinder, small recirculation zones are
being observed. This is believed to be linked to a drop of the viscous and pressure forces along
the grooved cylinder. We can also notice that at Re = 1500, the recirculation area increased
in length by approximately 18% (fig. 2 (a) and (e)). Those results are in agreement with the
one obtained numerically by Babu & Mahesh (2008). Looking at the fluctuation intensity of
the stream-wise velocity component, we have measured a reduction of the peak Urms/U0 of
nearly 10% in the near wake of the grooved cylinder (0 ≤ x/D ≤ 2.5). The grooves are able to
delay the formation of the vortex shedding process but not suppress it as further downstream
(2.5 ≤ x/D ≤ 5) the fluctuation intensity is increasing to a similar value to the one observed
in the wake of the smooth cylinder (Liu et al., 2011). A similar tendency is observed for the
longitudinal velocity component (fig. 2 (b) and (f)).

Having access to the temporal evolution of the velocity within the recorded frame, we were
able to do a spectral characterization of the velocity. At x/D = 0.25, the spectrum magnitude is
relatively low and a dominant peak is observed at St=0.68 for both systems. This is due to the
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Fig. 2: a-d: smooth cylinder, e-h: grooved cylinder; (a) and (e) time-averaged streamline and contours of streamwise
velocity; (b) and (f) contours of longitudinal velocity fluctuations; (c) and (g) 1st POD mode of the swirling
strength; (d) and (h) coefficients of the 1st POD eigenmode. Re = 1500

appearance of small-scale vortices in the shear layer. At x/D = 1.3, the spectra magnitude at
St=0.68 is intensified by 20dB for both configurations and another dominant spectral peak was
detected at St=0.19 for the smooth cylinder due to vortex shedding. At x/D = 2, the strength
of the peak frequency St=0.19 is dominant over the one near St=0.68 for the smooth cylinder
resulting from the regular vortex shedding from the shear layer. However, such frequency pick
at St=0.19 was not detected for the grooved cylinder configuration. At x/D = 4, the frequency
peak near St=0.19 is dominant for both configurations resulting from the formation of a regular
Karman-like vortex street.

In order to get a better understanding of the flow structure and the differences between the
two configurations, we performed a POD analysis based on the snapshot method introduced
by Sirovich (1987). For that matter, 2048 sequential realization were taken within the near wake
(0 ≤ x/D ≤ 2.5). The first two modes of the total fluctuation energy is 25.5% and 21.9% for the
smooth cylinder and respectively 12.7% and 11.3% for the grooved cylinder. This significant
reduction is attributed to the delayed formation of the Karman-like vortex street. Their are also
significant modifications with the coefficients of the first 2 modes: they do not vary at all in a
periodical pattern. Looking at the first mode based on the swirling strength, we can clearly
identify the presence of small-scale vortices in the upper and lower shear layers in the wake
of the grooved cylinder. Those vortices are not present in the wake of the smooth cylinder
(fig. 2 (c) and (g)). This is emphasized by the regular periodic pattern of the swirling strength
coefficients (fig. 2 (d) and (h)).

4.2 Spined cylinder vs. smooth cylinder

At Reynolds 325, the length of the recirculation area increases by +41% for the spined cylinder
compare to the smooth cylinder and at Re = 405, the difference increases to +55%. As a
consequence, this means that the fluctuating forces acting on the cylinders have to be reduced
as the oscillations in the wake have more difficulties to go upstream. Also, the fluctuation
intensity of the velocity in the wake is being reduced by the spines. The spines do also effect
the vortex shedding frequency as the Strouhal number is decreased from 0.18 to 0.15 and from
0.23 to 0.28 respectively for Re = 325 and 405. Looking at the POD correlation matrice for
the spined cylinder, it appears that the flow still shows the characteristics of a periodic flow but
the values of the subsidiary diagonals are only about 40% of the main diagonal proving the
destabilization of the periodicity of the vortex shedding.
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5 Prospects

Despite the technical difficulty of manufacturing a small scale saguaro cactus due to the very
small scale of the spines and its 3D tangled organization it will be necessary to perform such
experiment in order to gain access to a more accurate, 3D flow topology around a saguaro
cactus. In the first place, a grooved cylinder with spines similar to the one studied will have
to be tested; not only will this let us identify how a joined setup differs from the sum of the 2
tested setups, but it would also allow us to still make the approximation of a 2D flow. In the
mean time, the flow around a cylinder with tangled spines should be studied in order to identify
how it differs from our 2D approximation. Only after having performed all those experiments
are we going to have a complete understanding of the flow dynamics around a cactus and how
it manages not to be uprooted or fractured by strong winds.

6 Conclusion

Even if their still is a significant amount of research work to be performed on the topic, the
already obtained results are more than satisfying. We have already proven that either V-groove
shape or spines were significantly extending the recirculation zone and reducing the intensity
of the velocity fluctuations. Small shear layer vortices were identified as being responsible
for those modifications. Even if we did not try to measure the forces applying on the cylinder
(grooved, spined or smooth) we can suppose that the observed phenomenon would consider-
ably reduce the fluctuating forces on the grooved cylinder.

So, are the cactus particular cross-section and spines "VIV reducers" or "self-defense mech-
anisms"? Despite the undeniable fact that they do protect the cactus and seem to provide phys-
iological advantages, it looks like they do have a significant impact on the VIV mechanisms as
well!
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ABSTRACT 

Results are presented for the computational aerodynamic analysis of two synthetic 
shuttlecocks of popular brands. A comparison of the flow field and associated drag 
coefficient of the two models is presented. Results are also compared with data from 
experiments conducted earlier. Computations are carried out for the range of Reynolds 
number 1.11-2.44x105 (based on the maximum diameter of the skirt). The drag coefficient is 
found to be 0.80 for Model 1 and 0.67 for Model 2.  Effect of the location and spacing of the 
net, forming the skirt, and the geometry of the support ring on the flow and drag coefficient is 
evaluated for Re= 1.78x105. The presence of ring in the skirt is found to play a vital role in 
the formation of an axial jet.  
 
Keywords: computational, shuttlecock, drag coefficient, axial jet 

 
1. INTRODUCTION 

 
The drag force experienced by a shuttlecock is vital to the game of badminton. The forces 
experienced by the shuttlecock should be in such a range so that it remains within allowed 
limits of the court for skilled players. A few experimental studies have investigated the 
aerodynamics of the shuttlecock and values of Cd for a range of Re. However, not much 
computational work has been reported. 

 

In this work, the flow past a synthetic shuttlecock in flight, at a constant speed and zero 
angle of attack, is studied. The range of speeds considered is 25-55ms-1. It corresponds to 
Reynolds number 1.11-2.44x105 based on the maximum diameter of the skirt. The 
shuttlecock is not allowed to spin or deform. A commercial CFD software (FLUENT[2]) is 
used to carry out the computations. The realizable k-epsilon (rke) turbulence model is used 
for turbulence closure. FLUENT[2] uses a control-volume technique to solve incompressible 
flow equations. It converts a general scalar transport equation to an algebraic equation that 
can be solved numerically. The coefficient of drag is defined as Cd= Fd/0.5ρv2A, where Fd 
refers to drag force, ρ is density of air, v is the mean velocity of shuttle relative to air and A is 

the reference area. 
 

2. SHUTTLECOCK DESIGN 
Figure 1 shows the two models used for the study. They have been created in GAMBIT[3] 
using its geometric and meshing toolkit. The shuttlecock skirt consists of 16 panels, each 
subtending 22.5o on the spin axis. Length of the skirt is 58mm along the spin axis and the 
hemispherical part of the cork has a diameter of 25mm. The diameter of the largest circle 
circumscribing the skirt is 65mm. The total length of the shuttle is 80mm. 

                 
Figure 1. Geometry of the two models of synthetic shuttlecock used for the computational 

study 



 

Property Model 1 Model 2 

Porosity Absent throughout Porous skirt surfaces 

Geometry Hexakaidecagonal cross section Circular  cross section 
Table 1.  Comparison of the characteristics of Models 1 and 2 used for the CFD 

study 
 

                       
3. RESULTS 

 

For both the models, computations are carried out for various values of inlet speeds, in 
steps of 5ms-1. “Porous jump” boundary conditions are used for Model 2, for which the 
pressure jump coefficient for its skirt surface is determined. Since data from experiments is 
not available for the pressure across the skirt surface, a separate computation for each 
velocity is done with a single panel. Figure 2(a) shows a single panel unit of the skirt 
surface, divided into 3 parts viz. upper coarse, upper dense and lower.  Figure 2(b) shows 

the plot of calculated pressure difference against respective velocities. The coefficients of 
the equation for each curve are then used to calculate the pressure jump coefficient. Model 
1 consists of the actual net surface and therefore, does not require explicit modelling of 
wall porosity. 

      
 
 

                                                              
 

Figure 2(a). Geometry of the single 
panel wall for Model 2, used for 
computing   pressure jump 
coefficient-                                    
 

Figure 2(b). Variation of pressure difference (Pa)  
across the panel unit for Model 2, for a single panel, 
with flow speed (ms-1)                  

 

 
 Figure 3 shows the variation of drag coefficient with Re. The drag coefficient decreases 
initially and remains almost constant at higher speeds. It is found to be 0.80 for Model 1 and 
0.67 for Model 2. The values for Model 2 are almost the same as found by Alam and 
Chowdhury[1] in their experimental analysis.  



 
 

Figure 3. Flow past a synthetic shuttlecock: variation of Cd with Re for the two models 
                  

Figure 4 shows the streamwise component of velocity for the fully developed flow at a cross 

section of the computational domain. An axial jet in each case, which is a consequence of air 
passing through the open space behind the cork after flow separation at its downstream 
edge, is observed. This is in line with the observation of Cooke [4].  The flow pictures, with 
and without the ring in the skirt, for Model 2, are shown in Figure 5. It indicates that flow 
separation also occurs at the lower edge of the ring, which contributes to the formation of the 
jet. The high drag coefficient obtained in both the cases is because of the entrainment of 
wake air by the emerging jet. This is why the shuttlecock is manufactured with the open 
space upstream rather than having an entirely solid, synthetic skirt. 

          

Figure 4.  Model 1(L) and Model 2(R):  streamwise component of velocity at a cross section 
of the domain showing flow separation and the axial jet for the fully developed flow 

 

           
 

Figure 5. Model 2, without ring (L) and with ring(R) in the skirt: streamwise component of 

velocity, for the developed flow at a cross section of the domain, showing the absence and 
presence respectively, of the axial jet 

 



 
 
Figure 6 demonstrates the effect of the location of the net on the coefficient of drag for 
Model 2. The distance of the net from the cork is varied, maintaining the same porosity as 
used earlier for the “lower” region. It is found that up to 10mm, the drag remains almost 
constant and then starts decreasing rapidly.  

 

  
Figure 6. Flow past Model 2 of synthetic shuttlecock: variation of coefficient of drag vs. 

distance of the net, from the cork, relative to maximum distance (21mm) 

 

CONCLUSION 

Results have been presented for computational study of flow over two synthetic 
shuttlecocks. The coefficient of drag is found to be 0.80 for Model 1 and 0.67 for Model 2. 
Thus, the porous model gives results for drag closer to those obtained from experiments. 
Study of the flow field for Re=1.78x105 indicates the presence of a strong axial jet that 
contributes significantly to the drag. The geometry of the skirt is a vital feature. Increasing 
the distance of the net from the cork causes a decrease in the coefficient of drag and vice 
versa. It is also found that flow separation at the circular ring plays an important role in 
the formation of the axial jet.   
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Application of Partially-averaged Navier-Stokes

(PANS) method to simulate turbulent flow around an

airship

Sunil Lakshmipathy∗ Sawan Suman † Rajkumar S. Pant‡ Sharath S. Girimaji§

I. Introduction
Generation of adequate buoyant force on an airship necessitates the choice of a voluminous

envelope (hull), which is essentially a bluff body of revolution. Flow past bluff bodies is known
to generate complex phenomena such as multiple separations with partial re-attachment, vortex
shedding, bimodal flow behavior, high turbulence level and large scale turbulent structures which
contribute considerably to the momentum, heat and mass transport. Usually, the Reynolds number
in these flows is high so that the turbulent processes are important and must be accounted for in
the prediction method. The complex wake phenomena in bluff body flows typically involve the
interaction of separated boundary layer, free shear layer, and a wake.1 Such an interaction has
a direct influence on important design parameters like lift, drag and moment coefficients. In an
airship, stabilizing and control surfaces are located in the aft region, hence a detailed understanding
the flow patterns in this region is even more crucial, since the efficiency of these surfaces is substan-
tially influenced by these interactions. Furthermore, unlike a canonical bluff body, for example, a
circular cylinder, an airship hull is susceptible to vast changes in angle of attack, which in turn can
substantially influence the flow separation and related aerodynamics. Employing direct numerical
simulation (DNS) to study and understand the bluff body aerodynamics is often unfeasible because
of the high computational demand. Thus, averaged methods of turbulence must be employed for
the purpose.

Even though Reynolds averaged Navier-Stokes (RANS) is the most popular method of simu-
lating averaged turbulent flow field, it has been well documented that boundary layers and the
separated shear layer interaction causing high momentum transfer in the wake cannot be predicted
satisfactorily using the established RANS models.2 Scale resolving turbulence models are a pre-
ferred and necessary choice for computing such flows. The restrictions in terms of computational
requirements placed by the conventional scale resolving turbulence models such as large eddy sim-
ulations (LES) and DNS have led to the increasing popularity of hybrid RANS/LES turbulence
models. These models are between DNS/LES and RANS in terms of computational requirements
and provide intermediate accuracy. The models are tuned to resolve only the larger and more
coherent dynamic scales of motion while modeling the smaller scales of motion. The cut-off to
partition the instantaneous flow field into resolved and modeled fields for hybrid methods is placed
in the inertial range of the energy spectrum thereby making the grid resolution requirements less
stringent than an LES computation. Several hybrid RANS/LES turbulence models have been
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proposed in literature.3 Most of these methods either use a one-equation or two-equation RANS
turbulence models to provide closure for the sub-filter scales of motion compared to an algebraic
model in LES. In the current study our focus is on partially averaged Navier-Stokes (PANS) model
(we provide a brief overview of this method in Section II).

Thus the objective of the work is to apply PANS method of simulating a turbulent flow field to
an airship hull. We will employ several PANS simulations to (i) highlight the advantages of PANS
over RANS in simulating bluff-body aerodynamics, and (ii) closely examine the phenomenon of flow
separation over an airship hull to develop insights that may be useful in improving aerodynamic
design of airships.

This abstract is organized into four sections. In Section II, we provide a brief overview of the
PANS method. In Section III, we outline the methodology of our work. Section IV includes a set
of preliminary results.

II. Partially-averaged Navier-Stokes method
The PANS model was first developed by Girimaji.4 PANS is a hybrid RANS/LES turbulence

model that can be categorized as a bridging model capable of computing turbulent flows at any
desired degree of physical resolution ranging from a fully resolved (DNS) to a completely modeled
(RANS) computation. The physical resolution of the flow to be computed in PANS is determined
by specifying fk,4,5 the resolution control parameter of PANS. fk is the ratio of the unresolved
turbulent kinetic energy (ku) to the total turbulent kinetic energy (k): fk = ku

k . RANS solution
can by computed by specifying fk = 1.0 and a DNS type solution can be obtained by specifying an fk
value of 0.0. fk can be varied infinitesimally between 1.0 and 0.0 to achieve any intermediate physical
resolution between RANS and DNS. However, the grid on which the PANS computations are
performed must have adequate resolution to support the prescribed physical resolution of the PANS
computation. Hybridization in the case of PANS model is achieved by systematically altering the
RANS transport equations to function as sub-filter stress (SFS) closure model. RANS two-equation
and four-equation turbulence models have been used to provide closure for the unresolved scales.
Girimaji et al.5 and Elmiligui et al.6 used RANS k-ε model to provide closure for the unresolved
scales, while Lakshmipathy and Girimaji7 and later Song and Park8 used the k-ω formulation
to provide closure for the unresolved scales. Recently, Basara and Girimaji9 performed PANS
computations using the four-equation ζ − f model to provide closure for the unresolved scales.

In the current study, we implement PANS k-ω model that uses the Menter SST10 turbulence
model to provide closure for the SFS term in the filtered Navier-Stokes equation. This PANS
formulation is an extension of the PANS model presented by Lakshmipathy and Girimaji.7 The
model transport equations are:

∂

∂t
(ρku) +

∂

∂xi
(ρuiku) = Pku − β∗ρkuωu +

∂

∂xi

[
(µ+ σkuµu)

∂ku
∂xi

]
(1)

∂

∂t
(ρωu) +

∂

∂xi
(ρuiωu) =

γ

νu
Pku − β

′
ρω2

u +
∂

∂xi

[
(µ+ σωuµu)

∂ωu

∂xi

]
+ 2 (1− F1)

ρσω2u
ωu

∂ku
∂xi

∂ωu

∂xi
(2)

where ωu is the unresolved specific dissipation rate. Pku is the production of unresolved turbulent
kinetic energy and is given by:

Pku = τ (Vi, Vj)
∂ui
∂xj

; τ (Vi, Vj) = µu

(
2Sij −

2

3

∂uk
∂xk

δij

)
− 2

3
ρkuδij (3)

where τ (Vi, Vj) is the sub-filter stress (SFS) term and is computed using a Boussinesq-type consti-
tutive relation.11 β

′
is the PANS model parameter defined as:

β
′

= γβ∗ − γβ∗

fω
+

β

fω
(4)

2 of 4

IUTAM Symposium on Bluff Body Flows, December 12-16, 2011, IIT Kanpur



fω is the second resolution control parameter of the PANS k-ω model and is defined as the ratio of
unresolved specific dissipation rate (ωu) to the total specific dissipation rate (ω): fω = ωu

ω . Further
details of the formulation are available in Lakshmipathy and Togiti.12

III. Methodology

In some previous studies13,14 of airship aerodynamics, a 6:1 prolate spheroid shape has been
employed to represent an airship hull-like profile. We employ the same geometry in this work,
and aim to perform full three dimensional Unsteady RANS (URANS) and PANS simulation over
this geometry at various Reynolds number and angles of attack. A comparative study between
URANS and PANS performance will be presented by comparing these simulation results against
the experimental results of Chesanakas and Simpson.14

IV. Preliminary results
Here we present some of our preliminary results demonstrating the capability of PANS as a tool

to simulate flow over a canonical bluff body (circular cylinder). The results are presented here as
a validation of model implementation on the DLR TAU flow solver.15 The same implementation
will be used in simulating the flow over a prolate spheroid. Flow past a circular cylinder at
Red = 1.4 × 105 was computed using the PANS k-ω presented in Section II. Results from the
current PANS computations are compared with experimental dataset of Cantwell and Coles16 and
reference numerical datasets of Breuer17 and Travin et al.18

PANS computations in the current study were performed using fixed fk values.19 Computations
were performed for fk values of 1.0 (URANS) and 0.5 using the PANS k-ω model. Mean velocity
statistics are presented in figure 1a and 1b . For the mean stream-wise velocity statistics shown in
figure 1a, URANS and DES results predict a larger recirculation bubble compared to experimental
data. PANS with fk = 0.5 shows very good agreement in terms of the size of the recirculation
bubble and the recovery of the velocity defect in the wake region. Mean stream-wise velocity
statistics at two different x-planes plotted in figure 1b show that by reducing the fk value from 1.0
to 0.5, the PANS results show improved accuracy. The peak velocity at the center is comparable
with experimental results.

Qualitative comparison between URANS (fk = 1.0) and PANS (fk = 0.5) is presented in figure
2a and 2b. These figures show the instantaneous three-dimensional flow structures in the cylinder
wake visualized using iso-surface of instantaneous Q-criterion. URANS computations (see figure 2a)
show no span-wise variation and predict a two-dimensional flow which is contrary to experimental
observations. PANS model results shown in figure 2b resolve the dominant three-dimensional flow
structures in the cylinder wake region. The complexity of the flow in the wake is apparent as
captured by the PANS computations.

Figure 1. Mean streamwise velocity.
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Figure 2. Iso surface of Q-criterion (Q = 500 1
s2
).

(a) (b)
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Abstract

A spectral azimuthal discretization of axisymmetric computational domains is extended
to non-axisymmetric configurations by a domain decomposition with a spherical interface.
This formulation makes it possible to keep the spectral azimuthal decomposition in a spher-
ical sub-domain containing an axisymmetric aspherical body and gliding with respect to a
cylindrical sub-domain capturing the wake of the body. The method is applied to a simula-
tion of the wake past a fixed, tilted disc and to a disc rotating perpendicularly to its axis. It
will also enable simulations of the free movement of axisymmetric and aspherical bodies in
transitional regimes.

In this communication we address the problem of simulation of wakes and trajectories of
freely moving axisymmetric objects and of fixed axisymmetric objects placed arbitrarily with
respect to the incoming flow. Our idea was to adapt a numerical code (3) that we have suc-
cessfully applied to carry out an extensive parametric study for the transition scenario in the
wake of fixed oblate spheroids and cylinders (4) to the so arising non-axisymmetric geometrical
configurations.

The three-dimensional incompressible Navier-Stokes equations are discretized using the
spectral - spectral-element discretization, combining the Fourier expansion in the azimuthal
direction with a spectral-element discretization in the (z, r)-plane. The (z − r)-plane is broken
up into spectral elements with Gauss-Lobatto-Legendre collocation points. This discretization
was shown to be particularly well adapted for the case of fixed axisymmetric objects placed
with their axis parallel to the flow ((3)). It was shown that the spectral azimuthal modes of the
decomposition coincide with the non-linear modes of the symmetry breaking instability of the
wake. As a consequence, for the interval of Reynolds numbers corresponding to the transition
to chaos in a sphere wake (200-400), the Fourier series was shown to converge very rapidly so
that only a very reduced number of modes allow a very high accuracy to be reached. Desiring
to benefit from this efficient formulation in order to simulate non spherical axisymmetric objects,
fixed or free, placed arbitrarily in an axisymmetric computational domain, we split our domain
into two parts (see figure 1): the cylindrical part with the vertical axis and the spherical part
the axis of which coincides with the axis of the axisymmetric object. In both sub-domains we
retain the azimuthal Fourier decomposition. The translation of the object is accounted for by
the translation of the whole composite domain. The rotation of the object, in turn, is accounted
for by the rotation of the spherical subdomain. The mapping on this gliding spherical boundary
thus involves a rotation of a spherical surface.
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(a)
(b)

Figure 1: (a) The original domain without the decomposition, (b) Domain decomposition into a
cylindrical part and a spherical part containing the object. The spherical sub-domain rotates
with the object.

We retain the original discretization inside each of the two sub-domains. On the interface
between them we project the coefficients of the azimuthal expansion onto the basis of spherical
functions. This allows us to carry out in an efficient manner the general rotations defined by
Euler angles of the spherical surface. The choice of spherical functions was motivated by the
fact that they let us project the original azimuthal expansion with respect to the polar axis to the
axis that does not correspond to the direction of azimuthal expansion with optimal efficiency.
The rotation around the polar axis then amounts to the multiplication by a complex unit.

We have carried out the tests of the implementation of the domain decomposition consisting
in comparing the value of the threshold of the axisymmetry breaking in the wake of an infinitely
flat disk and of a cylinder of aspect ratio equal to 1 placed perpendicularly to the flow, calculated
with and without the interface. For the case with the interface, we tested the influence of the
radius of spherical domain and of the order of expansion into the spherical functions on the
interface. The results show that the results obtained by domain decomposition very closely
reproduce those reported in (4). Besides the more complicated solid-fluid interaction problem
of a freely moving axisymmetric body, the method opens a way for efficient simulation of wakes
of aspherical axisymmetric bodies fixed arbitrarily with respect to the incoming flow. As an
example, determined the primary instability threshold for the case of a flat disc (of infinitely
small thickness) inclined by 30 degrees with respect to the flow direction. Because of the
axisymmetry broken already by the inclination of the disc the primary bifurcation is of Hopf
type. Figure 2 represents the streamwise component of the velocity field below and above the
threshold in the symmetry plane of the configuration. The blue line marks the interface. It can
be seen that the isolines are perfectly smooth across the interface.

Figure 3 shows also the iso-surfaces of the streamwise component of the vorticity below
and above the instability threshold. Even for vorticity, it is impossible to spot the position of the
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(a) (b)

Figure 2: Iso-velocity lines of the streamwise component of the flow velocity in the wake of a
disc with its axis tilted 30o with respect to the flow direction.. The blue line marks the interface.
(a) Re = 100, steady flow in the plane of symmetry, (b) Re = 110 unsteady periodic flow above
the instability threshold.

(a)
(b)

Figure 3: Iso-surfaces of the streamwise component of the velocity. (a) Re = 100, steady
planar symmetric flow, (b) Re = 110 unsteady periodic flow. Two opposite values of vorticity
are represented by blue and red colors.

interface.
As another application we present a simulation of the wake of a disc rotating with constant

angular velocity perpendicularly tot he flow. Figure 4 shows a complete rotation of the disk by
360o.

For the implementation of free movement (work still in progress) we adapt the approach
described in (1). To account for the rotation of the body we apply the domain decomposition
presented above. We integrate the coupled fluid-body equations adapting the algorithm of
strong coupling presented in (1). Its formulation is fully implicit and hence allows us to account
for infinitely light bodies.

Our non-dimensionalization lets us incorporate both infinitely flat discs and discs of finite as-
pect ratio in the same parameter space, with the Galileo (Ga) number, the non-dimensionalized
mass m or, alternatively, moment of inertia (I∗), and aspect ration as independent parameters.
Our goal is to investigate the transition scenario of the freely falling axisymmetric objects and
to compare the results with the well-known experimental study of Field et al. Our preliminary
tests concern the comparison of the value of the first threshold with the experimental results
obtained in (2).
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Figure 4: Fixed disk rotating around the axis perpendicular to the free stream direction at
Re = 70. The letters (a) through (f) represent consecutive rotation angles
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1 Introduction

Understanding coherent structures in turbulent flows is central to a large class of shear flows in engineering.
A number of applications such as oceanography, atmospheric science, nuclear engineering etc require large
scale data analysis tools that require construction of lower order models. Some of the popular techniques
are, Proper Orthogonal Decomposition (POD), Latent Semantic Indexing (LSI), High Dimensional Model
Representation (HDMR) etc. The essense of all these techniques is based on the retention of spatio-
temporal scales in an average sense. The amount of scientific data generated either in a wind tunnel or a
virtual numerical tunnel is too voluminous for either storage or handling. To this end, a variety of feature
extraction and data analysis techniques that rely on model reduction and efficient on the fly reconstruction
are highly desirable.

1.1 Proper Orthogonal Decomposition

The POD was originally introduced by John Lumley in the context of turbulence [1]. In recent years, POD-
based methods have been gaining popularity in a number of applications in engineering. POD is used to
analyze either experimental or numerical data with the objective of extracting dominant features. It has
been sucessfully employed to obtain approximate, low-dimensional descriptions of turbulent fluid motion
[2], structural vibrations [3], MEMS systems [4] chaotic dynamical systems [5, 6] etc. POD is a robust,
unambiguous technique used for recognizing and identifying key dominant features in data sets. In fluid
mechanics, POD has gained recognition as a powerful tool for examining coherent structures in fluid turbu-
lence to unravel the underlying mechanisms [1, 6]. When applied to fluid flow problems, this technique has
the ability to identify wide spectrum of structures that contribute most to the energy related information of
the flow.

1.2 High Dimensional Model Representation (HDMR)

In recent years, there have been a number of efforts to develop efficient methods to approximate multivari-
ate functions, in such a way that the component functions of the approximation are ordered [8]. HDMR is a
tool developed in order to express input output relationships of complex, computationally intensive models
in terms of hierarchical correlated function expansions. A small subset of randomly sampled data points
from a large data set is sufficient to generate flow features that closely resemble the original set thereby
eliminating the need for large computer memory and storage [9]. The method can be explained as follows.

Let x = {x1, x2, · · · , xN} represent an N -dimensional vector with N ranging from 102 − 103 or more
to represent the input variables of the model under consideration, and the output variable be f(x). Since
the influence of the input variables on the output variable can be independent and/or cooperative, HDMR
expresses the output f(x) as a hierarchical correlated function expansions in terms of the input variables
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as

f(x) = f0 +

N
∑

i=1

fi(xi) +
∑

1≤i≤j≤N

fij(xi, xj) +
∑

1≤i≤j≤k≤N

fijk(xi, xj , xk) + .... + f12......N(x1, x2..., xN ) (1)

where f0 denotes the mean response to f(x) which is constant. The function fi(xi) is a first order term
expressing the effect of variable xi acting alone, although generally nonlinear, upon the output f(x). The
function fij(xi, xj) is a second-order term that describes the cooperative effects of the variables xi and
xj upon the output f(x). The higher order terms give the cooperative effects of increasing numbers of
input variables acting together to influence the output f(x). The last term f12···N (x1, x2, ..., xN ) contains any
residual dependence of all the input variables that influence the output f(x). Usually the higher order terms
are negligible such that HDMR with only low order correlations upto second order is typically adequate in
describing the output behavior. This has been verified in a number of computational studies, where HDMR
expansions up to second order approximation can be written as,

f(x) ≈ f0 +

N
∑

i=1

fi(xi) +
∑

1≤i≤j≤N

fij(xi, xj) (2)

Depending on the specifics of the method adopted to determine the component functions in Equation (1)
there are various HDMR expansions such as, ANOVA−HDMR, Cut−HDMR, Factorized HDMR etc. In the
present study, we focus on Cut−HDMR where the variable space is sampled along low dimensional cuts [7].
The component functions are evaluated using the MLS interpolation technique [10]. Once all the relevant
component functions in equation (2) are determined and suitably represented, the expression constitutes
an HDMR.

The main objectives of the present study are as follows:

• To investigate the role of lower order models viz., POD and HDMR in extracting spatio temporal
features and efficient reconstruction of the dynamical evolution.

• To be able to simultaneously detect and analyze vortex structures involving both shear layer vortices
and kármán vortices behind bluff bodies.

2 Fluid flow simulations

In the present study, data analysis and characterization of spatio temporal vortex structures is performed by
a coupling between POD and HDMR. A lower order reconstruction of spatio-temporal data is implemented
using HDMR on a sampled data. Only then, the relevant POD modes are extracted for storage and recon-
struction. This novel reconstruction approach resulted in combining the advantages of both techniques that
is expected to be a dominant tool in data analysis and reduction. To start with, both HDMR and POD are
systematically applied on a number of fluid flow problems such as, the Taylor problem, a periodic shear
layer flow, driven cavity flows etc. The Taylor problem has an exact solution which enables us to check the
accuracy of both POD and HDMR. These techniques are further extended to multiply connected domains
where flow past a square cylinder is examined. An attempt is made to combine the merits of both methods
for developing an efficient technique for feature extraction, data characterization and reconstruction of vor-
tex structures. The focus here, is on assessing the key performance features of POD and HDMR and their
ability to reconstruct flow features from the simulations. In all numerical examples, the performance of POD
and HDMR, are measured by quantifying the appoximation error as,

error =

√

∫

Ω
(F − F̃ )2dΩ
∫

Ω
F 2dΩ

× 100 (3)

where, F is the actual function and F̃ is the approximate equivalent continous function.

2.1 Simulations involving Navier-Stokes equations

The governing equations are two dimensional, incompressible mass, momentum conservation with New-
tonian approximation. The data is generated using a finite volume based SIMPLE scheme incorporated in
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Fluent V 6.3 [11]. Numerical discretization is performed on these equations to obtain converged solutions
which form the basis vectors in POD or reference variables for HDMR. The reconstructed flow features were
analysed both qualitively and quantitatively.

2.1.1 Vortex Shedding simulations

The problem was solved in a uniform mesh of 321 × 161. A sample size of only 6% of the original grid
size was chosen for HDMR reconstruction upon which POD analysis were performed. The first 8 modes
were chosen for reconstruction of vortex structures. It could be seen from Fig.1 that streamlines have been
well captured for a sample size of 81 × 41 and 8 POD modes. However, there are zones of high strain
rates close to the surface of the bluff body which could not be well captured with the same grid size. The
vorticity contours are reconstructed using a higher sample size of 161× 81 by retaining only 8 POD modes.
A zoomed view of region in the vicinity of the bluff body is shown in Fig.2. Note in particular the inability
of HDMR to replicate the feature, due to fewer sample points closer to the body. On the fly extraction and
reconstruction of spatio temporal dynamics would be a major asset to an unsteady Navier Stokes solver.
By employing both HDMR and POD as the backbone, only coeffients of the entire dynamics need to be
stored. This we believe could be a game changer in a variety of experimental and numerical simulations
that involve dynamical evolutions.
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Figure 1: Streamlines and vorticity contours for flow past a square cylinder at Re = 100 and their coressponding
reconstructions using POD+HDMR.

(a) (b) (c)

Figure 2: A zoomed view of region in the vicinity of the bluff body. (a) actual vorticity contour. (b) POD reconstruction
using 16 modes. (c) POD+HDMR reconstruction using 8 POD modes and 161× 81 sample points.

3 Computational advantage

The suitability of POD and HDMR in aiding reconstruction of the spatio temporal flow features is explored
in the previous section. Despite the fact that both these techniques are used for model reduction they differ
widely in their implementation hence a general basis for comparison is not an easy task. It is found that
using HDMR results in enormous reduction in memory for storing field variables as data is stored on a
sample size. POD on the other hand is memory intensive compared to HDMR. It is observed that the CPU
time taken for computing POD coefficients scales as O(N2), where N refers to grid size. As the matrix
size increases the computation of singular values and singular vectors becomes more expensive. Hence
its more preferable to apply POD on a sampled data rather than the original set, thereby reducing the
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computation time and effort enormously. However it should be noted that, superiority of these techniques
is decided by a compromise between the approximation error and the associated coressponding number of
POD modes chosen. POD is inherently capable of providing good approximations with fewer POD modes.
The HDMR approximation results in dramatic reduction of the approximation error for small sample sizes.
Therefore, depending upon the types of problem and its application, one can optimize the advantages of
both techniques.

4 Summary and Conclusion

Both Proper Orthogonal Decomposition (POD) and High Dimensional Model Representation (HDMR) are
essentially data analysis and characterization techniques. POD stores fewer coefficients for detection of
coherent structures by retaining energy contained in them. HDMR works on a smaller sample size than
the original. Present investigation exploits the advantages of both techniques by performing a symbiotic
coupling between the two methods. In conjunction with an unsteady Navier-Stokes solver the coupling be-
tween the two techniques is reinforced by resolving the vortex structures behind a square cylinder. Authors
hope that on the fly reconstruction of spatio temporal features would be part and parcel of general purpose
commercial softwares.
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Abstract

Dragonflies have two pairs of independently operated tandem wings which enable them to
have diverse flying capabilities. Previous studies on the analysis of tandem wings are based on
rigid wings. However, dragonfly wings are highly flexible and undergo drastic deformation in flight.
The effect of wing flexibility on the flight performance and the flow physics is unknown for flexible
tandem wings and is the focus of the present study. For comparison firstly, rigid wing simulations
based on the wing planform of the Dragonfly Aeschna juncea are carried out and are presented
here. The hovering mode of flight is considered with a wing flapping frequency of 36Hz. The
simulated vertical force coefficients for rigid wings match very well with the experiments as well
as computations in the literature. Finally, the methodology to be employed for the flexible wing
simulation is briefly explained and full results will be presented in the full paper.

1 Introduction

THE aerodynamics of insects’ flight has received considerable research interest in the past few
decades due to their potential application in Micro Air Vehicles (MAVs). In conventional aircraft,

high angle of attack lead to stall and instability while tip vortices are undesirable due to inefficiency.
On the contrary, insects use high angle of attack to form the leading edge vortex (LEV) and in many
cases the tip vortex (TV) interacts with the LEV to generate lift, thereby displaying comparatively
complex aerodynamics.

Depending upon the flight speed range (Reynolds number 10 to 105), different aerodynamic mech-
anisms like clap and fling, wing rotation, delayed stall of the leading edge, wake capture, etc have
been observed [1]. In an experiment using the dynamically scaled wing of a fruit fly [2], lift gener-
ated during translation was due to delayed stall. The wing also gained additional lift through wake
capture i.e. by extracting the energy of the wake from the previous stroke. In a computational study
[3] on a hawkmoth, it was observed that in both up and down stroke, a horse shoe shaped vortex is
formed on the upper surface of the wing which transformed into a doughnut shaped vortex ring with
a downwards directed jet.

Strong wing-vortex interactions have also been seen in tandem wings / foils. In a computational
study on the dorsal and tail fin interaction of the bluegill sunfish [4], the tail fin benefited from the
wake of the upstream dorsal fin and formed a strong LEV due to an increase in the effective angle
of attack. This tail fin LEV, as it convected downstream assisted in an increase in thrust. In another
computational study on dragonfly hovering flight [5], during the downstroke a vortex ring comprising
a LEV, TV and Trailing Edge Vortex (TEV) formed, which created a low pressure zone on the wing
upper surface and resulted in the generation of lift. In an experiment [6] on the study of the effect of
wing phasing, strong interactions between the hindwing and vortices of the forewing were observed.
At phase 90◦ (the hindwing leading the forewing) , close to the hindwing mid-stroke,the downwash
induced by the forewing breaks away the LEV of the hindwing and reduces hindwing lift. In contrast
at phase 45◦, near the hindwing stroke reversal, this downwash assists in re-attaching the LEV on
the upper surface of the hindwing and increases the lift.

∗PhD Candidate, vishal.naidu@student.adfa.edu.au
†Senior Lecturer, j.young@adfa.edu.au
‡Professor, j.lai@adfa.edu.au
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Figure 1: Comparison of Lift Coefficient with other studies.

The vortex dynamics has been found to be different in flexible wings which alters the performance
as compared to the rigid ones. Flexibility in locust wings has been shown [7] to assist in maintaining
attached flow and improving efficiency. Another computational study on the effect of flexibility on
single pair of dragonfly wings [8], shows flexible wings require 34% less power. However in nature,
the dragonfly has two pairs of flexible tandem wings. Flexibility may not only alter the wing phasing
i.e. wing-wing interaction but also wing-wake interaction as compared to the rigid wings. Hence it is
important, to study the role of flexibility on the flow physics and the performance of tandem wings and
this is the focus of the current study.

The hovering flight mode is considered with a wing flapping frequency of 36Hz. As an initial
step, the rigid wing simulations are carried out using the commercial computational fluid solver Ansys
Fluent R©, which agree well with experiments and computations in the literature. In the second step,
flexibility will be incorporated in the wings and simulations will be carried out using Fluid-Structure
Interaction (FSI). The methodology to be used for the FSI is explained briefly and full results in
comparision with the rigid wings will be presented in the full paper.

2 Rigid Wing Simulation

The geometry of the wings is taken from Norberg [9]. For simplicity the wings are approximated to be
flat plates without any corrugations and the wing thickness is taken as 1% of the mean chord length
of the forewing. The wing kinematics are taken from Young et al [10] which is derived from Sun &
Lan[5]. The wings flap about the pivot point located at the wing root, in an inclined stroke plane and
rotate about their own axis.

The simulation was carried out using a commercial computational fluid dynamic solver Ansys
Fluent R© 12.1. The flow was assumed to be laminar and second order spatial discretization was
used. The code was validated against a water tunnel experiment [6] Fig 1(a), and verified with a
computational study [5] on dragonfly hovering flight Fig 1(b), which used an overset grid method.

Results are shown in Fig 2 and 3 for phase difference of (γ) 180◦ between the the fore and the
hind wings. For each wing, high vertical lift coefficients were observed during the downstroke (t= 0 to
0.5 for hindwing; t= 0.5 to 1 for forewing), while comparatively small coefficients are seen during the
upstroke (t= 0.5 to 1 for hindwing; t= 0 to 0.5 for forewing ) Fig 2(a).

For each wing at the beginning of the downstroke, a leading edge vortex (LEV) is formed and as
the downstroke progresses the LEV develops and grows in size on the upper surface of the wing.
This creates low pressure zone at the wing upper surface Fig 3(a), as compared to lower surface
thereby generating lift force. Fig 2(b), shows the conical LEV connected to the tip vortex on the upper
surface of the hind wing during mid downstroke. Shortly after the mid downstroke, the wing starts to
rotate and gradually sheds the vortex, which leads to a drop in lift. The vortex system creates a net
downwards momentum in the form of a jet as shown in the Fig 3(b), where velocity vectors are shown
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Figure 2: Lift Co-efficient and flow structure.

(a) Pressure on Hind Wing upper surface. (b) Vectors at wing mid-span.

Figure 3: Pressure distribution and Velocity vectors.

at mid-span of the wing, and scaled uniformly.

3 Flexible Wing Simulation Methodology

XY

Z

Flexible Wing Section 

Flexible Wing Section 

Rigid Root

Rigid Root

Figure 4: Flexible Wings.

The flexible wing, deforms during the flapping cycle due to both in-
ertial and fluid forces. There is strong interaction and interdepen-
dence between the fluid forces and the structural response of the
wing. Hence the flexible wing simulation requires a two way fluid-
structure interaction i.e. both the fluid and the structural solver must
communicate results to each other. The current version of the fluid
solver Ansys Fluent 12.1, has a one way FSI capability with Ansys
structural solver. Hence in order to facilitate the 2-way FSI a coupling
software, MpCCI, is used. This coupling software enables informa-
tion to be exchanged between the fluid and structural solver at every
time step.

The wing planforms are the same as used in the rigid wing simu-
lation, but consists of the rigid part at the root and the remaining part
of the wing is considered flexible Fig 4. The material of the wing is
assumed to be isotropic and the Young’s modulus of the flexible part is taken as 2 GPa close to real
dragonfly wing membrane [11]. The wing kinematics are the same as that of the rigid wing and the
motion is given to the rigid root of the flexible wing.

Results of the flexible wings in comparision with the rigid wings will be presented in the main
paper.
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Abstract 

2-D analysis of flapping wings and airfoils has been very useful in providing a description of the 

aerodynamics of insect flight. The analysis of Leading edge Vortices (LEV), a critical phenomenon for 

lift generation by a flapping wing, has been extensively studied over the 2-D airfoil. But three 

dimensional analysis of flapping flight is necessary to analyze phenomena such as tip vortices, 

spanwise flow and the effect of flexibility on the generation of aerodynamic forces. In 3 D analysis, 

simple planforms are attractive in the design of a flapping Micro Air Vehicle (MAV). An analysis of 

simple planforms is carried out here with 4 different planforms in hover. The flow structures developed 

are compared to those visualized by Phillips et al., 2010. The conclusion by Phillips et al that under 

the same flow conditions, the flow structures in mid stroke is the same for all planforms is reinforced. 

The computations are carried out at a frequency of 15 Hz and a Re of 15400. Further analysis on flow 

structures at other times in the stroke and parametric studies need to be carried out to determine the 

effect of shape and variables such as amplitude and frequency. Initial results are presented here. The 

complete analysis will be presented in the full paper. 

 

Introduction 

Man has always had a dream of replicating bird flight. But we are still a long way from making it 

feasible for modern aircraft to flap like birds with all the complexity of feathers and large scale 

structural deformations. Insect wings are somewhat less complex, both in their design and the 

motions employed in flight, making them a more feasible source of inspiration. Learning from insect 

flight has potential implications for the design of Micro Air Vehicles (MAV). The aim of the work being 

done with the flapping flight research groups around the world is not to just mimic the insects to 

design flapping wing Micro Air Vehicles (MAV), but to get inspired from how the insects/birds fly and 

use it in a design that is feasible for a flapping wing MAV using modern materials and manufacturing 

processes.  

2-D analysis of flapping wings and airfoils has been very useful in providing a description of the 

aerodynamics of insect flight. The analysis of Leading edge vortices (LEV), a critical phenomenon for 

lift generation by a flapping wing, has been extensively studied over the 2-D airfoil. But three 

dimensional analysis of flapping flight is necessary to analyze phenomena such as tip vortices, 

spanwise flow and the effect of flexibility on the generation of aerodynamic forces.  Von Ellenreider et 

al.,2003 concluded from their experiments on pitching and heaving 3D wing that the variation of 

parameters such as Strouhal number, pitch angle and sweep angle affect the wake with observably 

different vortex structures formed at the leading and trailing edges. This was confirmed 

computationally by Blondeaux et al.,2005. They performed numerical experiments on a flapping foil 

with kinematics similar to Freymuth, 1988. The flow structures developed behind the wing were similar 

to those developed by Freymuth, 1988 and von Ellenreider, 2003.  The results show that a vortex ring 

is shed by the foil every half a cycle and the dynamics of the vortex rings depends on the Strouhal 

number.  There have been other investigations on the effect of planform change such as Wilkins, 

2009 where a rectangle and semi- ellipse were investigated for simple harmonic sweeping kinematics 

over a range of angles of attack (45° -90°). It was observed that the rectangle generated more lift than 



the semi-ellipse. But this was a potential theory based solver and also the full flapping cycle was not 

investigated. Hence, a complete cycle analysis describing the effect of parameters such as amplitude 

and frequency needs to be carried out to obtain a better understanding of insect flight. 

 

Wing geometry 

The computations are carried out on 4 wing geometries namely rectangle, four ellipse, reverse ellipse 

and ellipse. These planform shapes are obtained from the experiments carried out by Phillips et al., 

2010. The four planforms and their dimensions are shown in Figure 1b. The thickness of the wing is 

taken as 0.45 mm. For simplicity in computation, the wings are modeled as flat plates.  

 

Kinematics 

The kinematics of the wing planforms are taken from Phillips et al., 2010. The wings flap in a 

horizontal stroke plane with two angles, sweep (ϕ) and angle of attack (α) defining the motion. The 

pivot point about which the wings flap is located 6 mm from the root of the rod that defines the leading 

edge of the wings. The sweeping motion defined by the angle φ varies as a sine function and is in the 

X-Z plane while the angle α is defined with respect to the vertical axis plane. The variation of angle α 

is obtained through the method of curve fitting into a 3 term Fourier series. Fig 1 shows the variation 

of kinematics and Fig 1c shows the planes in which the wings are flapping. The wings flap at a 

frequency of 15 Hz with a wing tip velocity of 7.4 m/s. The kinematics described is that of a hovering 

wing. 

 

Computational method 

The computation was carried out using a commercially available Navier –Stokes incompressible 

solver ANSYS Fluent 13.0®. The flow is assumed to be laminar with a Re of 15400. The discretisation 

used in the method was second order in space and first order in time. At every time step, the 

kinematic equations of the wing motion are solved using the User defined function (UDF) facility in the 

software. The velocities are then applied to the wing for the motion to be carried out as per the 

kinematic equations. The wings displace in time as per the kinematics defined in the UDF. To carry 

this out, the dynamic mesh feature is used in the software. The only drawback of this feature is that 

the time discretisation is limited to first order. 

Results 

Lift and drag histories were obtained for all the 4 wing planforms. In the experiments of Phillips et al., 

2010, the flow structures at mid stroke generated as a result of the flapping motion of the wing 

planforms did not change much with change in shape of the planform. They did not plot out the force 

histories but stated that the forces generated would not be the same for all the planforms tested. This 

was based on the research carried out by Wilkins, 2009 where he had concluded that the forces 

generated depended on the area distribution of wings based on computations on rectangle and semi 

elliptic planforms. 

A comparison of the force histories is presented in Fig 2. With regard to the performance of the wings, 

the reverse ellipse is seen to have the best performance followed by four ellipse, rectangle and 

ellipse. The results are consistent with the conclusions of Phillips et al., 2010 and those concluded 

analytically by Ansari et al.,2008.  The flow structures at mid stroke for all planforms are plotted out in 

Figure 3. All the planforms show a pair of LEVs and a significant tip vortex. The primary LEV is seen 

to be tapering off the wing surface at around mid span while the secondary LEV is attached to the 

leading edge of the wing. Both vortices have the same sense of rotation (Z-axis). Dual vortices have 



been observed before by Lu et al.,2006. Considering Gopalakrishnan and Tafti, 2009’s research on 

stroke deviation affecting flow structures, this needs further investigation to see what impact a change 

in kinematics has on the results. Also, the dimensions of all the wings being almost identical, that is 

yet another factor to be considered as aspect ratio and thickness of the wing has effects on flow 

structure. 

Figure1. a. Kinematics of flapping, b. Planforms investigated, c. Planes of flapping (Phillips et al., 2010) 

Conclusions 

Computations were carried out on 4 planforms having constant aspect ratio and planform area 

simulating insect like flapping kinematics. The flow field was extracted at mid stroke for all the 

planforms. The force history showed that the reverse ellipse has the best performance among the 

planforms. The flow structures were observed to be the same for all the planforms investigated. All the 

planforms investigated showed a dual vortex structure of leading edge vortices and a distinct tip 

vortex. The primary LEVs in the planforms were seen to break away from the wing at around mid-

span. A full investigation will ascertain the effect of change in parameters such as amplitude, 

kinematics and frequency on the development of flow structures and performance of the wings.  
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Figure 2. Force histories of the planforms 
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Figure 3. Comparison of flow structures on the four planforms investigated at mid-stroke 

a. Ellipse, b. Rectangle, c. Reverse ellipse, d. Four ellipse 
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Extended Abstract 
INTRODUCTION 

Studies on flapping wing mechanism are drawing substantial interest in recent years due to its 
potential application for developing flapping Micro Air Vehicle (MAV) [1, 2], submerged vehicles 
and more recently for air – borne power generation. Natural flyers and swimmers, which have 
evolved over millions of years, represent one of nature‟s finest locomotion experiments. The 
insects and birds use the flapping wings for hovering and forward flight. 
The Knoller-Betz effect seems the first theory to explain the flow mechanism on generation of 
lift/thrust force due to oscillatory motion of airfoil with variation of effective attack angle. Dickinson 
et al. [3] classified the flow mechanisms for lift force generation of insects are dynamic stall, 
rotational circulation and wake capture. Ellington [4] conducted a series of wind-tunnel experiments 
on flapping wings with flow visualization method and force balance gauges. Their observations 
indicated that the effects of leading edge vortex and dynamic stall contributed to the lift force. 
Experimental [5, 6] and numerical [5, 7] studies  have been done to explore the effect of Reynolds 
number, pitch and plunge amplitudes, frequency of oscillation, and the phase difference between 
pitch and plunge motions. These studies provided the information on the formation of thrust - 
indicative wake with a certain combinations of reduced frequency and heaving stroke. Most 
researches have used symmetrical NACA 4 digit series airfoils in their works, Wang [7] intended to 
employ the thin elliptic airfoils because they are interested on the dragonfly‟s wings aerodynamic 
characteristics. However, an optic microscope picture shows that the cross-section of dragonfly‟s 
wing is not similar to elliptic shape but corrugated one. Hui Hu and Tamai. [8], Murphy and Hui Hu 
[9] conducted the PIV measurements on velocity distributions for corrugated airfoil by considering 
the effect of attack angle and Reynolds number. Their results indicated that the corrugated airfoil 
have superior aerodynamic performance. 
To the best of our knowledge the unsteady aerodynamic behavior of a corrugated airfoil executing 
flapping motion is not studied in detail. Therefore, the present work focuses on the calculation of 
thrust and lift force generated by the corrugated airfoil under plunge motion and comparing it with a 
flat plate, elliptical and NACA airfoil of same chord length and maximum thickness ratio. The free 
stream Reynolds number (Re) based on chord length (c) is taken as 200, 2000 and 20000 (which 
are the typical flow regime of a flapping MAV) with the plunge amplitude (h) = 0.025 to 2 and 
reduced frequency (k = 2πfc/UO) = 0.5 to 8 (where UO is free stream velocity and f is frequency of 
oscillation). Fig. 1 shows the schematic diagram of all test airfoils. The chord length is taken as 
unity and the maximum thickness (normal distance between maximum to minimum Y point) as 
0.12c. The dimensions of corrugated airfoil are same as in [9], but 0.02c thickness is added at 
centre to get given maximum thickness. 
 

 

Fig. 1 Schematic diagram of test airfoils 
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COMPUTATIONAL DOMAIN AND NUMERICAL METHODOLOGY 

The computational domain (Fig. 2a) is a rectangle of width 76 times of chord (76c) and height of 
40c. The airfoil is placed at a distance of 15c from inlet and exactly at the centre of domain. The 
boundary conditions are as follows: on the airfoil no-slip conditions are imposed; at outlet the 
diffusion fluxes in the direction normal to the exit plane are assumed to be zero; top and bottom 
boundaries were symmetry condition. The computational grid is shown in Fig. 2b. The structured 
grid around airfoil moves with it to ensure no-slip condition.  
 

 
Fig: 2(a) Schematic diagram of computational domain  

 

  
Fig: 2(b) Unstructured grid for domain (left) and structured grid near airfoil 

 
The unsteady flow field around the airfoils undergoing pure plunging motion was simulated using 
the commercially available CFD package Fluent version 6.3.26, with an unsteady incompressible 
solver and second-order upwind spatial discretization. The plunging motion of the airfoil was 
modeled by using the „dynamic mesh‟ feature. The airfoil and structured grid near airfoil was 
moved as a rigid body. The utilization of the dynamic mesh feature limits the unsteady formulation 
to first order in time. The flow field was assumed to be laminar, because the laminar flow 
assumption provides a good agreement with experiments for this Reynolds number range [5]. 
 
FORCE CALCULATION  

The mean (i.e., time averaged) thrust coefficient CTmean (Eq. (3)), mean power coefficient CPmean 
(Eq. (4)), and propulsive efficiency, ηP (Eq. (5)) are calculated as follows: 
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Where CD and CL are drag and lift coefficients respectively 
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RESULTS 

For the validation of our numerical method, a NACA0012 airfoil section undergoing pure plunging 
motion is considered. The plunging motion is defined by following equation: y (t) / c = h*sin (2πft), 
where h is non dimensional plunge amplitude, t is instantaneous time. In order to validate the 
numerical algorithm, the CTmean and ηP are compared with experimental results of Heathcote et al. 
[6] and numerical results of Platzer et al. [2] for h = 0.175 and kh = 0.5 to 2, at Re = 20,000. From 
Fig. 3, it is evident that present results are in good agreement with both experimental [6] as well as 
computational [2] values. Fig. 4 shows the comparison of particle motion with results of Young and 
Lai [5].  

  
Fig: 3 Variation of mean thrust coefficient, CTmean, and propulsive efficiency, ηP with kh. 

  

  

   
Fig: 4  Particle traces of fluid flow for NACA0012: (a) Experimental {k = 7.86, h = 0.05, [5]},           

(b) Numerical {k = 8.0, h = 0.05, laminar, [5]} and (c) present results {k = 8.0, h = 0.05}. 

 
We did a preliminary computation with kh = 1 (h = 0.175) for all four airfoils. Fig. 5 shows the 
instantaneous lift coefficient, CL value for one cycle of plunge motion and Fig. 6 shows the 
comparison of CTmean and ηP for all airfoils (the markers are schematic diagram of each airfoil as 
shown in Fig. 1). From Fig.5, it is clear that corrugated airfoil has maximum CL and also the RMS 
value of CL is high for corrugated airfoil as 7.5541, where as for NACA, Elliptical airfoils and flat 
plate are 6.1468, 5.6308, 6.6545 respectively. From Fig.6, The CTmean is high for corrugated airfoil, 
but ηP for corrugated airfoil is half of the NACA airfoil. It is discernible that corrugated airfoil has 

4 (a) 

4 (b) 

4 (c) 
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superior performance than others for forward flight. The variation of lift and thrust coefficients along 
with propulsive efficiency for a range of kh values will be presented and vortex structure patterns 
are discussed in detail. 
 

 
 Fig: 5 Instantaneous CL variation for kh =1 (with h = 0.175). 

 
Fig: 6 Comparison of CTmean and ηP with kh = 1 (h = 0.175) for all airfoils. 
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I Introduction

Hypersonic flows are often defined in terms of Mach number exceeding five. These high Mach number flows

are characterized by strong shock waves and expansion waves. The high shock layer temperature results in

excitation of internal energy modes and chemical reactions, which are referred as thermo-chemical effects.

For entry applications capsules are preferred to slender bodies due to their ability to withstand the severe

aerodynamic heating during re-entry. A capsule usually consists of a blunt forebody and a conical afterbody.

The flowfield on the forebody is dominated by the bow shock. The boundary layer remain attached on the

forebody and separates on the afterbody which results in the formation of separation bubble. If the Reynolds

number is high, flow can transition to turbulence. Thus, simulation of hypersonic near wakes/afterbody flows

over capsules involves modeling of complex physical phenomena which includes resolution of strong gradients

at the shock waves, thermochemical effects, flow separation and turbulence.

In the present paper, issues involved in the simulation of hypersonic near wakes are discussed. Summary

of the afterbody flowfield computations are presented. The test cases span wide range of Mach numbers

(from 5 to 16), different angle of attacks, laminar and turbulent flows.

II Simulation Methodology

The simulation methodology used in the present work is same as that used in Ref 1, and a brief summary

is given below. The chemically reacting turbulent hypersonic flow around the capsules is simulated by solving

the Reynolds-averaged Navier-Stokes (RANS) equations along with the species conservation equations and

a thermal non-equilibrium model. Air is modeled as a neutral mixture of five perfect species (N2, O2, NO,

N and O) with three dissociation and two exchange reactions. Two temperature model of Park2 is used

∗Doctoral student, email : siva@aero.iitb.ac.in
†Associate Professor, AIAA Member
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Figure 1: Mach number distribution in the turbulent (SA model) flowfield around the FIRE II re-entry
capsule at Mach 16 and 35 km altitude. Representative streamlines are shown to identify the recirculation
bubble.

to describe the thermal state of the gas. An additional conservation equation is solved for the vibrational

energy of the mixture to account for the thermal non-equilibrium. The Arrhenius rate constants for the

chemical reactions are evaluated using curve fits to experimental data by Park.2

The axisymmetric form of the governing equations is discretized using the finite volume approach. Inviscid

fluxes are computed using a modified (low-dissipation) form of the Steger-Warming flux splitting approach,3

and the turbulence model equations are fully coupled to the mean flow equations.4 The method is second-

order accurate in both streamwise and wall-normal directions. The viscous fluxes and the turbulent source

terms are evaluated using second-order accurate central differencing and the implicit data parallel line

relaxation method5 is used to obtain steady-state solutions. The k-ω model of Wilcox6 and the Spalart-

Allmaras (SA) model7 are used for turbulence closure.

III Preliminary Results

The computed flowfield over FIRE II re-entry capsule at 35 km altitude is shown in Fig. 1. The prominent

features like bow shock and flow expansion at the corners can be easily identified. The flow on the entire

forebody is subsonic with Mach number approaching unity close to the first expansion corner. The post-

shock temperature in the nose stagnation region is about 5700 K and it varies less than 5% on the forebody.

Flow expansion at the first corner results in decrease of temperature to 4100 K. Further expansion around

the second corner decreases the temperature to about 1800 K.

The boundary layer remains attached through the two successive expansions, and separates downstream

of the second corner. The recirculation bubble on the afterbody is characterized by a single toroidal vortex

2



that extends up to about 0.36 diameter downstream of the base. Flow in the separation bubble is subsonic

with vortex core temperature of about 4000 K. The shear layer enclosing the recirculation region coalesce at

the neck, and a recompression shock wave is formed. The temperature of the gas in the neck region is close

to 4900 K. The recirculating flow upto the neck region is termed as near wake and the flow beyond the neck

is referred as far wake. The temperature in the inviscid region outside the wake is about 2000 K and the

Mach number there is about 3.5.

IV Proposed Work

At high re-entry Reynolds numbers the structure of the near wake flowfield is sensitive to the physical

models employed in the approximations of the governing equations. Flow computed with the laminar approx-

imation at 35 km results in a multiple vortices on the afterbody.1 Turbulence models also show a significant

difference in the near wake i.e. size of the separation bubble, magnitude of the normalized eddy viscosity in

the near wall region and at the neck region; vortex core temperature. Modeling the unsteady eddy motion

in the DES framework has shown improvements in the base pressure predictions.8 The rate constants which

are used to model the high temperature effects has certain amount of uncertainty in their measurement. It is

shown that variation in rate constants significantly alter the forebody surface properties.9 Recently Reddy

and Sinha10 reported that variation in rate constants alters the size of the afterbody separation bubble, even

though the chemical reactions are frozen in the afterbody. The paper discusses the effect of above factors

on the predicted surface properties.

Flowfield presented in Fig. 1 represents a typical afterbody flowfield when the vehicle is at zero angle of

attack (AOA). Depending on the mission trajectory profile, the capsule can re-enter at AOA. Axi-symmetric

flow approximation is not valid and three dimensional simulations needs to be performed to capture the

afterbody flow field accurately. The wake no longer will be a symmetric one. The compression of the flow

in the near wake will be different for windward and leeward sides. Depending on the AOA, flow can be

attached for some portion of the conical frustum on the windward side. In some cases, it is observed that the

separated flow re-attaches on the afterbody, resulting in a reattachment shock wave. This leads to high local

heating rates, which is of primary concern for afterbody design. The challenges involved in the simulation

of 3D flows and effects on AOA on the wake and associated surface properties will be explained.

Resolution of the gradients at the shock wave and shear layer is a crucial factor in the computation of

near wake flows. This essentially involves the sensitivity of flow solution to the grid point distribution at

the shock wave and on the afterbody. Mis-alignment of grid lines to the shock wave contours results in un-

physical variation of heating rate in the nose stagnation region.11 A procedure to alleviate this non-smooth

variation of heating rate will be discussed. The effect of aligning the grid lines to the shear layer on the

afterbody surface properties will be discussed.
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The hypersonic afterbody flow involves complex flow phenomena such as massive flow separation, thermo-

chemical effects and turbulence. Hence thorough validation studies are required to assesses the accuracy of

physical and numerical modeling of these flows. For afterbody validation studies, flight data is preferred

over ground based experimental data, due to the absence of sting interference effects. A brief summary of

afterbody validation studies and comparison of surface properties of the FIRE II capsule at 35 km altitude

with the flight data will be presented.
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Abstract

Turbulent flow past a circular cylinder at Re = 1.4 × 105 has been analysed using Large Eddy Simulation
(LES) approach solving filtered unsteady 3D NS equations coupled to Smagorinsky and dynamic subgrid
scale (SGS) models. These simulations have been carried out using a parallel multiblock structured code
which employs an implicit second-order accurate pressure-based finite volume method for solving Navier-
Stokes equations for unsteady turbulent incompressible flow situations. The predictions are validated against
detailed measurement data for mean as well as turbulence quantities.
Keywords: Cylinder wake, LES, Implicit finite volume solver, Smagorinsky and dynamic SGS model

1 Introduction

Flow around a circular cylinder is a classic and one of the most complicated fluid mechanics problem for
computations as well as measurements to understand the complex kaleidoscopic phenomena. Flow around tall
chimneys or cooling towers, flow past offshore structures, cross flow around rod bundles in heat exchangers or
nuclear reactors are some of the interesting engineering application examples of this flow problem. In spite of
extensive experimental and numerical studies, the simplicity of the geometry and interesting flow features draws
attention of many researcher and intensive investigations are continued even today to understand the complex
unsteady dynamics of this problem. The measurements carried out for this problem over a wide range of
Reynolds number, have revealed distinct flow patterns and are classified (Zdravkovich 1997, Williamson 1996)
into different flow regimes. The most challenging case to test the numerical techniques is the flow past circular
cylinder at high Reynolds numbers where the phenomenon of transition to turbulence and the presence of
different turbulent scales needs to be appropriately simulated. In the critical Re regime (105 ≤ Re ≤ 3.4×105)
the flow is characterized by the combination of transition, laminar or turbulent separation of the boundary layer
and reattachment. In this flow regime the numerical investigations (Travin et al. 1999, Breuer 2000, Catalano
et al. 2003, Mockett et al. 2010) have been mainly carried out at Re = 1.4 × 105 due to the availability of
detailed experimental data of Cantwell and Coles (1983). The present paper discusses the applicability and
accuracy of Large Eddy Simulation (LES) to predict flow around circular cylinder at high Reynolds number
(Re = 1.4×105). The numerical investigations have been carried out using the parallelized multiblock implicit
second-order accurate pressure-based solver, the LES results obtained for Smagorinsky subgrid scale (SGS)
model (SSM) and dynamic SGS model (DSM) are validated against measurement data as well as with the 3D
URANS simulation carried out using the low Re k − ε model of Chien (1982).

2 Mathematical Formulation

The present pressure-based finite volume algorithm for collocated variable arrangement in non-orthogonal
curvilinear coordinates uses a box filter as the filter kernel. The model filtered equations where the unre-
solved residual stress tensor appearing in the resolved momentum equations is simulated by an eddy viscosity
based Subgrid Scale (SGS) model (Germano et al. 1991, Sagaut 1998). In the general curvilinear coordinate
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system, the momentum equation for the resolved velocity component Ui and the continuity equation are written
as follows :

Mass conservation:
∂

∂xj

(
ρUiη

j
i

)
= 0 (1)

Momentum conservation:

∂
(
ρUk

)

∂t
+

1
J

∂

∂xj

[
ρUi Ukη

j
i −

(µ + µt)
J

(
∂Uk

∂xi
Bj

i +
∂Ui

∂xm
ηj

i η
m
k

)
+ P

]
= 0 (2)

The Smagorinsky (1963) Subgrid scale Model (SSM) coupled to van Driest type damping function (fw =
1 − exp(−y+/25)) with Cs = 0.1 and dynamic Germano et al. (1991) SGS model (DSM) with simplified
least sqaure contraction (Lilly 1992) and spanwise averaging as suggested by Zang et al. (1993), Najjar and
Tafti (1996) have been used. The algorithm uses a second order accurate schemes are used for both spatial and
temporal discretisation of the convective fluxes. The system of linearised equations (Rajani et al. 2009) for
velocity, pressure and turbulence scalars are solved using the strongly implicit procedure of (Stone 1968).

3 Results and Discussion

A detailed validation study has been carried out using the present LES algorithm for flow past circular cylinder
in lower subcritical Reynolds number regime, Re = 3900 (Rajani et al. 2010). The present simulation at
Re = 1.4 × 105 uses a 24 block cylindrical polar and the grid lines are stretched near the cylinder wall along
the radial direction in order to resolve the boundary layer ( a near wall y+ ≤ 1). The grid size, domain size
and time step size used for the present simulation are given in Table 1. The time averaged flow quantities
of some of the important integral parameters like drag coefficients (Cd), recirculation length ( L

D ), Strouhal
number (St) and the separation angle (θsep) are shown in Table 1. The LES predictions using the Smagorinsky
and dynamic SGS models for the integral parameters, in general, are observed to have a better agreement with
the measurement data when compared to the present 3D URANS simulation. The mean velocity and resolved
Reynolds stress profiles along the wake centreline (Fig. 1) obtained from present LES computations are in very
good agreement in the near wake region and deviates from the measurement data in the far wake region which
may be partly attributed to the coarse resolution of the grid in this region. The transverse profiles of mean
streamwise velocity component ( U/U2∞ ) and the profile of the Reynolds shear stress (u′v′/U2∞) at x/D = 1
are shown in Fig. 2. The agreement of these profiles for the present LES runs (SSM and DSM) with the
measurement data is good except for minor discrepancies in the peak value. The instantaneous isosurfaces of
Q = (ΩijΩij − SijSij)/2 = 0.5 clearly shows (Fig. 3) the vortex shedding pattern for both LES and URANS
computations with the small-scale flow structures in the wake captured only by the LES runs. The full paper
will discuss in details the relative performance of LES runs and its validation against measurement as well as
other computations. The eddy viscoity level, turbulent wake struture and vortex shedding pattern captured by
LES computation will be compared with the 3DURANS simulations and discusssed in the full paper.

Grid Lz ∆t Cd −Cpb St θsep L
D

3D LES - SSM 360×242×64 π
2 D 0.0025 1.123 1.09 0.195 84.5◦ 0.664

3D LES - DSM 360×242×64 π
2 D 0.0025 1.268 1.12 0.205 84.5◦ 0.620

3D URANS 360×242×32 πD 0.05 0.675 0.60 0.294 88◦ 1.145
Experiments 1.237/

1.45
1.21 0.18/

0.2
72◦/
80◦

0.44/
0.75-0.78

Table 1: Overview of Re = 1.4 × 105 simulations. Experiments refs: Achenbach (1968), Cantwell and Coles
(1983), Zdravkovich (1997) and Perrin et al. (2007)

2



x/D
0 2 4 6 8

-0.25

0

0.25

0.5

0.75

1

UCL/U∞

3D LES -DSM

3D LES - SSM

3D URANS

Measurment Cantwell & Coles (1983)

(a) Streamwise velocity

x/D
0 2 4 6 8

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16


u′2/U∞

2

3D LES -DSM

3D LES - SSM

3D URANS

Measurment Cantwell & Coles (1983)

(b) Streamwise component of the total Reynolds stress

Figure 1: Relative performance of LES model for mean flow quantities along the wake centreline
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Figure 2: Comparison of transverse profiles at x/D = 1 in the cylinder wake

(a) LES with SSM (b) LES with DSM (c) 3D URANS with Chien’s k − ε model

Figure 3: Instantaneous Q isosurfaces, Q = 0.5 at Re = 1.4× 105
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The present numerical study aims to identify turbulent structure in a vortex dominated 
confined channel flow through the quantification of integral time scale based on auto-
correlation function, calculation of second invariant of instantaneous velocity gradient 
tensor and extracting location, size and strength of vortices using swirling strength based 
vortex identification algorithm. The computations have been carried out in a periodic 
rectangular channel module containing built-in rectangular winglet pair with common flow 
down configuration as shown in Figure 1(a). The geometry of interest is representative of 
plate-fin heat exchanger where the winglets act as turbulent promoter. The flow is 
described in cartesian coordinate in which x-axis denote streamwise direction, y-axis 
indicate the wall normal direction and z-axis is the spanwise direction. All the geometric 
dimensions are expressed in terms of the channel half height H . The period lengths of 
channel in streamwise and spanwise directions are pL 10H , pB 8H respectively, with 

the winglet dimensions of 0l 4H,h H,e H, 30     . An explicit finite difference method 
based on Marker and Cell (MAC) algorithm in rectangular non-uniform grid system on 
staggered grid has been deployed to solve the basic 3D N-S and continuity equations. 
All spatial discretization are based on second-order central differencing with time 
integration using a second-order accurate explicit Adam-Bashforth scheme. A recently 
developed large eddy simulation (LES) method, namely shear-improved Smagorinsky 
model (SISM) has been used as turbulence closure. Periodic boundary conditions are 
enforced in the streamwise direction with symmetric boundary conditions at the side 
spanwise boundaries. The no-slip boundary condition is used at all solid surfaces. The 
Reynolds number of interest is 6000, based on channel height and mean streamwise 
velocity. The number of grid used for the simulation is 89 70 122  , which yields the grid 

resolution as x 25, y (1 10), z 15        . A uniform grid in x-z plane with non-
uniform grid in y-direction is adopted which ensures very fine grid near the wall to 
capture viscous sub-layer explicitly. The computations were performed for 300 non-
dimensional time units with a typical time step of 0.001 and the statistics were gathered 
over the last 150 time units to get a converged statistical average. The streamline plot at 
an axial plane as shown in Figure 1(b) depicts the generation of strong secondary flow 
or longitudinal vortices, which lift the low momentum fluid from the side surfaces and 
impinges on the bottom wall in between the vortex generators. In order to identify the 
turbulent structures at different locations of the vortices, auto-correlation coefficients and 
integral time scales have been estimated. The slope of the   t  curve dictates the 

rate of changes of turbulent structures around the selected points. A slow decaying   
curve results into larger integral time scale (larger structures) and vice versa. Figure 
3(a), shows variations of auto-correlation functions of three components of 
velocities, u v,  and w in separate plots. The u  and w  auto-correlations shows a quasi-
periodic behavior, with the correlation coefficients oscillating even after crossing the zero 
value, whereas, the v  plot shows that the v  auto-correlation decays to zero like the 
typical auto-correlation curve and then oscillate about the zero value without any 
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periodicity. Integral time-scale ( u v,  and w ) corresponding to the autocorrelation 
coefficients, at different locations (J=grid number) are reported in tabular form in Figure 
3(b). Figure 3(c) reports distributions of autocorrelation function of streamwise velocity, 
at three different transverse locations. The decay of   near 0  is shown in the insets: 

u  decay fast near the wall compared to bulk region and therefore, produce higher 
integral time scale in bulk region compared to near wall, specifically larger structures 
around vortex centers ( Y / H 0.55 ). Figure 4, shows the iso-surfaces of positive second 
invariant of deformation tensor to identify spatially coherent vortical motions. The plot 
suggests numerous different vortical structures with fine scale embedded within. To 
identify the location, size and strength of vortices in the flow, a swirling strength based 
vortex identification algorithm (Adrian et al. 2000) has been used. The steps are as 
follows. The swirling strength is computed as the imaginary part of the complex 
conjugate eigenvalue of the velocity gradient tensor. The contour plots of swirling 
strength indicate the presence and absence of vortices corresponding to regions of non-
zero and zero swirling strength. Additionally, to differentiate between the clockwise and 
anti-clockwise rotating vortices, the swirling strength is normalized with the local out-of-
plane vorticity. Figure 5(a), shows the contour plot of swirling strength for a typical 
instantaneous flow field at an axial plane. The image obtained in Figure 5(a), is then 
rasterized to produce black and white image, in which the vortices are identified by the 
white portion. Now to remove smaller areas associated with noise, de-noising of the 
image is performed. Figure 5(b) and (c) indicate the rasterized and de-noised image, 
respectively.  The final step of the vortex identification process is represented by Figure 
5(d), in which, center of vortices is indicated by stars, size by the encompassing line of 
white patch and the strength as the associated circulation. Finally, Figure 6 depicts the 
variation of size of vortices and its strength across the channel height for both clockwise 
and anti-clockwise rotating vortices. The plots indicate that the size and strength of 
vortices are higher at the center of the channel and near the top wall for clockwise and 
anti-clockwise vortices respectively.  

Reference: 

Adrian, R. J., Christensen, K. T., Liu, Z. C., (2000), Analysis and interpretation of 
instantaneous turbulent velocity fields, Exp. Fluids, 275(29). 
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          Fig.1. (a) Computational domain, (b) Contours of Streamline in cross-flow plane. 
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Fig.3. (a) Auto correlation of velocities ( u v w, ,   ), (b) Integral time-scales (in non 
dimensional time units) computed from auto-correlation, (c) Auto correlation of 
streamwise velocity (  u  ); decay of   near an incidence 0  is shown in the inset. 
 
 
 
 
 
 
 
 
 
 
 
 
 
                                
 

Fig.4. Coherent Structure (Second invariant) 

variable         points Time-scale 
J=9 Y/H=0.06 0.21882 
J=27 Y/H=0.55 0.494676 

u  

J=45 Y/H=1.5 0.305090 
J=9 Y/H=0.06 0.25322 
J=27 Y/H=0.55 0.273534 

v  

J=45 Y/H=1.5 0.31961 
J=9 Y/H=0.06 0.367148 
J=27 Y/H=0.55 0.60413 

w  

J=45 Y/H=1.5 0.79638 
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     (c)         (d) 
Fig.5. Systematic steps of the vortex identification methodology. (a) Original contour of 
swirling strength; (b) rasterized plot of figure (a); (c) denoised plot of figure (b); and (d) 
Final plot containing information of vortices. The stars denote the center of the vortices 
and the black line indicates the extent of individual vortices. 
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Fig.6. Distribution functions of vortex size and circulation: clockwise vortices ((a) and (b)) 
and anticlockwise vortices ((c) and (d)). 
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Insect wings, in flight, encompass extreme flow regimes from a streamline motion, during lagging
phase of flight, to a bluff body motion during flapping. In order to capture these temporal variation
of flow regimes between these two extremes 3-D direct numerical simulation of transient flow in
presence of complex bounderies is required. In this work, we present entropic lattice Boltzmann
(ELB) method for doing 3-D transient simulations of fluid-structure interaction. As a first step we
report benchmark results using ELB of two extreme flow regimes encountered in insect flight as a
starting point.

I. INTRODUCTION

A good understanding of aerodynamic characteristics of insect flight is relevant for the design of future generation
micro-air-vehicles. For example, insects have been observed to produce 2-3 times higher lift than prediction by
conventional aerodynamics, to support their body weight [1]. It has been conjectured that, generation of leading edge
vortex and clap and fling are two important mechanisms used by insects to achieve such remarkable aerodynamic
tasks [2, 3]. A similar detailed understanding of the effect of forward flight can be achieved by doing transient, three
dimensional simulations for various wing kinematics. However, the complexity and cost of modelling fluid-structure
interaction has so far prohibited large- scale simulations of such systems. So far, most of the effort in such a direction
is either experimental or two-dimensional simulations of the model system [4, 5].

However, recent progresses in computational fluid dynamics, in terms of better algorithms, coupled with large
increase in computing power is allowing more and more challenging problems to be handled via direct nuumerical
simulations. For example, methods such as immersed boundary and Lattice Boltzmann (LB) are becoming major
tools for the understanding of flow in the presence of complex and moving boundaries [6–9]. A major advantage
in both classes of methods is a highly efficient and simple grid generation mechanism, which helps in dealing with
complex scenarios of fluid-structure interactions. In the case of lattice Boltzmann model, a complete absence of
pressure Poisson solver, the hyperbolic nature of the underlying partial differential equation and an almost local
algorithm helps in describing complex flows by efficient parallelization and reduces the time in implementation of a
fairly realistic practical application. The aim of the present work is to evaluate usefulness of LB and its variants
for transient, 3-D simulations of flapping flight for various wing kinematics. In order to do such an evaluation the
present study, implements recent advances in the LB literature and tests the efficiency of these modified algorithms
in simulating flow past bluff bodies [10].

In a typical formulation of LBM, one works with a set of discrete populations f = {fi} corresponding to the
predefined discrete velocities ci (i = 1, · · · , N) to represent the system. For this set of discrete populations, the
discrete evolution equation is often written in the BGK-form [11] as

f(x+ c∆t, t+ ∆t) = f(x, t) + 2β[feq(Mslow(x, t))− f(x, t)] (1)

with β = ∆t/(2 τ +∆t), where τ is the smallest time scale of relaxation, the mean free time, related with the viscosity

as τ = µ/p, p being the thermodynamic pressure satisfying ideal equation of state p = ρ kBT
m . The choice of discrete

equilibrium feq(Mslow) as a function of conserved moments Mslow is crucial for recovering the correct hydrodynamic
limit and different formulations of lattice Boltzmann differ from each other mainly in choice of this discrete equilibrium
and slow moments Mslow [6]. Typical choice for the Mslow is the mass density and the momentum density. In the
present work, we chose to work with consistent entropic lattice Boltzmann formulation, where the slow moments are
taken as the mass density, ρ, the momentum density, Jα, and the trace of pressure tensor (P ≡ 1

2ρu
2 + D

2 p) defined
as

ρ =

N∑
i=1

fi, ρuα =

N∑
i=1

ficiα, P =

N∑
i=1

ficiα (2)



2

In the entropic formulation of the LB method [12, 13], one works with discrete entropy functional

H =

N∑
i=1

fi

(
ln

(
fi
wi

)
− 1

)
wi > 0, (3)

with wi as weights associated with quadrature and feqi as minimum of this H-function under the constraint of the
local conservation. Thus, the equilibrium in this formulation is truly a discrete analog of the Maxwell-Boltzmann
equilibrium obtained in the continuous kinetic theory.

The explicit solution for the D dimensional (valid for 2 dimensional D2Q9 model and 3 dimensional D3Q27 model)
equilibrium distribution is [13]

f eqi = ρ (1− θ)D
(

θ

2(1− θ)

)c2i [
1 +

uαciα
θ

+
uαuβ
2 θ2

(
ciαciβ −

2D θ2 + (ci)
2 (1− 3 θ)

D (1− θ)
δαβ

)]
, (4)

where θ = T
T0

is the dimensionless temperature and at θ = 1/3, isothermal equilibrium is recovered. In the current
simulation the D3Q27 with the above feq is implemented.

As an initial step towards validation of the code, flow past a sphere is considered, as it is an extensively validated
flow situation [14–17]. Flow past spheroids of different aspect ratios(AR),due to its similarity to complex boundary
encountered in insect flight, has also been studied.

The boundary conditions are a zero shear stress and no penetration at the top and bottom boundary in one of the
lateral directions to the flow. The other lateral direction has a periodic boundary condition. An analog of Grad’s
distribution function[18] is used for extrapolating the missing populations (populations incoming to the domain) at
the inlet and outlet.

The streamlines of flow past a sphere obtained from the present work and from experiments conducted by Taneda[19]
are shown in figure 1. The wake appears to have been captured in an accurate manner when compared to the
experiments.The variation of drag coefficient (Cd) is compared with an experimental correlation[20] in figure 2(a). As
seen in figure 2(b) the wake length for a sphere shows a good comparison with Taneda’s experiments and a DNS study
based on spectral methods[16]. The results for flow past oblate and prolate spheroids of different aspect ratios are
validated with a finite difference study[10] and has been observed to exhibit good comparison for the extreme cases
of aspect ratios.The results seem promising for extending the formulation to complex moving boundaries (flapping
flight).A complete benchmarking of the implementation would be presented in the conference.
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(a)Re = 9.15 (b)Re = 25.5 (c)Re = 37.7

(d)Re = 9.15 (e)Re = 25.5 (f)Re = 37.7

(g)Re = 73.6 (h)Re = 118 (i)Re = 133

(j)Re = 73.6 (k)Re = 118 (l)Re = 133

FIG. 1: Streamline plots of flow over sphere at different Re obtained from the present study(d,e,f,j,k,l) compared with experi-
ments conducted by Taneda(a,b,c,g,h,i).
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(a) (b)

FIG. 2: (a)Variation of drag coefficient with Re for a sphere (b)Variation of wake length with Re for a sphere

(a) (b)

FIG. 3: (a)Variation of drag coefficient with Re for oblate spheroids of different AR (b)Variation of wake length with Re for
oblate spheroid of different AR.

FIG. 4: (a)Variation of drag coefficient with Re for prolate spheroids of different AR.

(a) (b)

(c) (d)

FIG. 5: Comparison of present study’s (AR - (c)0.2(d)0.5) streamlines(solid) and vorticity lines(dashed), for flow past a prolate
spheroid at Re 100, with Masliyah(AR - (a)0.2(b)0.5).
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1. OBJECTIVE 

Two-dimensional numerical code based on fractional-step method has been developed to 
investigate steady lid-driven cavity flow in presence of blowing. The flow is generated by 
setting appropriate tangential boundary conditions to the top lid. The effect of blowing has 
been incorporated by assigning normal velocity at the bottom wall. The behaviors have been 
studied for both square and rectangular cavities at various Reynolds number. The results 
have been presented in the form of streamline plots, vorticity contours and the effect of Re 
on stabilization-time. The flow characteristics have also been analyzed using Lagrange 
coherent structures. 

Keywords: Lid-driven cavity, blowing, Lagrange Coherent Structures, Finite time Lyapunov 
exponent. 

 
2. INTRODUCTION 

Study of lid driven cavity flows provide significant insight into the complex flow phenomena 
occurring in common internal/confined fluid flows. The study of two-dimensional flow in a 
cavity of simple geometry brings out essential features such as formation of primary vortices, 
secondary vortices and corner vortices. A review by Shankar and Deshpande (2000) 
provides preeminent insight into the features cavity flows and its direct implications on 
various applications such as coaters (Aidun et al, 1991), mixing cavities used to synthesize 
fine polymeric composites (Zumbrunnen et al 1995), liquid pond, etc. The cavity flows are 
generated by the movement of one or more of the lids in a closed environment or in general 
artificial shearing on the sides bounding the domain. Rectangular shaped (Albensoeder 
2001) and two-sided cavity flows (Kuhlmann et al 1997) are as well explored in recent times. 

The regime and behavioral changes in flow are usually marked by the transition, 
characterized by the Reynolds number. Hopf-bifurcation is one of the indicators of this 
transition, literature reports the first transition to be observed in the Reynolds number range 
of 7500-8000 (Bruneau and Jouron 1990), (Fortin et al 1997). However, Bruneau and Saad 
(2006) have done simulations taking into consideration of all the issues that influence the 
accuracy of transition and found the transition to occur at a Reynolds number of around 
8000.  

 
3. SPATIAL AND NUMERICAL DISCRETIZATION 

Uniform grid in staggered arrangement has been generated in to mesh the computational 
domain. The arrangement is in such a way that the velocity components, u and v are 
respectively, assigned to the vertical and horizontal edge centers of the control volume. The 
mesh accommodates the “ghost-cells” as well to implement the boundary conditions. 

In the present work a fractional-step method is employed in integrating the Navier-Stokes 
equation. This is also called as "projection method," introduced by Chorin (1968). The 
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velocity is first advanced without considering the pressure, which results in a field that is not 
divergence-free. Then the pressure required to make the velocity divergence-free is 
computed and the new velocity field is corrected by adding the pressure gradient. 

The first step, also known as the "projection step" is presented in Eqn. (1). 

u*  un

t
 Cn1  Din1

          (1) 

where C indicates the convective term and Di denotes the diffusive term, u* is the 
intermediate velocity field that is not divergence free. The superscripts indicate the instant of 
integration. Further, the second step known as the "corrector step" is presented in Eqn. (2). 

un1  u*

t
 

h
 n1

          (2) 

The term φ is the pressure. The method is based on the Helmholtz-Hodge decomposition 
according to which any vector field can be uniquely decomposed into a divergence free part 
and an irrotational part. For the spatial terms, explicit scheme has been used for 
discretization. The convective term is discretized using the second-order accurate Adams-
Bashforth scheme. A similar technique is used for the diffusive term as well, maintaining 
regular spatial accuracy. 

To find the pressure, the continuity equation is manipulated to eliminate un+1 from Eqn. (2), 
resulting in Poisson’s equation (Eqn. 3). 

1


2 n1 

1

t
u*

          (3) 

Though such a scheme mentioned above is applicable for both finite difference methods as 
well as finite volume method, due to better stability and averaged properties, finite volume 
method has been implemented in the present study. 

 
4. RESULTS AND DISCUSSION 

Flow in lid driven cavity exhibits different modes at various Reynolds numbers, in the 
present study, the range of Reynolds number chosen is between 500 and 5000, which is 
expected to show different flow features. The stabilization-time for the flow at various 
Reynolds number has been considered as a parameter of interest due to the reason that 
stabilization-time could give a quantitative estimate of the flow behavior. The shear layer curl 
up in the lid-driven cavity flow, which is usually the cause for shift in modes, has been 
visualized using Lagrange coherent structures (LCS). The results based on LCS present a 
time-averaged field of stretching rather than the instantaneous fields offered by the velocity 
vectors therefore, provide a better visualization. Moreover, LCS has specific features of 
separating the fluid into distinct regions that posses specific dynamic behavior, thereby 
provides a better insight in the underlying flow instabilities.  Finite time Lyapunov exponent 
(FTLE) is one of the methods to compute LCS. FTLE is essentially based on the flow map at 
different instances. The code due to Dabiri [7] has been used in the present study to 
compute the FTLE.  

 
4.1. Validation 

Numerical code based on projection method has been developed to simulate the lid driven 
cavity flow. Results from the present study have been validated against those available in 
the literature. The velocity profile along the central line of the cavity is taken for validation 
and compared with the results due to Botella and Peyret (1998). Results from the present 
computations match well with the standard case for the Reynolds number of 1000. 
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4.2. Effect of blowing 

In presence of external disturbances such as blowing the flow features are expected to 
change. Either blowing could aid the flow in stabilizing faster or destabilize it with formation 
of various unstable vortices. In the present study, blowing at the bottom wall is induced 
explicitly into the flow. Blowing was induced continuously for a unit length. Stabilization-time 
at various Reynolds number in presence of blowing has been compared with the cases in 
absence of blowing and presented in Fig. 1. From the computational results, it has been 
observed that the flow stabilizes faster due to artificial blowing on the face (bottom wall) 
opposite to the shearing face. Further, the streamline and vorticity contour for the stabilized 
flow filed are presented in Fig. 2. 

 

 
Fig. 1: Comparison of stabilization-time at various Reynolds number  

in absence and in presence of blowing 

 

 
Fig. 2: Streamline plot and vorticity contour for the stabilized flow filed at Re = 1000 

 

Finite time Lyapunov exponent has been estimated with an integration time, T = 0.7 in 
dimensionless units. FTLE contours are presented in Fig. 3 for Re = 3000. The high FTLE 
values in the contours represent regions of high stretching which lead to the entrainment of 
vortices. Moreover, due to formation of corner vortices, the values of FTLE are observed to 
be locally high in these regions. In presence of blowing, the high intensity at the center is 
due to the strong primary vortex. 

Cavity flow in rectangular geometry in presence of blowing has also been studied. The 
streamline plots for various Reynolds number are presented in Fig. 4. The stabilization-time 
is found to reduce in rectangular cavity as compared to square cavity. Formation of more 
number of corner vortices in rectangular cavity assists the primary vortex, hence a reduction 
in stabilization-time. 
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(a)   (b)  

Fig. 3: FTLE contours at various time instants (a) without blowing (c) with blowing 
 

 

Fig. 4: Streamlines at various Reynolds number  
(a) Re=500, (b) Re=1000, (c) Re=1500, (d) Re=2000, (e) Re=2500, (f) Re=3000, (g) Re=3500 

 

5. Conclusions 

In the present study the effect of blowing on the standard lid driven cavity flows with square 
and rectangular geometries has been analyzed. Investigations on the stabilization-time for 
various Reynolds number has been carried out and presented. Further, FTLE analysis has 
been applied to study interesting properties of the cavity flow influenced by blowing. The 
pre-mature stabilization of the flow in presence of blowing has been explained using FTLE 
contours. 
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Abstract

Extended abstract submitted to IUTAM Bluboff @ IITK.

This paper presents the results of flow past a reentry vehicle at high altitude corre-
sponding to rarefied conditions. Flow past obstacles at high Knudsen number (Kn) are
characterized by rarified or microscale behavior. Because of significant non-continuum
effect, traditional CFD techniques are often inaccurate for analyzing high Kn number
gas flows. The direct simulation Monte Carlo (DSMC)method offers an alternative to
traditional CFD which retains its validity in slip and transition flow regimes. DSMC is
a numerical tool to solve the Boltzmann equation based on direct statistical simulation
and is considered as a particle method in which the real gas molecules is represented
by discrete particles[1]. Wilson F. N. Santos [2] described a computational investigation
on rarefied hypersonic flow past flat-nose power-law leading edges employing the Direct
Simulation Monte Carlo (DSMC) Method. Pedro A. C. Sampaio et al. [3] presented a
computational investigation on the small ballistic reentry Brazilian vehicle SARA using
DSMC method. T.J. Scanlon et al.[4] presented the results of validation of an open
source Direct Simulation Monte Carlo (DSMC) code for general application to rarefied
gas flows recently. They validated the code for 2D flow over a flat plate and a cylinder,
and 3D supersonic flows over complex geometries. In all cases, dsmcFOAM showed very
good agreement with data provided by both analytical solutions and other contemporary
DSMC codes.

This paper uses the dsmcFOAM of opensource code OpenFOAM to predict the flow
behaviour past a typical reentry vehicle. The code is validated for a range of test cases
in the rarefied hypersonic regime. It is then used to predict the pressure, temperature,
density and heat flux on the surface of the reentry vehicle. The governing equation
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considered is the Boltzmann equation.

∂(nf)

∂t
+ c

∂(nf)

∂r
+ F

∂(nf)

∂c
=

∫ +∞

−∞

∫ 4π

0

n2(f∗f∗1 − ff1)crσdΩdc1 (1)

where n is number density defined as n = N/dr , f = velocity distribution function, c
= Velocity, f∗ = Post collision velocity distribution function., c1 and f1 = Velocity and
velocity distribution of another class of molecules., cr = Relative velocity and σdΩ is
the differential of collision cross section. Left hand side of the equation represents the
variation of particle distribution function with respect to time, space and velocity. And
the right hand side of the equation is known as collision term; which is responsible for
the variation of particle distribution function.

Even though DSMC is a particle simulation method, cells or grids are also imple-
mented in the sample space that have a major role in DSMC simulations. Firstly, these
cell provide a venue for molecular collision by dividing them into a number of sub cells.
Secondly, all of the macroscopic properties are evaluated from the microscopic properties
through an ensemble averaging over the cells. Thus it is important to set the correct size
of cells. They should be small enough, in the range of mean free path to get a proper
variation of macroscopic properties, moreover each cell should contain enough number of
molecules.

OpenFOAM is a fluid flow solver based on object oriented C++ modules and includes
variety of solvers which are capable of handling most of the physical problems.FoamDSMC
has the following capabilities viz. Steady and unsteady simulations by proceeding through
small time steps, capability to simulate arbitrary 2D and 3D geometries, ability to define
symmetry plane and cyclic boundaries, arbitrary number of gas species can be included
in the simulation, free stream flows over the obstacles and Larsen-Borgnakke model and
VHS model for DSMC.

Supersonic flow of nitrogen gas over a flat plate having 1 m length and infinite depth
is considered. The flow domain is extended to 0.6 m above the plate. Free stream
flow conditions are M∞ = 4, V∞ = 1325m/s, T∞ = 273K,Tb = 500K,n∞ = 1×1020

ρ∞ = 4.65×10−6kg/m3, p∞ = 0.36433215Pa.

Mean free path is determined using Variable Hard Sphere (V. H. S.) model.
Molecular properties of N2 are m = 4.65 × 10−26kg, dref = 4.17 × 10−10m,

Tref = 273K,µref = 1.65610−5Pa.s, ω = 0.74, ξ = 0.13, λ = 0.01292829431m

Total number of molecules = 330053, Number of equivalent particles= 2 ×1012 Av-
erage number of molecules in each cell =50 and time step = 4 ×10−6 s. Kn = 0.0143
Case was run upto a time of 0.8 sec. Steady state had obtained before the end time
and flow properties are time averaged. Results obtained from FoamDSMC are compared
with the results from Bird’s DS2V(Fig 1 and 2) code. Heat transfer coefficient defined
as Ch = qw

1/2ρV 3 .

where qw is the total heat flux towards the wall. Ch distribution over the flat plate
obtained from FoamDSMC and DS2V is plotted in figure 3.
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Fig 1. Temperature contour (DSMC) Fig 2. DS2V [1, 4]
Characteristics of hypersonic flow involves formation of shock when it is passing

through a compression corner and formation of expansion waves in the expansion cor-
ner.A 2D flow over a diamond shaped body is simulated at 4 Mach, which includes the
following flow phenomenons viz compression due to solid compression corner, expansion
due to the cantered convex corner, compression due to the free stream fluid flow. Flow
is simulated to test the ability of FoamDSMC in predicting shock phenomenons and is
found to be in good agreement with theoretical values. The simulations performed is
well compared to the regions like free stream, region after the formation of first shock
due toleading edge, region after the formation of expansion waves due to convex corner
and region after the formation of shock wave due to sudden compression when the flow
exhausting to free stream. The deflection angle, pressure, temperature, mass density
and velocity are compared with theoretical value for validation. Density, Pressure and
temperature contour are shown in fig 4, 5 and 6.

Fig 3. Heat flux Ch Fig 4. Density contour (Diamond)

Fig 5. Pressure contour (Diamond) Fig 6. Temperature contour (Diamond)
A reentry vehicle whose geometry is available from literature is simulated as a realistic

case to simulate rarefied flow field at 100 km altitude. The vehicle is with axisymmetric
body with a hemispherical nose connected to the after body at an angle of 11.40 , having
1410 mm length and 503.5 mm radius is considered and simulation is done to get the

3



distribution of heat transfer coefficient over the vehicle at various angles of attack. 2D
simulations are performed for angles of attack 0, 5, 10, 15 and 20 with flow properties cor-
responding to an altitude of 100 km and Mach number 6. Free stream conditions at 100
km altitude are M∞ = 6, V∞ = 1739m/s, T∞ = 210K,Tb = 210K,n∞ = 1.0372×1019

ρ∞ = 4.989×10−7kg/m3, p∞ = 0.03007Pa.

Only N2 and O2 are considered for simulation; and it is a reasonable assumption
because 99 % of the total composition of atmospheric air is constituted by these two
gases.Case was run upto a time of 0.05 s. Steady state was obtained around 0.02 s and
the flow properties obtained are time averaged values. Temperature profile obtained for
various angles of attacks are in the expected pattern. This can be observed from the
temperature contour which is shown for 0 and 20 angle of attack in Fig. 7 and 8. As the
angle of attack increases, the region of peak temperature shifts towards the lower side of
the nose as expected.

Fig 7. Reentry vehicle temperature contour α = 0 Fig 8. Temperature contour α = 20
Flow past the reentry vehicle for various angles of attack in a flow condition similar to
an altitude of 100 km is successfully simulated using foamDSMC and variation in tem-
perature contour over the vehicle for various angles of attack is obtained and all are in
expected pattern. Heat transfer coefficient over the body is calculated and plotted over
the body surface, which shows the effect of angle of attack on heat flux. These results
indicate the potential and efficiency of DSMC as a particle simulation method in analyz-
ing rarefied hypersonic flows. Further simulations will be done to predict the flow field
with differnt blunt and bluff leading edge shapes at rarefied hypersonic conditions and
results will be presented.
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MHD flow and heat transfer around a square cylinder at low Reynolds 

numbers 
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A two-dimensional numerical simulation is performed here to investigate the forced 

convection heat transfer for the flow of a viscous incompressible and electrically 

conductive fluid around a square cylinder placed in an unconfined medium and subjected 

to externally applied magnetic field of uniform flux density. The magnetic field may be 

applied either in the streamwise or transverse direction. The simulation is performed for 

the range of Reynolds number 10 40Re   and Hartman number 0 10Ha   with a 

fixed Prandtl number, Pr = 0.02 (liquid metal) and a blockage parameter, 5%d H    

(considering fictitious confining boundaries). The fictitious channel walls and the 

cylinder are assumed to be electrically insulating and the magnetic Reynolds number is 

assumed to be very small ( 1mRe  ) such that any induced magnetic field can safely be 

neglected. Figure 1 depicts the computational domain along with the boundary 

conditions. A non-uniform structured mesh having a close clustering of grid points 

around the cylinder is adopted in the present study. The numerical simulation is 

performed using the commercial CFD package Fluent with appropriate modifications (by 

introducing UDF: User Defined Function) to incorporate the respective source terms in 

the governing equations. The present study is restricted to the steady operational range, 

however, the study can easily be extended to the unsteady periodic flow cases which 

normally evolve for 50Re  . The flow structure, isotherm pattern and the variation of the 

global flow and heat transfer quantities are presented and discussed for the above range 

of Reynolds number for different Hartmann numbers.  

Assuming a two-dimensional, laminar, incompressible flow of a Newtonian fluid with 

constant thermophysical properties, the governing differential equations in the 

dimensionless form can be expressed as: 

0u 
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Here  ,u u v U u


, 2p p ρu  and    WT T T T     denote the velocity, 

pressure and temperature,  LF N J B 
  

 is the Lorentz force with 2N Ha Re  being 
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the interaction parameter (or Stuart number), J


 is the electric current density, which is 

given by the Ohm’s law as: J u B 
 

, Re ( u d  ) is the Reynolds number based on 

the cylinder dimension, Ha Bd    is the Hartmann number, Pr α  is the 

Prandtl number. The material properties are represented by density  , kinematic 

viscosity  , specific heat 
pc , thermal conductivity   and electrical conductivity  . We 

neglect here the natural convection, electrostatic induction and electrochemical reactions 

in the present formulation. Furthermore, the viscous dissipation and Joule heating are 

negligibly small. 

The boundary conditions are as follows: at the inlet a uniform flow is prescribed 

( 1, 0, 0u v    ). The exit boundary is located sufficiently far downstream from the 

region of interest, hence an outflow boundary condition (anticipating a fully developed 

flow situation) is proposed at the outlet.  A symmetry boundary condition is applied on 

the lateral fictitious confining boundaries. A no-slip boundary condition along with a 

uniform prescribed temperature ( 1  ) is used on the cylinder surfaces. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 1 Schematic of the physical problem 

The magnetic field effects on the overall flow pattern and heat transfer characteristics are 

depicted in Figs. 2, 3. These figures show the streamlines and isotherm contours for 

various Hartmann numbers corresponding to different directions of the applied magnetic 

field and at a Reynolds number Re = 50. Two different directions of the magnetic field 

are considered, with the field strength denoted as Bx or By for the streamwise or 

transverse magnetic field, respectively. Accordingly the Lorentz force becomes: 

Streamwise field (Bx),  0,LF Nv 


, Transverse field (By),  ,0LF Nu 
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The Lorentz force in magnetohydrodynamics actually acts like a damping force that 

suppresses any instability in the flow structure. It has been established experimentally 

that two-dimensional instabilities can be suppressed by the application of the external 

magnetic field. The flow separation at the rear stagnation point can be suppressed by 

strong magnetic field perpendicular to the cylinder surface. Looking at the streamline 

patterns in Figs. 2, 3 the above fact of suppression of wake region is strongly established 

for different directions of applied magnetic fields. The recirculation region progressively 

diminishes both longitudinally as well as laterally with the increase in the magnetic field 

strength. However, the nature of wake suppression quantitatively, depends on the 

direction of application of the external magnetic field. For stronger streamwise magnetic 

fields, the recirculation region is not reduced further due to the existence of a very slow 

moving region formed before the body known as "upstream wake". However, the 

recirculation region almost vanishes at larger Hartmann number (as for ex. at Ha = 10) 

for the transverse magnetic field. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2 Streamlines (left) and isotherms (right) around the cylinder for Re = 40 and at 

different Hartmann numbers for streamwise magnetic field 

 

The variation of surface average Nusselt number with Reynolds and Hartmann numbers 

for different directions of applied magnetic fields is presented in Table 1. The Nusselt 

number is found to increase as usual with the Reynolds number for all cases. However, 

the variation is not significant with Hartmann number for relatively weak magnetic field 

strength and at low range of Re. At higher Re and with greater magnetic field strength the 

heat transfer rate increases at a faster rate.  

 

 

 

 

Ha = 1 

Ha = 5 

Ha = 10 



 4 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 3 Streamlines (left) and isotherms (right) around the cylinder for Re = 40 and at 

different Hartmann numbers for transverse magnetic field 

 

Table 1 Surface average Nusselt numbers 

  Re 

Ha 10 20 30 40 

0 0.5030 0.6304 0.7234 0.7990 

S
tr

ea
m

w
is

e 
  

m
ag

n
et

ic
 f

ie
ld

 

1 0.5031 0.6305 0.7237 0.7992 

2 0.5033 0.6308 0.7238 0.7993 

3 0.5044 0.6312 0.7239 0.7995 

4 0.5056 0.6329 0.7251 0.8003 

5 0.5066 0.6350 0.7273 0.8022 

10 0.5095 0.6403 0.7384 0.8146 

T
ra

n
sv

er
se

  

m
ag

n
et

ic
 f

ie
ld

 

1 0.5057 0.6353 0.7296 0.8062 

2 0.5081 0.6409 0.7378 0.8166 

3 0.5095 0.6447 0.7440 0.8250 

4 0.5103 0.6472 0.7484 0.8312 

5 0.5108 0.6489 0.7515 0.8358 

10 0.5121 0.6529 0.7589 0.8470 

 

Ha = 1 

Ha = 5 

Ha = 10 
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Abstract

1.Motivation

GARUDA Grid developed on NKN (National Knowledge Network) network by Centre for 
Development  of  Advanced  Computing  (C-DAC)  hubs  High  Performance  Computing 
(HPC)  Clusters  which are  geographically  separated all  over  India.  C-DAC has been 
associated  with  development  of  HPC infrastructure since  its  establishment  in  year 
1988.  The  Grid  infrastructure  provides  a  secure  and  efficient  way  of  accessing 
heterogeneous resource . Enabling scientific applications on Grid has been researched 
for some time now. In this regard we have successfully enabled Computational Fluid 
Dynamics (CFD) application which can help CFD community as a whole in effective 
manner  to  carry  out  computational  research  which  requires  huge  compuational 
resource beyond once in house capability. This work is part of current on-going project 
Grid GARUDA funded by Department of Information Technology.

2.Problem Statement

Computational Fluid Dynamics (CFD) is one of the driving force behind HPC evolution.
This often requires huge computational resource time and again, which cannot be met 
all the time by existing physical resource at our workplace . Now to meet this often the 
researcher is required to be in queue and wait for the resource to get free. In this 
regard one loses reasonable time and money. The second problem is coupling of pre-
processor , solver and post processor of CFD  tools makes it  difficult to prepare a  
working mathematical  model of physical  problem all the time. And some specific CFD 
tools require huge finance  to get working on cluster.
  
Both the problem requires attention for growth of CFD practice, because if resources 
are not available in time and tools end up being tightly coupled then this will lead the 
technology to be working  in only elite hands. Overcoming  the above limitation is 
must for researchers and also for industry. In this regard we put forward a working 
model of CFD over Grid in India. 

3.Approch

In  the  current  model  a  user  can  choose  between  highly  flexible  working  model, 
starting with mesh generation , solver and post processor. Grid connects more then 20 
research centres and  academic institutes spread over 8 cities, each one of it can be 
used from any place connected through NKN network. And jobs can be submitted in 
GUI  and  command  line  mode.  Thus  user  has  large  resource  under  reach.  This 
environment of Grid solves our first issue of resource shortage at any given time. Now 
we need to address our second problem i.e. CFD on Grid. 

There can be two paths which would be followed by user. First, one can do the pre-
processing of flow model on local desktop using application available commercial or 
open-source. And second if they don’t have access to pre-processing application they 



can use the one available on Grid. Now the solver part is highly compute intensive 
which should be done on Grid using any one resource. Now after the results have been 
calculated,  again we have two path which ever convenient should be followed i.e. 
either do the post processing on Grid resource or on local desktop. 

In  our  current  work  we have used open source solver  OpenFOAM and prepared a 
skeleton of this model . Here we would stress that this can be augmented with other 
solvers too. In this way user will have high flexibility in selecting suitable solver.  

                                

               Local Desktop  Machine
                GARUDA Grid Environment
                Components of CFD Model   

4.Result

Grid environment and the CFD model prepared will reduce cost of computation. If the 
current model is used it will  also encourage usage of open source CFD code which 
again will reduce the commercial over head of CFD application.

5.Conclusion

Grid computing will become more efficient with this CFD model. At the same time CFD 
community  would  have  a  common  environment  where  they  can  work  and  share 
knowledge.  In  future  this  model  should  also  be  applied  in  academic  labs  and 
industries.
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Extended Abstract 

The flow past a circular cylinder is a classical problem in fluid mechanics and it also 

represents an idealization of many flows of practical significance. Typical examples include flow 

in compact heat exchangers, instrumentation technology in hot-wire anemometry, flow past 

dividers in polymer processing, piping installations, offshore cylindrical drilling rigs and so forth. 

In this study, flow across an asymmetrically confined long circular cylinder in a plane channel is 

numerically investigated for the range of conditions: Reynolds number, Re 20 40= − , power-law 

index 0.4 1n≤ ≤ , gap ratio, 0.375 1γ = − for a fixed blockage ratio of 0.5β = . The blockage 

ratio is defined here as /d Hβ = . The relevant literature for the problem under consideration is 

given below. 

Zovatto et al. (1999) first demonstrated the effects of placement of cylinder in a plane 

channel on the vortex shedding and showed that the interaction between cylinder wake and 

wall boundary layer results in delay in the onset of vortex shedding regime from steady state 

regime when cylinder is placed closer to one wall. They also studied the effects of placement 

of cylinder on lift and drag coefficients for a range of gap parameter (∆ / d ) between 0 and 2, 

whereas β  was kept fixed at β =0.2. Mettu et al. (2006) studied the effects of symmetrical and 

asymmetrical positioning of the circular cylinder within the channel on momentum and heat 

transfer from the cylinder. Fluent was used to solve the governing equations for the ranges as 

10 Re 500≤ ≤ , 0.1 0.4β≤ ≤  and 0.125 1γ≤ ≤ . The critical Re at which the transition takes 
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place from a steady to unsteady flow was found to increase with a decrease in γ for a fixedβ . 

However, for a given Re, total drag coefficient and Strouhal number were found to increase with 

a decrease inγ . Albeit, both of the above discussed works considered only the flow of 

Newtonian fluids.  

The channel confined flow is approximated here by considering the two-dimensional, 

incompressible, Poiseuille flow of power-law fluids across an infinitely long cylinder (of 

diameter d ) confined asymmetrically by two parallel plane solid walls as shown schematically in 

Fig.1. The position of the cylinder is defined by a gap ratio, γ  = ∆ /(H /2- d /2). The value of γ  

is equal to 1 when the cylinder is placed symmetrically between the plane walls and 0 when it 

touches one of the walls. The cylinder is located at 15 d  and 40 d  from the inlet and outlet, 

respectively, which are sufficient to obtain domain independent results.  

d

∆

15d 40d

H

No slip condition

No slip condition

Y

X

cylinder

 
Figure 1: The schematics of the flow across an asymmetrically confined circular cylinder 

 

The governing equations along with appropriate boundary conditions are solved by using 

a commercial CFD solver Fluent. The computational grid is created in a commercial grid 

generator Gambit. The two-dimensional, steady, laminar, segregated solver is used to solve the 

incompressible flow on the collocated grid arrangement. The constant density and non-

Newtonian power-law viscosity models are used. The QUICK scheme has been used to 

discretize the convective terms in the momentum equations. The semi-implicit method for the 
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pressure linked equations (SIMPLE) scheme is used for solving the pressure-velocity 

decoupling. The parabolic velocity profile for an incompressible power-law fluid has been 

incorporated in the Fluent via user defined function (UDF).    

The present results are found to be in a good agreement with the results of Mettu et al. 

(2006) for Newtonian fluids. Unfortunately, no results are available for the flow of Non-

Newtonian fluids in the open literature. Flow patterns are analyzed by streamline contours so as 

to study the effects of Re, n and γ on the kinematics of the flow around a circular cylinder 

confined in a channel. It is found that when cylinder is asymmetrically placed, the flow 

separation is delayed and thus wake formation starts at a higher Reynolds number as compared 

to symmetrical placement of the cylinder (Figs. 2a - d).  
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(d) Re=40, n=0.4

Figure 2: Streamline profiles for n=0.4 (a) Re=20, (b) Re=40 for γ =1; (c) Re=20, (d) Re=40 for 

γ =0.375 
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Drag is found to decrease with increasing Reynolds number at a constant value of 

power-law index, while it increases as we move from shear thinning (n<1) to Newtonian (n=1) 

fluids for a fixed value of Re at different values of γ . It is observed that as the value of γ  

decreases from γ =1 to γ =0.375, there is a drastic reduction in the value of drag, for the fixed 

values of Re and n.  

Keywords: Asymmetric circular cylinder; power-law fluids; Reynolds number; gap ratio; drag 
coefficient.  

 

References 

Zovatto L., Pedrizzetti G., 1999, Flow about a circular cylinder between parallel walls, J. Fluid 

Mech., vol. 440, pp. 1-25 

Mettu S., Verma N., Chhabra R.P., 2006, Momentum and heat transfer from an asymmetrically 

confined circular cylinder in a plane channel, Heat Mass Transfer, vol.42, pp. 1037-1048 

 



 

1 
 

Numerical Analysis of Supersonic flow over wall mounted localized protrusions 

1 M. R. Rajkumar, 2S. Saranya, 3G. Venugopal 

1Assistant Professor, Department of Mechanical Engineering, College of Engineering, Trivandrum-695016, India 
e-mail: rajgayathri2006@yahoo.co.in  

2 PG student, Department of Mechanical Engineering, College of Engineering, Trivandrum-695016, India 
e-mail: saranya_sivankutty@yahoo.com 

3Associate Professor, Department of Mechanical Engineering, College of Engineering, Trivandrum-695016, India 
e-mail: gvenucet@gmail.com 

 

I. Introduction 

Aerospace vehicles like aircraft, launch vehicles and missiles have protuberances in the form 
of junction screws, bolts, rivets on their external surface. These localized protuberances can 
significantly affect the flow pattern as well as heat transfer, which may lead to failure of these 
vehicles. Therefore it is important to have a thorough understanding of the flow pattern as well 
as the location and magnitude of heat transfer rate in the region close to these protuberances. 
In the present work numerical simulation has been carried out to study the shock and boundary 
layer interaction due to the presence of multiple protuberances on the surface of a wall with flow 
taking place at supersonic velocities. The analysis has been carried out using commercial 
computational fluid dynamics package FLUENT 6.3. A three dimensional computational domain 
with fine grids near the protuberances has been created to capture the shock boundary layer 
interaction. Simulations have been performed for various Mach Numbers in the range 1.5<M <4.  

Meshburn [1] performed experiments to study the supersonic flow pattern on a flat plate 
mounted with cylindrical protuberance. The study reported that there is a lower limit on the 
cylinder size below which the boundary layer separation did not exist. A correlation for separation 
distance-cylinder size was developed. The shock waves and boundary layers in a 2.5 Mach wind 
tunnel having two dimensional compression corners was visualized using megahertz rate 
imaging system by Wu et al.[2]. The study showed that at large boundary layer thickness the 
shock fluctuated in the stream wise direction. Murphree et al. [3] conducted experiments on a flat 
plate mounted with cylindrical protrusions placed in a supersonic wind tunnel. The study reported 
that the structure of the shock boundary layer interaction is found to be variable in the transitional 
region of flow compared to laminar and turbulent regions.  The unsteadiness of shock boundary 
layer interactions in the case of flow over a blunt fin in a Mach 5 blow down wind tunnel was 
investigated experimentally by Hou et al. [4]. They tested the universality of the unsteady 
mechanism related to compression ramp interactions and found that the basic mechanisms 
leading to unsteadiness in interactive flows were similar in nature. Miller at al. [5] performed 
experiments over a compression ramp located in a blow down type wind tunnel. The study 
revealed that regions of flow separation and reattachment were found to be near the 
compression ramp were the velocity changes its sign.  

From the above literature survey, it can be seen that numerical investigations of shock 
boundary layer interaction due to the presence of multiple localized protrusions on surfaces 
placed in supersonic flow are scarce. The aim of the present work is to numerically investigate 
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the flow and heat transfer characteristics of a wall having multiple protrusions when subjected to 
supersonic velocities at different Mach numbers. 

 

II. Numerical Analysis 

(a) Numerical methodology: 

The numerical analysis of the present problem is performed using the commercial CFD package 
FLUENT 6.3.  The physical geometry consists of a wall of size 4 x 4 x 2 cm with two square 
protrusions each of size 0.5 x 0.5 x 0.5 cm mounted at its centre (Fig 1). A three dimensional 
computational domain (Fig 1) has been created for numerical modeling of the present problem. 
The wall and square protrusions are modeled as a solid, whereas to capture the flow field 
around the wall, a volume of height 5 cm and cross section same as that of the wall is created 
which is modeled as a fluid. The material for the solid is considered as aluminium whereas for 
the fluid it is assumed as air, with viscous and compressible effects. The computational domain 
is discretized using structured non- uniform hexahedral cells. Fine grids have been employed 
over the entire solid fluid interface to resolve gradient of the field variables. Optimum grid size of 
379875 cells consisting of 1159500 faces and 399936 nodes was obtained by conducting a grid 
independence test.  

(b) Boundary conditions: 

Pressure Inlet : Static Pressure (Pst,) Stagnation pressure (P0),Temperature (T0) are specified 
based on Mach number . 

Solid wall: u=v=w=0, 0=
∂

∂

n
T

 

On all the other walls (symmetry boundary condition): 0=
∂

∂
=

∂

∂
=

∂

∂

z
w

y
v

x
u

 

Pressure Outlet: Being supersonic flow, outlet conditions are automatically interpreted by the 
Fluent solver based on inlet conditions. 

 
Fig. 1 Computational domain along with grid used for 3D numerical simulations 
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III. Results and Discussions 

A Validation exercise 

The numerical simulation procedure and boundary conditions considered for the present 
numerical simulation is validated with the results of the experimental work conducted by Miller et 
al. [5]. Fig 2(a) shows the comparison of velocity contour of the present simulation with that 
reported by Miller et al. The comparison of velocity contours shown in Fig 2(a) of the present 
work with that of Miller et al. shows that there is a close agreement in the magnitude of velocity 
and separation point  of the boundary layer. Also it is important to note that the region of 
recirculation is identical for both the cases occurs as depicted in Fig  2(b).  

 

Fig. 2  Contours of velocity  (b) Streamline pattern 

Comparison of velocity and streamline contours of the present work with Miller et al. [5] 

 

B Supersonic flow phenomenon over wall mounted with multiple protrusions 

Numerical simulations have been carried out for supersonic flow (Mach number=2) over a wall 
with two square protrusions. The contour of velocity distributions shown in Fig. 3 shows the 
presence of strong oblique shock waves ahead of each protrusion resulting in the formation of a 
stagnant fluid at its base. Also it is worth to note that at the region between the protrusions the 
two strong oblique shock waves interact resulting in local acceleration of fluid in that region. 

 

Fig. 3  Velocity distribution due to effect of multiple protrusions (M=2) 

The static pressure distributions plotted from the leading edge of the wall to two locations viz. to 
the protrusion and gap between the protrusions ( Fig 4a) clearly indicates the phenomena of 
boundary layer separation rise in the static pressure distributions along the leading edge of the 
wall to the protrusion and leading edge of the wall to the gap between the protrusions (Fig.4a) 
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clearly indicates the phenomenon of boundary layer separation. Furthermore in the case of 
region near the protrusion there is a sudden increase in static pressure indicating the presence 
of strong oblique shockwave. However in the region between the protrusions the shock waves 
interact resulting in the formation of stagnant fluid. Further downstream, to conserve the mass 
flow rate the flow has to accelerate resulting in a sudden decrease in static pressure. The static 
temperature rise plotted along the same location (Fig 4b) along the length of the wall indicates 
aerodynamic heating that occurs due to local deceleration of flow due to the formation of oblique 
shock wave. 

 

Fig. 4  Static Pressure and Static Temperature distributions for multiple protrusions (M=2) 

                         

IV. Conclusions 

In this paper we have analyzed the shock boundary layer interaction and aerodynamic heating 
for the flow over a flat plate with localized multiple protrusions in the supersonic flow regime. 
The numerical methodology and boundary conditions used in the present study is initially 
validated with the work of Miller et al. and results are found to be in good agreement. The static 
pressure variation shows that there is boundary layer separation, close to the region of 
protuberance there is a sudden increase in static pressure because of the presence of strong 
oblique shock wave. Also in the region between the protrusions there is a local acceleration of 
fluid resulting in a drop in static pressure. The static temperature distribution reveals that the 
aerodynamic heating occurs at the root of the protuberances as well as region between the 
protuberances. 
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Abstract

A classical problem in vortex-induced vibration is to calculate the flow field past
an oscillating cylinder. In this paper we aim to identify the oscillatory behaviour of a
cylinder given (downstream) wake information. We combine numerical simulations
(CFD) of a cylinder at different oscillation frequencies to define a transfer function
between the displacement of the cylinder and the resulting flow field. This transfer
function can then be inverted to ‘predict’ the displacement of the cylinder given
the flow field (as determined by simulations or measurements). We investigate this
technique using numerical simulations of a cylinder imposed to oscillate in the lock-in
region.

1 Introduction

The vortex-induced vibration of bluff bodies has been studied for several decades now.
Sarpkaya (2004) gives an extensive overview of the existing literature. In the current
paper we focus on the forced oscillation of a circular cylinder moving perpendicular to
the direction of the fluid flow. It is well known that the vortex shedding frequency
becomes determined by the frequency of the applied oscillation, for given combinations
of the driving amplitude and frequency (Williamson and Roshko, 1988). Loosely said,
when the frequency of excitation is near the natural vortex shedding frequency (of the
static cylinder) and the amplitude of excitation is sufficiently large, then vortices will
be shed at the excitation frequency. The part of parameter space where this locking
phenomenon occurs is often called the lock-in region. Anagnostopoulos (2000) and Lu
and Dalton (1996) e.g. have performed numerical studies of the forces on the cylinder,
wake geometry and vortex formation zone in this lock-in region.

Our goal is to define a mathematical model to link the kinematics of the cylinder
with a flow variable in the wake. We specifically choose to operate in the lock-in region
to simplify the kinematics of the problem: only one frequency (the driving frequency)
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prevails. The mathematical model is based on the concept of a transfer function, as
commonly used in the field of system identification (Ljung, 1999). Inverting this transfer
function gives a model now describing the cylinder motion as a function of the flow field
variables. Thus, using this inverse model, we can estimate the kinematics of the cylinder
at a different flow condition from only the wake information.

In Section 2 we describe the basics of system identification and transfer function
modelling. In Section 3 we introduce the aeroelastic model used for the simulations.
The results of these simulations are discussed in Section 4.

2 System Identification

The field of system identification offers techniques to build mathematical models of
systems using only input and output signals, without prior information about the physics
of the system. The system is effectively a black box, and the model is represented by a
transfer function. Good textbooks on system identification are Ljung (1999); Pintelon
and Schoukens (2001); Juang (1994).

System identification is commonly used to model structural, chemical, nuclear, and
even economical systems, but has only recently been applied to aerodynamic problems.
Tang et al. (2001) e.g. have used system identification to build a reduced-order model of
an unsteady aerodynamic flow field. Ahuja and Rowley (2010) use a system identification
model for flow control around a flat plate at low Reynolds number and high angles of
attack.

In this paper we aim to build a system identification model that relates the cylinder
movement to a flow field variable (pressure, velocity, vorticity). Our ‘black box’ is thus
the complex translation of the cylinder motion into the unsteady flow pattern. The
transfer function is modelled using a rational polynomial function of the frequency. In a
second step, this function is inverted: the movement of the cylinder is now an output and
thus a function of the input, namely the flow field variables. It thus becomes possible,
once the transfer function is identified, to estimate the kinematics of the cylinder using
flow information in the wake downstream of the cylinder.

This opens opportunities for real-time load identification. Using a transfer function
that is constructed using preliminary numerical or experimental analyses, measurements
in the wake of a bluff body (say e.g. a cantilevered beam in cross-flow) can be used to
derive the dynamics of the upstream body that caused the wake.

3 The Aeroelastic Model

The simplified aeroelastic system under test is a two-dimensional rigid cylinder har-
monically oscillating perpendicular to the direction of the undisturbed fluid flow. The
oscillation of the cylinder is fixed to enforce lock-in: this ensures that the frequencies of
the displacement of the cylinder and of the pressure and velocity in the fluid flow are
identical. In this way, a transfer function can be envisaged that relates the motion of the
cylinder and fluid flow properties. Away from lock-in, the vortex shedding introduces a
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frequency component in the wake which is independent of the frequency of oscillation of
the cylinder; this cannot be modelled via classical system identification.

The flow and cylinder parameters were chosen so that Re = 1000 and the natural
vortex shedding frequency of the static cylinder (fSt) = 3 Hz. The imposed oscillation is
sinusoidal with amplitude A = 0.05 m, and a set of frequencies were considered between
0.7 and 1.2 of fSt, in steps of 0.1×fSt.

The input and output signals chosen to define the transfer function are the velocity of
the cylinder and the transverse component of the fluid velocity respectively. This choice
is straightforward since input and output are exactly equal for fluid particles at the
edges of the cylinder. Different points in the wake were considered to build a spatially
distributed transfer function.

Since the input signal is purely sinusoidal, its Fourier transform is given by π[δ(ω −
ω0) + δ(ω + ω0)]. So, since the frequency response function is only defined at ω0, the
Fourier transform of the output signal at ω0 immediately gives the FRF up to a scaling
constant (πA).

4 Simulation Results and Discussion

The CFD simulations were performed using OpenFOAM, in two spatial dimensions. The
computational domain measures 17 cylinder diameters in direction of the mean flow and
10 in the transverse direction. Meshing was done using the snappyHexMesh routine with
43260 mesh points. The time-dependent pimpleDyMFOAM solver was used.

Time-series of fluid variables were stored at different spatial points behind the cylin-
der. The frequency response functions were constructed from these time-series as de-
scribed above. In Figure 1 we show the estimated frequency response function for one
point downstream. The star symbols in Figure 1 are the data points from the CFD
simulations. The solid line is a rational polynomial fit to these points.

The red box indicates the value of the frequency response function determined from
a ‘test’ CFD simulation with a cylinder frequency of 0.95×fSt. It agrees very well with
the value as predicted by the estimated frequency response function (frf-fit = 0.882 m/s,
CFD = 0.901 m/s).

5 Conclusions

In this paper we introduce a transfer function to model the relation between the kine-
matics of a cylinder, oscillating transversely in a fluid flow, and its wake. We show
that it is possible to use the inverse of this transfer function to predict the amplitude of
oscillation using only the wake information.

Note: The final version of the paper will include the frequency response functions for
different spatial points downstream of the cylinder, more tests of the inverse function,
and this also for different Reynolds numbers.
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Figure 1: Frequency response function for a location on the symmetry axis, 2.5 diameters
behind the cylinder.
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1 INTRODUCTION

Wide variety of engineering application of flow around bluff bodies led to the studies
on flow past cylinders for the past several decades, exploring fundamental understanding
of broad class of flows where flow separation and vortex shedding occur([1, 2, 3]). A com-
plete knowledge of the flow separation and associated wake characteristics is important
for flow control strategies.

In the present study, we look into one such method for reducing intensity of vortex
induced vibration. Although not conclusive, a number of attempts were done to reduce
drag and vibrations on circular cylinders by modifying the surface roughness and tex-
ture. Many studies have focused on adding surface protrusions with different shapes and
patterns (Zdravkovich [4]). A small alteration of the laminar sublayer can affect the entire
turbulent boundary layer and subsequently alter the drag (Fukagata et al. [5] ). Muralidhar
et al.[6] studied the effect of slip on the flow past super hydrophobic circular cylinder
and concluded that the onset of vortex shedding is delayed to larger Reynolds numbers.
Legendre et al.[7] conducted a remarkable and extensive study on flow past cylinder with
slip boundary condition on it and were able to figure out the different regions like vortex
shedding region, steady separated wake region and unseparated wake region. Reference
[7] formulated an approximate expression for the slip velocity on a cylinder as a function of
slip length and Reynolds number. Also noted in the same paper, at high Reynolds number
the effect of slip diminishes with increase in Reynolds number. The present paper focuses
on very low Reynolds number and attempts to find out the effect of slip on the recirculation
length and associated reduction in drag at low Reynolds number. The range of Reynolds
number considered in this study is less than 47, the critical Reynolds number with no slip
condition.

In the computation described below, is a flow past cylinder with a hydrophobic surface.
With in the limit of continuum mechanics, we apply a slip boundary condition on the
cylinder surface, to model hydrophobic nature. At low Knudsen numbers, defined as
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Kn=λ /D (where λ is the slip length and D, the diameter of the cylinder) we take the Navier-
Stokes equations to be valid in conjunction with the slip boundary condition of Maxwell
[8],

Utan +Kn
∂Utan

∂n
= 0, (1)

where Utan is the tangential velocity and n is the normal to the cylinder surface.
A Navier-Stokes solver for 2D incompressible flow is developed using a hybrid Finite

element-Finite volume technique, details are given in [9]. A rectangular domain is selected
around the cylinder and is meshed with 50000 quadrilateral cells. The top and the bottom
boundaries are made convective (normal gradient of velocity components are made zero).
Analysis is carried out for different values of Reynolds number and Kundsen number. This
abstract contains some of the important results, details will be presented at the time of
conference.

2 RESULTS AND DISCUSSIONS

The computation is conducted for different combinations of Reynolds number and Knud-
sen number. It is observed that for a given Re, the recirculation length decreases as
the Knudsen number increases. The figure 1 shows the contours of stream lines for

(a) (b)

Figure 1: Contours of stream lines for Re=25, (a) Kn=0.01 (b) Kn=0.1. Note the shortening of
recirculation length with the increase in Kn.

Re = 25 and for Knudsen number of 0.01 and 0.1. The slip velocity modifies the tangential
velocity profiles at all locations on the cylinder surface. The separation points and the
occurrence of inflection points are usually correlated. It may be expected that the delay
in occurrence of inflection point will also delay separation. Hence the separation point
shifts downstream, towards rear of cylinder surface, also decreasing the length of the
recirculation zone with increasing slip or Kn. If we further increase the Knudsen number,
(say Kn> 0.1 at Re= 25) the flow is found to be attached with the cylinder (figure not shown
in this abstract) just like in a creeping flows[4]. Table.1 shows the variation of separation
angle (measured from rear stagnation point) with different combinations of Re and Kn

2



Re Kn = 0.50 Kn = 0.40 Kn = 0.20 Kn = 0.10 Kn = 0.02 Kn = 0.01

10.0 NS NS NS NS 22.50 26.10
15.0 NS NS NS 13.50 35.10 36.90
20.0 NS NS NS 20.70 40.50 42.30
25.0 NS NS NS 26.10 42.30 45.90
30.0 NS NS 8.10 29.70 45.90 47.70

Table 1: Variation of separation angle with Reynolds number and Knudsen number. Note that for
some cases, the flow will be fully attached and hence no separation (NS indicates no separation.)

values. The no-slip boundary condition cases (Kn ≤ 0.01) match well with published
results (for example [10] even though the upper and lower computational boundaries are
different).

(a) (b)

Figure 2: Iso-contours of vorticity for Re=25, (a) Kn=0.01 (b) Kn=0.5.

The vorticity production is also affected by the slip surface. The slip velocity re-
laxes/decreases the velocity gradient inside the boundary layer and effectively the mag-
nitude of vorticity produced at the surface comes down. Figure 2 shows the iso-contours
of vorticity at two different Knudsen numbers (Kn = 0.01 and 0.5) for the same Reynolds
number (Re = 25). If we compare the vorticity values in both the cases, the location up to
where it extends on the figures 2(a) and 2(b) are different (x = 4 and 3.5 respectively for a
magnitude of 0.5). At Kn= 0.5, ( high slip condition) the vorticity contours with large values
are found to be more near to the cylinder surface even though vorticity contours with small
values may extend to larger lengths. This indicates that the vorticity is suppressed or the
production of vorticity due to the shear action on the cylinder is suppressed due to the
slip velocity on the cylinder. A detailed discussion and quantification of separation angle,
recirculation length and drag reduction will be given in the full paper.

3 CONCLUSIONS

A numerical analysis is conducted in a 2D flow past cylinder with slip boundary condition
on the surface of the cylinder. Knudsen number is the central parameters representing
effects of slip at the surface. This paper shows that the slip influences vortex dynamics of

3



flow past cylinder at low Reynolds number. The recirculation length is found to decrease
with increase in slip velocity or Knudsen number. The vorticity production is suppressed
by the addition of slip velocity on the cylinder surface. The present abstract suggests slip
velocity as a possible flow control strategy and hence this study has importance in the
emerging field of flow over hydrophobic surfaces.
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Introduction 
 
Flow past a porous bluff body has applications in many industrial flows. An application related to 
porous particles is the settling of ‘flocs’ of material in liquid-solid rectors in chemical process 
industries (Masliyah and Polikar, 1980). Another interesting application is in bioengineering on the 
flow in a bioreactor involving porous scaffold (Yu et al., 2009). Other examples include the nuclear 
biological chemical filters, which have been widely used in medical, chemical and pharmaceutical 
industries (Bhattacharyya et al., 2006). Although flow past bluff solid body has attracted much 
attention, relatively less effort has been taken to understand the effect when the solid bodies 
become porous. Early studies have investigated the low Re flow past a porous sphere. Theoretical 

solution has been obtained for creeping flow (Joseph and Tao, 1964; Neale et al. 1973) and 
numerical simulation has been applied for flow at Re up to 10 (Nandakumar and Masliyah, 1982). 

Also, Noymer et al. (1998) and Bhattacharyya et al. (2006) have numerically investigated the 
steady flow motion around and through a porous circular cylinder. The unsteady flow past a 
porous square cylinder has been numerically investigated by Jue (2004) and Chen et al. (2008).  
  
Recent numerical simulation of the present co-authors, Yu et al. (2011), showed that the 

recirculating wake behind the porous circular cylinder either penetrates into or is completely 

detached from it, but is not attached to its surface. For a porous square cylinder, Yu et al. (2010) 

found that the recirculating wake existing downstream of the cylinder is completely detached from 

the body under a certain range of parameters. Interestingly, the wake may initially increase but 

then decrease in size with an increase in Re, and eventually disappear when the Reynolds 

number is sufficiently large. These new findings motivated the present study to further investigate 

the steady wake behaviour behind a porous bluff body. In the present study, the flow past a two-

dimensional bluff body with a certain shape (Fig. 1) is studied. The configuration is the 

combination of a half circular and a half square. The two orientations are shown in Fig. 1. The 

results are compared with those for circular and square cylinders.  

 

a) 

Porous Bluff Body
U



 

b) 

Porous Bluff Body
U



 

Fig. 1 Schematic of flow past a porous bluff body, a) Orientation I and b) Orientation II.  

The porous medium is considered to be rigid, homogeneous and isotropic; and saturated with the 
same single-phase fluid as that in the homogenous fluid region. The governing equations for 
porous region are the Darcy-Brinkman-Forchheimer extended model including viscous and inertial 
effects (Nithiarasu et al., 2002; Yu et al., 2007). The Navier-Stokes equations are applied to the 
steady, laminar flow of an incompressible, viscous fluid in a homogenous fluid region. At the 
interface between the homogeneous fluid and porous medium regions, the stress jump condition 

(Ochoa-Tapia and Whitaker, 1998) is applied. A finite volume method with a collocated variable 
arrangement (Yu et al., 2007) is used to simulate the flow. The body-fitted and multi-block grids 
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method proposed by Lilek et al. (1997) is applied. The detailed numerical treatment can be found 
in the previous study of the present co-authors, Yu et al. (2007), and thus are not repeated here. 
 
Results and Discussion 
 
The present simulations confirm that in a certain range of Darcy number Da, the detached 

recirculating wake behind the porous bluff body initially increases but then decreases in size with 
an increase in Reynolds number Re, and eventually disappears when the Re is sufficiently large. 
Figure 2 shows that for the Orientation I at Da = 6 × 10-3, the detached recirculating wake is 
observed for Re = 20 and disappears at Re = 55. For Orientation II (Fig 3), at Da = 6 × 10-3 the 
detached recirculating wake is observed at Re = 25 and disappears at Re = 50. For both 
orientations, the recirculating wake initially develops downstream of the bluff body when Da is 

large, consistent with previous studies for circular and square cylinders (Yu et al. 2010 and 2011). 
 

  
 

a) Re = 20 
 

b) Re = 55 

Fig. 2 Flow past a porous bluff body at Da = 6 × 10-3 for Orientation I 

 

  
 

a) Re = 25 
 

b) Re = 50 

Fig. 3 Flow past a porous bluff body at Da = 6 × 10-3 for Orientation II 

 
With a decrease in Da, the initial position of the recirculating wake moves towards the rear of the 

porous bluff body. For the Orientation I, the recirculating wake always occurs outside of the bluff 

body as shown in Figure 4a. This is similar to the case of the porous square cylinder (Yu et al., 

2010), which also has sharp corners at the rear part. For the Orientation II, the recirculating wake 

may occur within the bluff body when the Darcy number is smaller than a certain value as shown 

in Figure 4b. This is consistent with that for the flow past a porous circular cylinder (Yu et al., 2011), 

which also has smooth curvature at the rear part. These findings indicate that the surface 

curvature has an important effect on the initial position of the recirculating wake at a small Da. No 

matter where the initial position is, the  recirculating wake penetrates into the porous bluff body at a 

small Da when Re is significantly large. Note that when the Darcy number is less than a certain 

value, the recirculating wake does not disappear with increasing Re. 
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a) 

 

b) 

 

Fig. 4 Streamlines at Re just above the critical Re for onset of recirculating wake; 

a) Orientation I, Da = 5 × 10-5, Re = 2, and b) Orientation II, Da = 5 × 10-5, Re = 6.5. 

 
Figure 5 shows that for Da = 10-4 and Re = 40, the recirculating wake slightly penetrates into 
the porous body for both orientations. Interestingly, for these Da and Re, the lengths of the 

recirculating wake, which are measured from the rear of the body to the downstream 
stagnation point, are about the same, i.e. 2.53 for Orientation I and 2.61 for Orientation II. 

  

  

 

a) Orientation I 

 

b) Orientation II 

Fig. 5 Flow past a porous bluff body for Da = 10-4 and Re = 40 

 
 

 

Figure 6 summarize the critical Reynolds 
number for the occurrence and 
disappearance of a recirculating wake. For 
both orientations, the critical Reynolds 
number for occurrence of a recirculating wake 
decreases with decreasing Da while the 

critical Reynolds number for disappearance of 
a recirculating wake increases with 
decreasing Da. In the range of Re 

investigated, no recirculating wake occurs 
when Da > 7× 10-3. Figure 6 also suggests 
that when Da goes to an infinitely small value, 

the critical Reynolds number for occurrence of 
a recirculating wake approaches to a constant 
value. For Orientation I, this value is around 1, 
rather close to that of a square cylinder. For 
Orientation II, this value is around 6, rather 
close to that of a circular cylinder. However, 
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for a larger Da, the critical Re for occurrence of a recirculating wake are almost the same for both 

orientations, indicating that the effect of the sharp edge of the body becomes less important. 
 
Concluding Remarks 
 
A numerical study has been done on the flow past a bluff porous body whose configuration is the 

combination of a half circular and a half square, at two different orientations. For both orientations, 

in a certain range of Da, the recirculating wake behind the porous bluff body initially increases but 

then decreases in size with an increase in Re, and eventually disappears when the Reynolds 

number is sufficiently large. At a small Da, the recirculating wake always occurs outside of the 

porous body for Orientation I but within the porous body for Orientation II. The recirculating wake 

always occurs outside of the body for both orientations at a large Da. The critical Reynolds number 

for occurrence of a recirculating wake decreases with decreasing Da. This critical Reynolds 

numbers are almost identical for both orientations at a large Da. It may indicate that at large Da, 

the effect of the configuration of porous bluff body become less important on the wake structure.  

References 
 

Bhattacharyya S, Dhinakaran S, Khalili A, 2006. Fluid motion around and through a porous 
cylinder. Chem. Eng. Sci. 61: 4451-4461. 

Chen XB, Yu P, Winoto SH, Low HT, 2008. Numerical analysis for the flow past a porous 
square cylinder based on the stress-jump interfacial-conditions. Int. J. Num. Meth. Heat Fluid Flow 
18: 635-655. 

Joseph DD, Tao LN, 1964. The effect of permeability on the slow motion of a porous sphere in  
a viscous liquid. Z. Angew. Math. Mech. 44: 361-364. 

Jue TC, 2004. Numerical analysis of vortex shedding behind a porous cylinder. Int. J. Num. 
Meth. Heat Fluid Flow 14: 649-663. 

Masliyah JH, Polikar M, 1980. Terminal velocities of porous spheres. Can. J. Chem. Eng. 58:  
299-302. 

Nandakumar K, Masliyah JH. 1982. Laminar flow past a permeable sphere. Can. J. Chem. 
Eng. 60: 202-211. 

Neale G, Epstein N, Nadar W, 1973. Creeping flow relative to permeable spheres. Chem. Eng. 
Sci. 28: 1865-1874. 

Noymer PD, Glicksman LR, Devendran A, 1998. Drag on a permeable cylinder in steady flow 
at moderate Reynolds numbers. Chem. Eng. Sci. 53: 2859-2869. 

Ochoa-Tapia JA, Whitaker S, 1998. Momentum jump condition at the boundary between a 
porous medium and a homogeneous fluid: inertial effect. J Porous Media 1: 201-217. 

Lilek Ž, Muzaferija S, Perić M, Seidl V, 1997. An implicit finite -volume method using 
nonmatching blocks of structured grid. Num. Heat Trans. B 32: 385-401. 

Yu P, Lee TS, Zeng Y, Low HT, 2007. A numerical method for flows in porous and open 
domains coupled at the interface by stress jump. Int. J. Num. Meth. Fluids 53: 1755-1775. 

Yu P, Lee TS, Zeng Y, Low HT, 2009. Fluid dynamics and oxygen transport in a micro-
bioreactor with a tissue engineering scaffold. Int. J. Heat Mass Trans. 52: 316-327. 

Yu P, Zeng Y, Lee TS, Bai HX, Low HT, 2010. Wake structure for flow past and through a 
porous square cylinder. Int. J. Heat Fluid Flow 31, 141-153. 

Yu P, Zeng Y, Lee TS, Chen XB, Low HT, 2011. Steady flow around and through a permeable 
circular cylinder. Comput Fluids 42, 1-12. 



Effect of aspect ratio and trailing edge elongation of elliptical 
cylinder on wake characteristics 

 
Jagmohan Singh2, G. Raghu Vamsee*1, Shaligram Tiwari1 

 
1Department of Mechanical Engineering 
Indian Institute of Technology Madras, 

Chennai – 600036, India 
Tel: +91 44 22574729 

2Airbus Engineering Centre India, Bangalore, India 
Email: *me10d010@smail.iitm.ac.in!!

 
 

1. ABSTRACT 
Two-dimensional numerical investigations have been carried out using indigenously 
developed computational code to study the characteristics of unsteady wake for flow past an 
elliptical cylinder confined in a parallel channel. The developed code uses coordinate 
transformation approach and the discretization is based on modified MAC method. The 
present work focuses on studying the effect of aspect ratio of an elliptical cylinder on its 
wake characteristics for a fixed value of Reynolds number equal to 100. Also the elongation 
of trailing edge is considered for fixed width and fixed shape of leading edge for same 
Reynolds number. The effect of aspect ratio and change in dimension of trailing edge has 
been studied on wake length, Strouhal number, drag and lift on the cylinder.  
 

2. INTRODUCTION 
Flow past cylinders of elliptic cross-section is found in many applications like heat 
exchangers, offshore structures etc. The understanding of the phenomenon of vortex 
shedding or wake dynamics is very important as it helps to determine the nature of 
distribution of fluctuating forces on the body as well as of the flow-induced vibration. Though 
flow over a circular cylinder has been thoroughly investigated and well documented, 
literature on the broader family of elliptical cylinders is limited. Johnson et al. (2001) 
examined the effects of aspect ratio of elliptical cylinder on the drag coefficient for aspect 
ratio varying in the range from 0.01 (flat plate normal to the direction of flow) to 1 (circular 
cylinder) over a range of Reynolds number (Re based on the transverse axis) from 30 to 200 
numerically using spectral element method. They reported that the drag coefficient increases 
and the critical Reynolds number for the onset of vortex shedding decreases as aspect ratio 
is increased. Elliptical geometries outperform circular geometries in heat exchangers as they 
offer smaller resistance to the flow and high heat transfer rates (Khan et al., 2005; Li et al., 
2005).  Faruquee et al. (2007) numerically investigated the flow past elliptical cylinders with 
AR ranging from 0.3 to 1 at Re = 40 and found drag and wake width increasing with increase 
in Re. The present work focuses on studying the effect of variation of aspect ratio of elliptical 
cylinder more comprehensively by fixing its transverse dimension and for fixed value of 
Reynolds number, Re = 100.  
Vortex shedding being a hazard to the structures exposed to flow, much efforts have been 
made by researchers towards suppression of vortex shedding by flow control. Streamlining 
of the body is one such passive method of flow control. It is found that streamlining of bluff 
body controls the vortex shedding as well as it reduces the overall drag and magnitude of 
fluctuating forces experienced by the body. Streamlining of subsonic bodies refers to 
increasing the length of the trailing edge and rounded leading edge. Elongation of trailing 



edge helps to reduce the wake size behind the body and hence reducing pressure drag. 
Thompson et al. (2006) presented a short review of the three-dimensional transition of 
wakes from two-dimensional bodies, such as cylinders of various cross-sectional shapes 
(flat plate placed normal to flow, square cylinder, circular cylinder and elongated cylinders 
with streamlined leading edge). It was observed that as the longitudinal dimension of the 
elliptical leading edge increases, onset of first instability delays more and more. In the 
present study, efforts have been made to show the effect of elongation of trailing edge of an 
elliptical cylinder on the wake characteristics  for fixed value of Re = 100. 
 

3. PROBLEM STATEMENT AND NUMERICAL TECHNIQUE 

The present study focuses on investigating the effect of change in aspect ratio (AR) of an 
elliptical cylinder and also the effect of change in dimension of the trailing edge of the 
cylinder on its wake characteristics. The effects of elongation of trailing edge is studied by 
considering an elliptical cylinder with its front half having semi-circular cross- section and 
rear half as semi-elliptical and by varying the stream-wise dimension of the semi-elliptical 
section. Schematic of computational domain along with the body shape considered is shown 
in Fig.1. The computational domain consists of obstacle placed in a rectangular channel of 

dimensions 1 15L b , and 2 8L b with center of obstacle at a distance of 5b from the inlet. The 

transverse dimension of the cylinder is kept fixed as b and is considered to be the 
characteristic dimension. The aspect ratio (AR), defined by the ratio of transverse dimension 
(b) to the longitudinal dimension (a) of the elliptical cylinder is varied from 0.3 to 4 by 
changing the longitudinal dimension (a). The change in dimension of trailing edge is effected 
by varying the semi-major axis of the trailing edge portion of the cylinder. 

 

Fig.1 Schematic of computational domain 

A body-fitted grid is generated using transfinite interpolation method. In order to solve the 
governing equations of fluid flow in a complex physical domain (x-y co-ordinate system) 
using co-ordinate transformation approach, body-fitting coordinates are considered on the 
physical domain and the governing equations together with their boundary conditions are 
transformed appropriately to the orthogonal computational domain (ξ-η co-ordinate system). 
The governing equations of continuity and momentum have been solved using finite 
difference approach and MAC algorithm. 
 



4. RESULTS 
The effect of aspect ratio and change in dimension of the trailing edge is studied on flow 
behavior, wake length, Strouhal number and unsteady forces on the body for fixed value of 
Re = 100. The critical Re for onset of vortex shedding is also estimated in each case. 
Figures 2(a) and (b) show the variation of Strouhal number and wake length respectively 
with change in aspect ratio. In Fig. 2, body-type1 indicates the elliptical cylinder and body-
type2 corresponds to that of the elliptical cylinder with front half as semi-circle and rear half 
as semi-ellipse as shown in Fig.1. From Fig. 2(a), it can be seen that for regular elliptical 
cylinder, increase in aspect ratio results in increase in the value of Strouhal number but it 
almost remains constant for AR greater than 2.5. It can also be seen that with elongation of 
trailing edge of the elliptical cylinder (body-type2), i.e., by decreasing the overall aspect ratio, 
the value of Strouhal number decreases rapidly as compared to that of regular elliptic 
cylinder (body-type1). Moreover, the elongated elliptical body has good effect on vortex 
shedding frequency as compared to that of regular elliptical cylinder for AR<1.5. Figure 2(b) 
shows that an increase in aspect ratio of elliptical cylinder results in decreased wake length 
for both configurations. It can also be observed that for same AR, regular elliptical cylinder 
(body-type1) has higher values of wake length when compared to the cylinder with 
elongated trailing edge (body-type2), for the values of AR>1.0.  
 

 

Fig.2 Variation of (a) Strouhal number (St) and (b) wake length (Lw) with AR of the body 
 
The effect of aspect ratio and change in shape of trailing edge of elliptical cylinder on the 
flow behavior is shown using vorticity contours in Fig. 3. Figure 3(a) shows the effect of 
change in AR of regular elliptical cylinder on flow behavior. It can be seen that with increase 
in aspect ratio of the elliptical cylinder, the distance after which the vortices roll up decreases 
resulting in increase of shedding frequency. Fig. 3(b) shows the effect of elongation of 
trailing edge of elliptical cylinder on the flow behavior. An increase in semi-major axis 
dimension R2, i.e. elongation of the trailing edge of the body, results in increase in the 
distance of roll up of the vortices thereby causing reduction in frequency of vortex shedding 
or the Strouhal number (St).  



 
(a) 

 
(b) 
Fig. 3 Vorticity contours showing the effect of (a) aspect ratio and (b) elongated trailing edge 

 
Further results include the effect of aspect ratio and trailing edge of elliptical cylinder on flow 
behavior, drag and lift on the elliptical cylinder. The results also include the comparison of 
wake behavior behind the elliptical cylinder with that of the wake behavior behind the 
rectangular cylinder. 
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Abstract

This paper investigates the turbulent energy budget in the wake of a freely oscillating circular 
cylinder. Numerical investigations of an elastically mounted circular cylinder undergoing Vortex
Induced Vibrations (VIV) have been carried out using Large Eddy Simulation (LES). The motion 
of the cylinder is restricted to one degree of freedom and is allowed to oscillate only in the 
transverse direction of flow. Immersed Boundary Method (IBM) is used to simulate the moving 
boundaries, thereby requiring a single mesh for all time steps. Simulations are carried out at Re 
= 8000 at different reduced velocities and damping ratios. The variations of these parameters 
have been studied on how they affect the response of the cylinder motion in terms of maximum 
amplitude of cylinder displacement and the lift and drag coefficients. The maximum amplitude of 
oscillation increases with increasing reduced velocity for a cylinder with mass ratio of 7.85 and 
damping ratio of 0.02. Also, the peak amplitude decreases with increase in mass ratio for a 
constant reduced velocity. These numerical results agree well with the results of Al-Jamal et. al
[1]. The turbulent energy production between the mean flow, the coherent structures, and the 
random flow is calculated using the approach of Hussain [2] to understand the energy transfer 
between the fluid flow and the structure.

Introduction

Fluid Structure Interaction (FSI) has been the subject of interest to many researchers as they 
are encountered in almost all real engineering applications. The fluid flow and the body are 
coupled because the fluid exerts forces on the body, which in turn affects the flow field. The flow 
exerts forces due to the vortex shedding when a circular cylinder is kept in a flowing fluid and 
hence, the cylinder tends to oscillate. The wake behind the cylinder changes considerably 
depending on the lift and drag force coefficients, the amplitude, and frequency of oscillations. 
Thus, understanding the behaviour of the turbulent wake behind the cylinder is crucial to the 
understanding of the VIV problem. 

A velocity difference is observed between the outflow and in the wake region when the flow 
separates around the cylinder. The outflow velocity U1 is higher than the velocity U2 in the wake 
region creating a mixing layer. The mixing layer too experiences periodic excitation when the 
cylinder oscillates. To understand such interactions, we will simulate turbulent shear layer 
subject to periodic excitation. This simulation will help us know the energy budget of such flows 
and understand the amount of energy that is being transferred from the flow to the structure. 
The formation of coherent structures in mixing layer plays a huge role in determining the
spreading rate of the mixing layer. In our study, phase-averaging is done to deduce coherent 
structures. Using triple decomposition scheme of the flow variables given in Hussain [2], the 
flow quantity is given as,

( , ) ( ) '( , )f x t f x f x t  (1)

( ) ( , ) ( , )rf x f x t f x t                          (2)
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( ) ( , )rf x f x t                        (3)

where, (1) is the classical Reynolds decomposition, (2) is the triple-decomposition, and (3) is the 
double-decomposition. The turbulent energies and production terms I, II, and III are calculated 
where I, II, and III describe the production of coherent energy by the mean flow, the production 
of stochastic energy by the mean flow, and the production of stochastic energy by the coherent 
flow respectively [2].

Turbulent Mixing Layer   

To demonstrate that the triple-decomposition is a powerful tool in the analysis of turbulent flows, 
we first analysed an excited turbulent mixing layer [4]. Few results of the periodically excited 
mixing layer are shown in Figure 2 and will be elaborated on in the final paper.

Figure 1: Mixture fraction in periodically excited turbulent mixing layer

Figure 2: Turbulent energy budget in an excited mixing layer [3-5] 

Turbulent Wake of a Cylinder

LES was capable of capturing the coherent structures very well in mixing layer and the 
calculated turbulent energy budget agree well with those in experiments of Schlüter and König 
et. al. [3, 5]. Thus, this same approach will be used for the analysis of the turbulent wake behind 
the oscillating cylinder. The effect of different reduced velocities with 0.02  and damping 
ratios with U*=3.572 on the response behaviour of the cylinder in terms of maximum amplitude 
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of displacement are calculated as shown in Figures 3 and 4 respectively. The grid size in all 
simulations is 256x256x32 points in the x, y, and z directions respectively. The mass ratio of the 
cylinder was chosen to be 7.85. These results are then compared with the results of Al-Jamal et. 
al. [1]. 

Figure 3: Maximum amplitude at different U*              Figure 4: Maximum amplitude at different ζ                                

Snapshot of the momentum profiles of an oscillating cylinder at Re=8000, U*=4.505, m*=7.85,
and 0.02  at different times are shown in Figure 5.

    t=140 sec t=160 sec

     t=180 sec t=200 sec
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      t=220 sec t=240 sec

Figure 5: Momentum profile of an oscillating cylinder at different times (U*=4.505, ζ=0.02, m*=7.85)

The final paper will include the turbulent energy budget in the wake structure behind a freely 
oscillating elastically mounted circular cylinder for different variations in reduced velocities, 
damping ratios, and mass ratios. Thus, we will be able to better understand how the wake 
structure in the flow field affects the VIV response of the cylinder.

Conclusions

The evolution of large scale coherent structures in periodically excited mixing layer is 
numerically investigated using LES, and compared with the experimental results [4]. It is shown 
that the LES is capable of capturing the evolution of spatially evolving coherent structures in 
turbulent mixing layers. Also, we were able to simulate the response of an elastically mounted 
cylinder oscillating with a single degree of freedom in the transverse direction to flow and find 
the time trace of the motion of the cylinder. The results of the maximum amplitude of oscillation 
agree well. Also, the wake behind the cylinder was very well captured by LES which will be 
analysed further to determine the energy budget that affects the structure response.

References

1. Al-Jamal, H. and Dalton, C., 2004, Vortex induced vibrations using Large Eddy 
Simulation at      a moderate Reynolds number. Journal of fluids and structures 19, pp. 
73-92.

2. Hussain, A. K. M. F., 1983, Coherent structures - reality and myth. Phys. Fluids 26 (10), 
pp. 2816-2849.

3. König, O., 1997, Untersuchungen an einer verzögerten Scherschicht, PhD Thesis, TU 
Berlin.  

4. Sarkar, A. and Schlüter, J., 2011, Large Eddy Simulations of Turbulent mixing layers 
excited with two frequencies. Journal of Turbulence (to be submitted).

5. Schlüter, J., 1996, Experimentelle Bestimmung von Phasenmittelwerten in einer 
turbulenten Scherschicht mit positive Längsdruckgradienten, Diplom Thesis, TU Berlin.



Investigation on drag change of a cylinder performing
rotatory oscillation

Shuvam Sen∗ and Jiten C Kalita†

∗Department of Mathematical Sciences, Tezpur University
Tezpur 784028 Assam INDIA

†Department of Mathematics, Indian Institute of Technology Guwahati
Guwahati 781 039 Assam INDIA

Abstract. In this study we simulate the effects of rotary oscillation on unsteady laminar flow past a circular cylinder by using
a newly developed second order temporally and spatially accurate finite difference scheme for the transient incompressible
Navier-Stokes (N-S) equations on irregular geometries. Our main focus is to numerically investigate the contributionof near
wake to the drag. We look to compliment the physical understanding of the effect of rotational control as reported in the
experimental results for Reynolds number (Re)= 150 (J. Fluid Mech., 2006;560:123-147). Time evolution of flow structure
establishes that the drag change is related to appearance and amplification of the recirculation bubble.
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INTRODUCTION

Vortex shedding occurs in the near wake behind a bluff body due to the flow instability. Control of this vortex shedding
has been of great interest in the last decade. As vortex shedding induces vibrations on the structure owing to the
fluctuations of lift, reducing the strength of vortices shedis thus a way of reducing vibrations and drag as well.
Although many different shapes of bluff bodies exist, the circular cylinder is considered to be the representative two
dimensional bluff body.

In case of stationary cylinder, vortex shedding occurs atRe > 47 and the shedding pattern gets more pronounced
with increase in Reynolds number. From the implementation point, rotary control of the cylinder wake is considered
to be the simplest one. In the experiments of Tokumaru and Dimotakis [1], this mechanism was observed to yield up
to 80% drag reduction atRe = 15000 for certain ranges of frequency and amplitude of sinusoidal rotary oscillation.
Following this pioneering experimental work, numerous systematic numerical and experimental studies have been
reported in the literature and several explanations of the physical mechanisms responsible for drag reduction have been
proposed. Shiels and Leonard [2], who carried out numericalsimulations using a two-dimensional high-resolution
viscous vortex method over a range ofRe = 150− 15000 in order to verify the experimental observation of drag
reduction by Tokumaru and Dimotakis [1], suggested that thedecrease in drag comes from a time-averaged separation
delay initiated by an appropriate rotational oscillation.Protas and Wesfreid [3] proposed in a numerical investigation
at Re = 150 that the modification of the drag was directly correlatedto the mean flow correction caused by the
forcing through the action of the divergence of the Reynoldsstress tensor of the fluctuating forced flow. As researchers
concentrate on understanding the phenomena of drag reduction the first direct drag measurements and visualizations
of the vortex shedding for a rotating oscillating cylinder at Re = 150 was carried out by Thiriaet. al. [4]. In this study
the authors have shown that the value of drag starts to increase with forcing frequency until its maximum value close
to the resonant case (f f / f0 . 1) is reached and only afterwards it starts decreasing.

In the present study, we considerRe = 150, the same value which was experimentally studied by Thiria et. al.[4].
The goal of this paper is to numerically capture the dynamicsof vortex character that was observed experimentally
and to establish the time evolution of drag coefficient for a circular cylinder performing rotary oscillation for a large
range of frequencies. We also try to capture the physical process that takes place at low forcing frequency enabling the
amplification of circulation of vortex structures. All the simulations were carried out by applying a newly developed
pure streamfunction based finite difference scheme for the biharmonic form of the N-S equation. The approach used
here eliminates the need to compute pressure and vorticity as a part of the computational process and therefore
computationally much economical and circumvent the need for using non-physical vorticity boundary conditions.



MATHEMATICAL FORMULATION

The biharmonic pure stream formulation of the Navier-Stokes equations in for unsteady 2D incompressible viscous
flows in non dimensional rectangular cartesian co-ordinatesystem can be written as

∂
∂ t

(∇2ψ)+ [(∇⊥ψ).∇]∇2ψ =
1

Re
∇4ψ . (1)

whereRe = DU∞/ν, ν is the kinematic viscosity andD = 2a is the diameter of the cylinder. The vorticity isω =−∇2ψ
and the velocity field is(u,v) = ∇⊥ψ = (ψy,−ψx). The computation of flows using equation (1) has so far been
restricted to only rectangular domains. To carry out computation on non-rectangular physical domains we take help of
co-ordinate transformation and convert a non-rectangularphysical domain onto a rectangular computational domain.
Let the physical(x,y) plane be transformed into a computational(ξ ,η) plane by a conformal transformationz = z(θ ),
z = x + iy andθ = ξ + iη then the equations (1) in the computational plane becomes:

JRe
2

∂
∂ t

∇2ψ = ∇4ψ − (2C +
Re
2

ψη)
∂

∂ξ
∇2ψ − (2D−

Re
2

ψξ )
∂

∂η
∇2ψ +(E +C

Re
2

ψη −D
Re
2

ψξ )∇2ψ (2)

whereC = Jξ /J, D = Jη/J, E = 2C2+2D2
− Jηη/J− Jξ ξ/J, J being the Jacobian of the conformal transformation.

We intend to discretize equation (2) using compact approachwhich involves discretizing the biharmonic equation
using not just the grid values of the unknown solutionψ but also the values of the gradientsψξ andψη at selected grid
points as well. We use the following approximations for space derivatives:

∇4
hψi, j =

2
h4

(

28ψi, j −8(ψi+1, j + ψi, j+1+ ψi−1, j + ψi, j−1)

+(ψi+1, j+1+ ψi−1, j+1+ ψi+1, j−1+ ψi−1, j−1)

+3h(ψξi+1, j
−ψξ i−1, j + ψηi, j+1 −ψηi, j−1)

)

+ O(h2) (3)

∇2
hψi, j =

1
h2

(

ψi+1, j + ψi, j+1−4ψi, j + ψi−1, j + ψi, j−1

)

+ O(h2) (4)

Compatible approximations forψξ andψη can be obtained from:

ψξi+1, j
+4ψξi, j

+ ψξi−1, j
=

3
h

(

ψi+1, j −ψi−1, j
)

+ O(h4) (5)

ψηi, j+1 +4ψηi, j + ψηi, j−1 =
3
h

(

ψi, j+1−ψi, j−1
)

+ O(h4). (6)

For time discretization a Crank-Nicolson type of approximation is used yielding anO(h2;δ t2) accurate finite difference
scheme for equation (2).

The dragD on the surface of a cylinder of radiusa in a fluid of densityρ is D = ρaU2
∞CD, whereCD is a non-

dimensional coefficient. The formula for evaluatingCD on the surface of a cylinder of radiusa = 1 is given by:

CD =
2

π2Re

∫ 2

0

(

3πψξ ξ −ψξ ξ ξ
)

sin(πη)dη .

RESULTS AND DISCUSSION

A uniform grid spacing is employed along the cross radial direction and nonuniform grid spacing in the radial direction
with clustering around the surface of the cylinder using thetransformationx = e(πξ )cos(πη), y = e(πξ )sin(πη). It is
heartening to note that on a relatively coarser grid of size 181×301, we are able to accurately capture the characteristics
of the flow including vortex shedding with the far field atR∞ ≈ 43. The angular velocityω = θ̇ of the cylinder about



its axis is characterized by two non-dimensional parameters: (a) forcing amplitudeA and (b) frequency ratiof f / f0
[4] and is given byθ (t) = −θ0cos(2π f f t). Here f f is called the forcing frequency,f0 is the shedding frequency of

the stationary cylinder at sameRe andA =
a(2π f f θ0)

U∞
. For oscillatory rotation we consider four different casesof

frequency ratiof f / f0 = 0.8, 1.0, 1.5, 3.0 while keeping the values ofRe = 150 andA = 2 fixed. The time variation of
drag coefficient for all the four cases leading to the periodic state is presented in figure 1. We carry out a quantitative
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FIGURE 1. Evolution of Drag Coefficient forRe = 150, A = 2 with different f f / f0 ratio.

comparison for our cases in table 1 with the experimental works of Thiriaet. al. [4] and numerical works of Sengupta
and Bhumkar [5]. We have normalized the mean drag coefficientCD of a particular rotary oscillation case by the
mean drag coefficientCD0 of a stationary cylinder at the same Reynolds number. Strongagreement can be seen. The

TABLE 1. Quantitative comparison of the normalized drag coefficient.

Cases Experimental Numerical Numerical
CD/CD0 , [4] CD/CD0 , [5] CD/CD0 , Present

A = 2, f f / f0 = 0.8 2.408 – 2.338
A = 2, f f / f0 = 1.0 1.735 – 1.601
A = 2, f f / f0 = 1.5 1.155 1.245 1.077
A = 2, f f / f0 = 3.0 0.869 0.855 0.846

computed vorticity contours for all the four cases at periodic state are depicted in figure 2. The vorticity contours
obtained in our simulation matches well with the numerical works of Protas and Wesfreid [3] and the experimental
results of Thiriaet. al. [4].
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FIGURE 2. Vorticity contours for a cylinder performing oscillatory rotation (the dotted lines representing negative values of the
contours) atRe = 150, A = 2 and frequency ratiof f / f0 = (a)0.8, (b) 1.0, (c) 1.5, (d) 3.0.



Our numerical computation shows that forRe = 150,A = 2 at f f / f0 = 0.8; meanCD value attain a sharp maxima
which is in conjunction with the experimental results of[4]; we also report here high amplitude oscillating nature of
CD (Fig. 1). Figure 3(a) corresponds to the peak value ofCD. At this stage as the cylinder rotates clockwise a pair
of counter-rotating vortices remain attached to it. With the cylinder gradually slowing downCD starts decreasing. As
the cylinder stops rotating (Fig. 3(b)), one of the wake getscompletely detached from the cylinder and shedding take
place. This is quite different from shedding phenomena observed for translating cylinder. As the slow anti-clockwise
rotation resumes an amplification of the attached wake starts and decrease ofCD ends in figure 3(c). With cylinder
attaining peak velocity (Fig. 3(d)) amplification and downstream translation of attached wake can be seen. This is
followed by the gradual decrease of rotational velocity andsubsequent appearance of counter-rotating wake, due
to free-stream velocity, maximizingCD again (Fig. 3(e)). High meanCD value for this flow configuration may be
attributed to resonance between amplification and appearance of counter-rotating eddies.
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FIGURE 3. Evolution of vorticity in the near wakeRe = 150, A = 2, f f / f0 = 0.8 (a)t = 79.8, θ̇ =−1.5, (b) t = 81.6, θ̇ = 0.0, (c)
t = 83.2, θ̇ = 1.4, (d) t = 85.0, θ̇ = 2.0, (e)t = 86.6, θ̇ = 1.5, (f) t = 88.4, θ̇ = 0.0, (g) t = 90.0, θ̇ = −1.4, (h) t = 91.8, θ̇ = −2.0.

CONCLUSION

We establish the accuracy and the ability of the newly developed numerical scheme for uniform flow past a cylinder
performing rotatory oscillation where we report time evolution and periodic nature of the drag coefficient. We also
capture the physical processes that contribute for drag amplification. Our numerical results are compared with available
numerical and experimental results in the literature and excellent match is obtained.
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1 Extended Abstract

The classical problem of the evolution of incompressible viscous flow induced by an impulsively started circular
cylinder is one of the most widely studied problems in computational fluid dynamics. It has continued to generate
tremendous interest amongst researchers over the last century mainly because of the fact that it displays almost all
the fluid mechanical phenomena for incompressible viscous flows in the simplest of geometric settings. However,
the flow structure is very complex, especially for large Reynolds numbers (Re), thus making the computation of
the flow even more challenging and intriguing. Because of its popularity, a plethora of experimental, theoretical
and numerical results are readily available for this problem in the literature.

Depending upon the Reynolds numbers and almost identical flow characteristics, the flow regime can be
divided into four categories ([1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11]). In the first category, 0 < Re ≤ 40; available
experimental and the numerical results show that steady-state is possible for this range. In the second category,
40 < Re < 300; the wake behind the cylinder becomes unstable. Oscillations in the wake grow in amplitude
and finally forms a trail of vortices known as von Kármán vortex street. In the next category Reynolds number
ranges from 300 to 800, where flow properties are unsteady; secondary vortex develops at the initial stages, but
does not split up further. The flow is characterized by the secondary phenomena: (i) bulge phenomenon and (ii)
isolated secondary eddy. In the last category, 800 < Re ≤ 9500; most complicated flow properties like so called
α-β phenomena can be seen at the initial stages of the flow. In our paper ([3]), we study the whole range of
Re values ranging from 10 to 9500, using our newly developed Higher Order Compact (HOC) finite difference
scheme. This scheme very efficiently and very accurately computes all the flow phenomena mentioned above.
All our computed results show excellent agreements with the existing experimental and established numerical
results, both qualitatively and quantitatively. More specifically, our computed results for high Reynolds numbers
match more closely to the corresponding experimental results than many other established numerical results.

In this present work, we study the flow phenomena near the surface of the cylinder at the initial stages of
the flow for large Reynolds numbers, ranging from 800 to 9500. Various experimental and numerical results
[1, 3, 4, 5, 6, 10] confirm that in this range of Re values, the flow behavior becomes more complex near the
surface of the cylinder. There mainly two types of flow phenomena occur and complicate the time development
of the flow. In their paper [4], Bouard and Coutancaeu denoted these two phenomena as α-phenomenon and
β-phenomenon. The α-phenomenon can be seen clearly in the region 800 < Re < 5000. In this range of Reynolds
numbers, generally the primary vortex starts to grow after the impulsive start of the flow. After a while, a
secondary vortex appears almost halfway between the stagnation and separation points. This secondary vortex
then starts to grow in size while primary vortex remains stable. After some time, the size of the secondary
vortex becomes so large that it’s exterior boundary touches the boundary of the main circulating zone. Thus
the main eddy splits into two parts and the region in the wake next to the separation point gets isolated and
another secondary eddy is formed. These two secondary eddies thus formed are equivalent in strength and size
and constitute a pair of secondary eddies. This is what is known as α-phenomenon ([4, 5]). Figure 1(a) shows a
schematic diagram of the pair of secondary eddies occur during α-phenomenon. The β-phenomenon can be seen
clearly in the region Re = 5000 to 9500. In this range of Reynolds numbers, generally at a very early stage of the
flow, a very thin recirculating wake (fitting exactly the cylinder shape) is formed; but soon afterwards, the core of
this recirculating zone rotates in one piece, much faster compared to the other part of the separated zone, forming
a vortex which increases in size and strength with time. After a while, this vortex separates the initial wake
into two parts. The one situated near the point of separation is occupied by a pair of secondary vortices whose
nature is similar to those of α-phenomenon, but differing in details. This is what is known as β-phenomenon
([4, 5]). Figure 1(b) shows a schematic diagram of the pair of secondary eddies occur during β-phenomenon.
In this present work, we study the pair of secondary eddies appear during α-β phenomena, from close point of
view. Still now, nobody has studied the time development of these two complex phenomena concentrating on
the pair of secondary eddies. Here, we consider Re = 3000 to study α-phenomenon and Re = 9500 to study



Figure 1: Schematic diagram of the pair of secondary eddies: (a) α-phenomenon, (b) β-phenomenon ([4, 5]).

β-phenomenon.
We first start with Re = 3000. Figure-2 shows the time evolution of the stream function for the initial stages

of the flow. From this figure one can see that only the primary vortex is visible upto t = 0.5. No secondary
vortex can be seen during this time. But after a moment, a bulz like shape starts to grow on the cylinder surface
almost at the middle of the separation and the stagnation points which quickly changes to a isolated secondary
eddy at around t = 1.0. During next some time, this isolated secondary eddy manages to gain some strength
to grow its own size along with the primary vortex. Though the rapid grow can be seen for the the primary
vortex, secondary vortex grows slowly. At around t = 1.5 this secondary vortex starts to divide the main vortex
by continuously gaining strength and growing in size. During this time, primary vortex also continue to grow
in size. Therefore, complete division of the primary vortex is not possible upto t = 2.0. At around t = 2.5,
this division of the primary vortex completes by touching the boundary of the main recirculating zone by the
exterior boundary of the secondary eddy. Thus the main eddy is split into two parts and the region in the wake
next to the separation point gets isolated and another secondary eddy is formed. These two secondary eddies
thus formed are equivalent in strength and size and constitute a pair of secondary eddies (fig.-2). This is what is
known as the α-phenomenon. But, when we study our results from the close point if view, we see that there is one
very small vortex develops almost at the middle of the front vortex of the pair of secondary eddies, touching the
surface of the cylinder (figure 3(a)) and there are two small tertiary vortices develop in the junction of the lower
secondary eddy, main primary vortex and the surface of the cylinder at around t = 2.0 (figure 3(b)). The single
tertiary vortex then quickly disappear, but the pair of tertiary vortices can be seen up to the time level t = 5.0
(figure 3(c),(d)). This is the first time we are reporting about the formation of the tertiary vortices, though
the existence of the small single vortex as well as the pair of tertiary vortices can be seen in the computational
visualization of Loc and Bouard ([5]) in figure 4, during the time period t = 3.5 and t = 5.5 and in figure 1
(t = 4.0) of Hakizumwami [6] (it can be noted that their time scales are just the double of our time scale, see
[3]), but they have not mentioned it in there papers. Most of the other studies, where α-phenomenon has been
discussed, either they have not produced the clear visualization of the pair of secondary eddies or they have not
visualize at all the part where those tertiary vortices appear ([7, 8, 9, 10, 11]). This may be, to compare their
numerical results with the corresponding experimental results. In experimental results, it is almost impossible
to visualize these very small vortices as these are too small in size as well as appear for a very short period of
time.

In our paper [3], we discuss about the influence of the far-field and the effect of the different mesh size on
the flow pattern for Re = 9500. There, we qualitatively compare our stream-function contours with that of the
experimental results of Bouard and Coutanceau ([4]) for different initial stages. Excellent agreements are found
in all the cases. Here, we study and visualize the β-phenomena, more specifically, the pair of secondary eddies,
from a close point of view. In Figure-4 (a), we show the time evolution of the stream-function for very early
time stages. In this figure, a very thin recirculating wake can be seen to develop at t = 0.4 fitting exactly the
cylinder shape. But soon after that, the core of the circulating zone starts to rotate much faster compared to
the other part of the separated zone. This gives rise the high velocity gradients in this region and shifting of
the core of the eddy from the geometrical center of the recirculating zone (see the figure at t = 0.6). Within
this time a very small secondary eddy starts to grow from the cylinder surface just above the main circulating
zone of the primary vortex at around t = 0.8. Within a while, this secondary eddy increase in size and separates
the front portion of the main recirculating zone from the other parts of the primary vortex at t = 1.0. This
separated part along with the the secondary eddy forms a pair of secondary eddies with almost same size and



x
y

0 0.5 1 1.5 2 2.5
-1

-0.5

0

0.5

1

t=0.5

x

y

0 0.5 1 1.5 2 2.5
-1

-0.5

0

0.5

1

t=1.0

x

y

0 0.5 1 1.5 2 2.5
-1

-0.5

0

0.5

1

t=1.5

x

y

0 0.5 1 1.5 2 2.5
-1

-0.5

0

0.5

1

t=2.0

(a)

x

y

0 0.5 1 1.5 2 2.5
-1

-0.5

0

0.5

1

t=2.5

x

y

0 0.5 1 1.5 2 2.5
-1

-0.5

0

0.5

1

t=3.0

x

y

0 0.5 1 1.5 2 2.5
-1

-0.5

0

0.5

1

t=4.0

x

y

0 0.5 1 1.5 2 2.5
-1

-0.5

0

0.5

1
t=5.0

(b)

Figure 2: Time evolution of stream-functions for Re = 3000 at different time levels (grids: 251× 251).

strength. This is what is known as β-phenomenon. The same type of observation is reported by Bouard and
Coutanceau ([4]), Loc and Bouard ([5]) and many other researchers ([6, 7, 8, 9, 10, 11]). In this context, our
computational results are matching well with the exacting experimental and standard numerical results. But,
when we study our results from a very close point of view, we observe that a very small tertiary vortex develops
at around t = 1.0 almost at the middle of the front vortex of the pair of secondary eddies, touching the surface
of the cylinder ( see figure-4(b)). This is for the first time we are reporting about this tertiary voetex, though
the existence of a bulg-like stretching can be seen in the figure 13 at t = 2.0 (same as our t = 1.0) in the paper
of Loc and Bouard [5], at the same place where we found the tertiary vortex. As the size of this tertiary vortex
is very small, it is hardly possible to see it without concentrating on that part. This is possible the reason why
nobody has mentioned about the formation of tertiary vortex in their study.
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Effect of Buoyancy on the flow and heat transfer across a bluff 
body of square cross‐section 
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Extended Abstract 

Owing to its theoretical and industrial relevance, flow and heat transfer around sharp 

edged bluff bodies have been the topic of research from many years. The problem under 

consideration has the variety of engineering applications such as electronic cooling, compact 

heat exchange systems, flow dividers, flow metering devices and so forth. In this paper, mixed 

convection flow and heat transfer around a horizontal (heated) square cylinder is investigated 

for the range of conditions: Reynolds number, Re = 100, blockage ratio, BR = 12.5%, Prandtl 

number, Pr = 0.7 (air) and Richardson number, Ri = 0, 0.5, 1 in the unsteady regime. The 

present results are found to be in an excellent agreement with the results available in the open 

literature.  

The excellent reviews on this flow system can be found in [1]. In brief, Biswas et al. [2] 

investigated the cross-flow of air over a horizontal square cylinder confined in a channel for the 

fixed blockage ratio of 0.25 for different values of Reynolds and Grashof numbers. They 

reported that the periodicity of flow and asymmetry of the wake can occur at lower Reynolds 

numbers than that in pure forced convection. Turki et al. [3] numerically investigated the mixed 

convection from a horizontal square cylinder to air for 120 ≤ Re ≤ 200 for Richardson number up 

to 0.1 for the constant blockage ratio of 0.25. The value of the critical Reynolds number 

decreases, while the Strouhal number increases with the increasing value of the Richardson 

number. Sharma and Eswaran [4] delineated the effect of aiding/opposing buoyancy (− 1 ≤ Ri ≤ 

1) and of the blockage ratio (0.1, 0.3 and 0.5) on the confined flow and heat transfer in a vertical 

channel with a built-in square cylinder for the fixed Reynolds number of 100 and the constant 

value of the Prandtl number of 0.7. The Strouhal number and the Nusselt number were found to 

increase with the increasing Richardson number and the increasing blockage ratio. Dhiman et 

al. [5] and Anjaiah et al. [6] investigated the mixed convection from a heated square obstacle to 

Newtonian and non-Newtonian power-law fluids for the range Re = 1 − 30, Pr = 0.7 − 100, Ri = 

0 − 0.5 in an unbounded configuration. Therefore, as far as known to us, no work is available in 
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the literature on the mixed convection from a confined square cylinder for the range of 

conditions examined in this paper.  

The square cylinder with a side b is exposed to a parabolic velocity field and at a uniform 

temperature, T∞ at the channel inlet (Fig. 1). The obstacle is located in the middle at a non-

dimensional distance of Xu/b from the inlet and at Xd/b from the outlet, with the total length of the 

computational domain being L1/b. The height of the computational domain in the lateral direction 

is L2/b, which defines the blockage ratio, β = b/L2. 

Xu=8.5

L1

L2=8

v = 0
θ = 0

Square Cylinder
u=0, v=0,

Solid Wall

Xd=16.5

Uavg

θ=1

b=1

 

Figure 1: Schematic of the flow around a square cylinder 

 

The grid is generated by using Gambit, which has both uniform and non-uniform grid 

distributions having a fine grid in the region of larger gradients and a coarse grid in the region of 

low gradients. The field equations have been solved using Fluent 6.3. The two-dimensional, 

unsteady, laminar, segregated solver is used to solve the incompressible flow on the collocated 

grid arrangement. The second-order upwind scheme is used to discretize the convective terms 

in the momentum equations. The semi-implicit method for the pressure linked equations 

(SIMPLE) scheme is used for solving the pressure velocity decoupling. 

The instantaneous streamline contours close to the square obstacle for Re = 100 for Pr 

= 0.7 at different values of Richardson number are presented in Figs. 2 (a - c). As the cross-

buoyancy in the flow increases, the wake region downstream of the cylinder increases. The 
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appearance of the small wake region on top and bottom surfaces of the cylinder is observed for 

Ri = 0 and 0.5. However, at Ri = 1, the small wake region appears on the bottom surface of the 

cylinder for Re = 100. 

The isotherm contours are presented in Figs. 2 (d - f) for Re = 100 for Pr = 0.7 at 

different values of Richardson number. The maximum crowding of isotherms is observed on the 

front surface of the square cylinder and thus has the highest value of the Nusselt number on this 

surface. 

The drag coefficient increases with increase in the value of the Richardson number. 

Similarly, Nusselt number also increases with increasing buoyancy and it reveals that the rate of 

heat transfer increases with buoyancy. 
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Figure. 2. (a - c) show instantaneous streamline contours, whereas (d - f) show the 

corresponding instantaneous isotherm contours. 
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1 Introduction

In MHD flows, the flow separation can effectively be controlled using Lorentz forces by modifying
the flow field, i.e. by modifying the velocity gradients of flow field and hence changing the
drag. This effect in basic flow can be utilized to control heat transfer too. Early experimental
exploration and recent numerical study of magnetic control of flow and heat transfer are reported
[1, 2] in their study of magnetic heat transfer over a sphere. Uda et al., [3] experimentally
studied MHD effects on heat transfer of liquid Lithium flow in an annular channel. In their
experimental study Yokomine et al., [4] investigated heat transfer properties of aqueous KOH
solution (Pr ≈ 5) and concluded that there is a degradation of heat transfer with magnetic
field. In this paper, the effect of magnetic field on the flow fields over a sphere is analyzed
at low magnetic Prandtl numbers (10−6) without using the quasi static (QS) approximation.
The steady forced convective heat transfer from these flows with the external magnetic field is
considered for Re = 200 using a high order compact scheme in polar geometry.

2 Problem description & Methodology

The fluid considered here is viscous, incompressible and electrically conducting. The magnetic
field is applied in the direction of the flow (left to right) which is aligned at far field. Although
the magnetic Prandtl number considered here is small, the induced magnetic field is taken into
account through the full MHD equations. The governing equations are Navier-Stokes equation
with Maxwell’s equations. They are as follows (in non-dimensional form):

∇× q = ω (1)

(q · ∇)q = −∇p+
2

Re
∇2q+

2N

Rm
j×H (2)

j = ∇×H =
Rm
2

[E + q×H] (3)

∇ · q = 0 (4)

∇ ·H = 0 (5)

∇×E = 0 (6)

where p is the pressure, q the fluid velocity, H the magnetic field, E the electric field, j the
current density and ω the vorticity. The Reynolds number is Re = 2Ua/ν and the magnetic

1corresponding author: T V S Sekhar, sekhartvs@pec.edu,
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Reynolds number is given by Rm = 2aUµσ. The kinematic viscosity, density, magnetic perme-
ability and electrical conductivity of the fluid are ν, ρ, µ and σ respectively. Since the flow is two
dimensional, E = (0, 0, 0). Spherical polar co-ordinates (r, θ, φ) are used here. The co-ordinate
system is set up such that the velocity and magnetic field are parallel at large distances and the
flow is symmetric about θ = 180o (upstream axis) and θ = 0o (downstream axis). In this

q = (qr, qθ, 0), H = (hr, hθ, 0) and j = (0, 0, j) (7)

In order to satisfy equations (4) and (5) the dimensionless stream function ψ(r, θ) and the
magnetic stream function A(r, θ) are introduced such that

qr =
e−2ξ

sin θ

∂ψ

∂θ
qθ = −

e−2ξ

sin θ

∂ψ

∂ξ
(8)

hr =
e−2ξ

sin θ

∂A

∂θ
hθ = −

e−2ξ

sin θ

∂A

∂ξ
(9)

We apply the transformation r = eξ to the governing equations (1) to (9) and solved subject
to the boundary conditions.

The boundary conditions applied are (i) on the surface of the Sphere ψ = ∂ψ
∂ξ

= 0, ω =

− 1

sin θ
∂2ψ
∂ξ2

, A = 0 ; (ii) at large distances from the sphere ψ ∼ 1

2
e2ξ sin2 θ, ω → 0, A→ e2ξ sin2 θ;

and (iii) on the axis of symmetry ψ = 0, ω = 0, A = 0. The flow velocities are obtained by
solving equations (1) to (9) using second order accurate finite difference method combined with
multigrid technique.

The convective terms in the governing equation
∂ψ

∂θ

∂ω

∂ξ
and

∂ψ

∂ξ

∂ω

∂θ
are hyperbolic type of

nonlinearities and hence require upwind differences for numerical schemes to be stable. The
resulting system of algebraic equations will then be diagonal dominant and hence point Gauss
Seidel iterative technique is used to achieve convergence. Excepting these two terms, all other
terms including other nonlinear terms arising from body force are approximated by central
differences. More details of the multigrid algorithm used is explained in Sekhar et al., [5]. On
assuming the physical properties of the fluid to be constant, the energy equation in spherical
geometry is obtained as

∂2T

∂ξ2
+
∂T

∂ξ
+ cot θ

∂T

∂θ
+
∂2T

∂θ2
=
RePr

2
eξ

(

qr
∂T

∂ξ
+ qθ

∂T

∂θ

)

(10)

where T (ξ, θ) is the non dimensionalized temperature, defined by subtracting the main-flow
temperature T∞ from the temperature and dividing by Ts − T∞. Re is the Reynolds number
based on the diameter (2a) of the sphere and Pr is the Prandtl number defined as the ratio
between kinematic viscosity (ν) and thermal diffusivity (κ). The boundary conditions for tem-
perature are T = 1 on the surface of the sphere, T → 0 as ξ → ∞ and ∂T/∂θ = 0 along the
axis of symmetry. The energy equation is solved using a fourth order compact scheme [6].

3 Summary of Findings

3.1 Flow fields

The flow solutions were obtained by solving the governing equations in the 5122 grid. In all
numerical simulations, the magnetic Prandtl number is such that Pm = Rm/Re = 10−6. It is
observed that the separation behind the sphere is controlled effectively up to the rear stagnation

2



point (see Fig. 1). For all Re, the components of drag coefficients and the total drag decrease
up to a critical value of N above which they all increase. At higher Re, it is observed that when
N ≤ 1, the viscous, pressure and total drag coefficients are lower than that of uncontrolled
flow (zero magnetic field), whereas when N > 1 the viscous, pressure and total drag coefficients
increases with increase of magnetic field (Fig. 1). The results are in comparison with available
experimental findings.
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Figure 1: (left) Dependence of separation length l and separation angle theta on interaction
parameter N for Re = 200. (right) Variation of viscous drag, pressure drag and total drag
coefficients as a function of N for Re = 200.

3.2 Heat transfer

In Fig. 2, the local Nusselt number is presented along the surface of the sphere for different
Prandtl numbers Pr as a function of magnetic field. We observe the influence of Pr and among
the graphs of the same figure, we can see the influence of the interaction parameter N . In
Fig. 3, the influence of magnetic field for each Pr is presented through local Nusselt number
and among the graphs of this figure, we can also see the effect of Pr. In the absence of magnetic
field as well as after the application of magnetic field the local Nusselt number decreases from
upstream to downstream up to a critical point beyond which it increases for all Pr. The critical
point varies as Pr varies. When Pr increases, the critical point moves towards upstream for all
N . It is noted that when N increases the critical point is shifted towards downstream region for
any given Pr (Fig. 2, 3). This is due to the control of flow separation using applied magnetic
field where the separation point is shifted towards downstream region. In fact, the magnetic
field increases the critical Reynolds number [7]. For example Re = 200 with a suitable magnetic
field equivalently acts like a flow of lower Re without magnetic field. In Fig. 4, the mean Nusselt
number Nm (surface average of Nu) with the increase of N is plotted for different Pr. In all
cases, Nm decreases up to a particular strength of magnetic field beyond which it increases.
This observation of degradation of heat transfer due to magnetic field agree with experimental
results of Uda et al., for Pr = 0.065 [3] and Yokomine et al. for Pr = 5 [4].
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Figure 2: Angular variation of the Nusselt number for different values of Pr for Re = 200
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Control of flow field behind a square prism using control cylinder at
intermediate Reynolds numbers

Namit Agrawal∗, Sushanta Dutta,†and B.K. Gandhi‡

Abstract

Flow past a square cylinder and its control at intermediate Reynolds number is studied using particle image velocimetry
(PIV). Flow at intermediate Reynolds numbers is sensitive to external flows and hence can be controlled for drag reduction
or heat transfer enhancement applications. In order to control the flow around square cylinder a control rod ahead of
the cylinder is being used. Two Reynolds numbers are considering for present study (Re = 400 and 600). The aspect
ratio of 26.7 and blockage is 6%. The details of the flow field have been investigated using PIV. Instantaneous as well
as time-averaged velocity field has been studied here. The time-averaged flow field shows suppression of vortex shedding
with control rod and hence drag reduction. The flow field is investigated in terms of velocity vectors, streamlines, vorticity
contours, and drag coefficient. All experiments are performed on a low speed subsonic wind tunnel with Particle Image
Velocimetry system.

Keywords: Drag coefficient; Control cylinder; Critical pitch distance; Wake; PIV

1 Nomenclature
D diameter of circular cylinder; side of square prism; chord length of flat plate

d circular control rod diameter

L pitch length defined as the distance between center of control rod and center of circular cylinder or square prism

Lc critical pitch distance at which vortex shedding is started behind the control rod

G gap between control rod and cylinder

Gc critical gap between control rod and cylinder

U∞ free stream velocity

Re Reynolds number

St Strouhal number

2 Introduction
Out of different methods of flow control, placement of another bluff body in vicinity of main bluff body is one of the most
effective passive flow control method. Early research efforts started with the study of flow for two identical bluff bodies placed
in tandem. These efforts further progressed with change in size ratio of these bluff bodies which resulted in two different
configurations, control body placed upstream and control body placed downstream. Almost all studies took circular cylinder
as controlling bluff body and circular cylinder or square prism as main bluff body. Controlling circular cylinder is referred to
as control rod. Control rod placed upstream in stagnation line modifies the flow before reaching the main cylinder. Control
rod placed downstream controls the flow by modifying the vortices formed by the main cylinder. Control rod is placed offset
to disturb the shear layer in the latter case. Effect of different parameters on drag remained main focus in these studies. In
addition to this, the studies were concentrated on low and high Reynolds number regime. The question arises that whether
these results are applicable at intermediate Reynolds number or the flow shows some different behavior in this regime. The
present study aims at finding answers to such questions and adding to the knowledge of flow control for square prism by
placing a control rod upstream at intermediate Reynolds numbers.

Igarashi (1997) gave a relationship between critical gap (length between control rod and square cylinder centers) by a
correlation Gc = D + 4.5d. He also explained the reduction in drag in terms of two distinct flow patterns. He found that
drag reduction is independent of main cylinder shape. He was able to achieve a maximum reduction in drag by about 71%
for Lc/D = 2.333 and control rod diameter of d/D = 0.167. Lee et al. (2004) further developed Igarashi’s (1997) correlation
∗Research Scholar, IIT, Roorkee, Uttarakhand, India
†Assistant Professor, IIT, Roorkee, Uttarakhand, India
‡Professor, IIT, Roorkee, Uttarakhand, India
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Investigator Geometry Re d d/D L/D Lc/D Effect on

drag

CD %Reduction in

drag

Lee et al. 2004 Circular 20000 4 0.133 2.0 1.832 0.895 10.5

5 0.167 2.0 1.915 0.825 17.5

6 0.2 2.0 1.998 0.746 25.4

7 0.233 2.0 2.081 maximum 0.716 28.4

8 0.267 2.0 2.164 0.733 26.7

Igarashi 1997 Square 3.2×

104

1 0.033 no

effect

- negligible

effect

2.0 13.043

2 0.067 no

effect

- negligible

effect

2.1 8.696

3 0.1 2.0 2.0 0.787 65.783

4 0.133 2.0 2.167 0.716 68.870

5 0.167 2.0 2.333 maximum 0.662 71.217

6 0.2 2.0 2.5 0.730 68.261

Table 1: CD by various investigators

(a) PIV system (b) Square prism with control rod.

Figure 1: Experimental set-up

as Lc/D = 1.5 + 0.083d for critical pitch distance, giving the critical pitch length at which the vortex shedding starts for
lower Reynolds number for circular cylinder. They achieved a maximum reduction in total system drag of about 29% for
Lc/D = 2.081 and control rod diameter of d/D = 0.233. Hu et al. (2006) studied the effect of transition of square prism
to circular cylinder on flow characteristics. They found that Strouhal number increases and vortex strength attenuates with
this transition. The flow structure remained similar. This supports the findings of Igarashi (1997) that drag is independent
of main cylinder shape.

Igarashi (1997, 2002) identified two major flow patterns, namely, A and B, based on presence or absence of vortex shedding
from control rod for square cylinder and flat plate with control rods. A combination of pattern A and pattern B, called as
BA was also defined for flat plate. Lee et al. (2004) reported similar flow patterns for circular cylinder which they named
cavity mode and wake impingement mode. Cavity mode is similar to pattern A (Igarashi 1997, 2002) and wake impingement
mode is similar to pattern B (Igarashi 1997, 2002), respectively. Lesage and Gartshore (1987) studied flow control for both
square prism and circular cylinder using circular control rod. In addition to that, they classified the flow patterns in two
distinct flow regimes. They found that for a fixed Reynolds number the drag depends upon the d/D ratio and L/D ratio
and there exists an optimum value of L/D ratio for given control rod diameter at which the drag is minimum.

The present study aims at experimentally investigating the reduction in total system drag by use of control rod placed
upstream at intermediate Reynolds numbers (400 and 600). The flow field is observed using particle image velocimetry
system.

3 Methods
Test section is made up of acrylic measuring 1500mm long, 160mm wide and 100mm. A prism of square cross-section having
a side height of 6mm is used for the study. The aspect ratio was 26.7(160/6) with a blockage ratio of 6%. Control rod
diameter was fixed at 1mm and experiments were performed for two gaps 6.4mm and 12.1mm. The Reynolds number, based
on cylinder height is fixed at 400 and 600. The free stream velocity is maintained constant by using a synchronous motor
blower. The PIV system consisting of double pulsed Nd-YAG laser (New Wave lasers; wavelength = 532 nm; 50 mJ) is
used for instantaneous velocity fields. Olive oil is used for seeding of particles through a six-jet atomizer (TSI model 9306).

2



CD,

Re = 400

CD,

Re = 600

WITHOUT

CONTROL ROD

1.413 1.359

6.4 mm GAP 0.97 0.86

12.1 mm GAP 0.85 1.22

Table 2: CD for different control rod arrangements.

(a) At Re = 400 (b) At Re = 600

Figure 2: Time-averaged streamlines and time-averaged vorticity for 6mm square prism without control rod

Powerview Plus 4MP camera (2048 × 2048 effective pixels) is used for image capture. Minimum frame straddling time for
PIV capture is 200 ns. A total of 200 images were captured for time-averaging of properties. Drag was indirectly calculated
by momentum balance method using velocity profile at 12.5D downstream. The velocity measured by PIV is validated by
pitot static tube and digital micro manometer (Furness Controls Limited) for various Reynolds numbers (including Re =
400 and 600). The flow structure depends to a great extent on the corner radius of the cylinder. As r/d increases from 0
to 0.5, the maximum vorticity of the vortex attenuates, the circulation associated with vortices drops progressively by 50%
(Hu et al. 2006). Due to this reason the square prism was machined for sharp edges so as to minimize the effect of corner
radius on the flow structures.

4 Results and Discussions
Control rod diameter and pitch lengths were estimated using the relations available from literature. The control rod diameter
by Igarishi (1997) came out to be d = 1.002mm ≈ 1mm, for d/D = 0.167 maximum drag reduction with Gc = 6.45mm.
Control rod diameter using correlation given by Lee et al. (2004) was d = 1.398mm ≈ 1.4mm for d/D = 0.0.233 for
maximum drag reduction with Gc = 6.246mm. Since, Igarashi has investigated directly on square prism, therefore, out of
two values his value of Gc = 6.45 ≈ 6.4mm was selected for the present study. In addition to that, G = L = 12.1mm for
L/D = 2 was also studied.

Drag coefficient at the set parameters are given in Table 2. Figures 2, 3 and 4 show time-averaged velocity and vorticity
fields for the three cases. The results suggest that critical pitch length is affected by change in Re. Figure 5 show that there
is a reduction in wake width when a control rod is placed before the main prism as compared to flow over square prism
without control rod.
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(a) At Re = 400 (b) At Re = 600

Figure 3: Time-averaged streamlines and time-averaged vorticity for 6mm square prism with 1mm diameter control rod.
Gap between prism and rod is 6.4mm.

(a) At Re = 400 (b) At Re = 600

Figure 4: Time-averaged streamlines and time-averaged vorticity for 6mm square prism with 1mm diameter control rod.
Gap between prism and rod is 12.1mm.
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(a) Re = 400 (b) Re = 600

Figure 5: Wake width at Re = 400 and 600 at 12.5D downstream.

5 Concluding Remarks
Control rods have proved to be effective for low and high Reynolds number regime in total system drag reduction. The
paper studied that how effective are control rods in drag reduction in intermediate Reynolds number range and whether
the same correlations hold for intermediate Reynolds numbers. It was found that control rods has a great effect on drag at
intermediate Reynolds number also. The results show a decrease in drag when control rod is placed before the square prism.
At Re = 400, the drag reduces by about 31% at G = 6.4mm and further reduces by about 40%. At Re = 600, drag reduces
by about 37% at G = 12.1mm and decreases by 10% at G = 12.1mm. The results suggested the critical pitch length to be
dependent on Reynolds number. At critical pitch length, drag is reduced further even after increasing the pitch length for
Re = 400. But this trend is not followed for Re = 600, where drag starts increasing with increase in pitch length.
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Introduction 

The era of research on bluff body flows basically commenced after the catastrophic collapse of 

Tacoma Narrows Bridge in 1940. Until this event, the painting of Italian painter Leonardo da 

Vinci was just of artistic value and the vortex shedding frequency relation observed by Strouhal 

was of theoretical identity.  This unfortunate event has motivated may researchers to indulge in 

the study of bluff body flows for practical applications like structural vibration, aerodynamic drag, 

turbulent mixing, etc. The majority of the research population was involved in the study of bluff 

body flows to suppress vortex shedding to prevent resonance and hence, mechanical damage. 

There was however a different track altogether in the domain of bluff body flows, proposed by 

Roshko [1]: to harvest the energy subtracted from the flow field by the body drag to regular 

vortex motion for designing a flowmeter. The basic idea was to use the constancy of Strouhal 

number with Reynolds number, and calculate the flow velocity by measuring the vortex 

frequency. This idea requires sharp-edged bluff-bodies to achieve constancy in Strouhal 

number over a wide range of Reynolds number. Hence, the study of sharp edge bluff bodies 

gained importance from the research perspective. 

 

The first commercial vortex flowmeter was manufactured by Yokogawa in 1969. By early 90’s, 

many commercial manufacturers came up with vortex flowmeters with modern instrumentations.  

The market for the vortex flowmeters started growing rapidly due to high accuracy, large turn-

down ratio and good repeatability. The typical accuracy and turn-down (operating range) claims 

for vortex flowmeters are ± 0.5 - 1% of the reading and 1:14 [2]. Compared to differential 

pressure devices, they offer lower permanent pressure loss and good repeatability (0.1 -0.2%). 

The advantage of vortex flowmeter over Coriolis and ultrasonic flowmeter is low cost and less 

maintenance. The vortex flowmeter is not sensitive to physical properties of the fluid like density 
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and viscosity which makes them versatile.  Hence, once a vortex flowmeter has been calibrated, 

it can be employed in any medium. 

For practical real life applications, piping vibration, flow pulsations and electrical interferences 

are inevitable. Under these extreme harsh conditions the output from vortex flowmeter sensor is 

a complex signal with many undesirable frequency components along with vortex shedding 

signal. Hence, signal processing of the complex raw signal is one of the most important and 

difficult tasks in designing vortex flowmeters. Piezoelectric and dynamic differential pressure 

sensors are the most widely used sensors for detecting vortex shedding frequency over large 

operating range (turndown 1:20). 

In the present study, a comparison of both these sensors are performed in the Reynolds 

number range ReD = 3.1 105- 2.8 104. Such direct comparison is not readily available in the 

open literature. Sun et al. [3] proposed using empirical mode decomposition (EMD) to estimate 

the vortex shedding frequency with Hilbert transform. The complex raw signal is first 

decomposed into intrinsic mode functions (IMFs) with the help of empirical mode decomposition 

and the frequency is estimated from the Hilbert transform. Xu et al. [4] proposed autocorrelation 

function to estimate the vortex shedding frequency under mechanical vibration noise. The 

mechanical vibration noise was a synthesized noise with sharp peak in the power spectrum. 

The ratio of autocorrelation coefficients of vibration signal and vortex signal at two different time 

steps (same for both the signals) is computed and the one with the smaller value is selected as 

the vortex signal. This method is tested in the present study under practical piping applications; 

the method is modified and used in combination with EMD. It was observed that simply the ratio 

of autocorrelation coefficients at fixed time step yield misleading results. In the present case the 

minimum ratio of 0.005 is obtained for the IMF corresponding to frequency of 3.67 Hz, where as 

the ratio for vortex shedding frequency (8.33 Hz) is 0.239. The reason for such results is 

attributed to the broad spectrum of other interferences, which make the autocorrelation 

correlation function to decay faster. In the present study the decay rate of the autocorrelation 

coefficient is chosen as the criteria for differentiating the vortex shedding frequency from other 

frequency components. At low flow rates multiple frequencies are registered in the power 

spectrum, as shown in Fig. 1. 

The autocorrelation coefficient of IMFs greater than the threshold value (0.1) after 10 peaks are 

selected and the one with high decay rate is chosen as vortex signal as shown in Fig. 2. In case 
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of differential pressure sensor broad spectrum is observed with multiple low frequency peaks. 

The proposed method demonstrated its sturdiness under low flow rate conditions for both piezo 

and differential pressure sensor by distinguishing vortex frequency from other frequency 

components. This makes the detection of vortex signal more reliable under low flow rate 

conditions and can be employed to further extend the lower operating range of the flowmeter. 
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Figure 1 Power spectrum at ReD = 2.8 104 

 

Conclusions: Empirical mode decomposing method is a powerful tool in analyzing complex 

signal with multiple frequency components. The method can be used in other applications of 

bluff body flows, where multiple frequencies are present due to vortex shedding and structural 

vibrations, wake interactions etc. In the present study, EMD method combined with 

autocorrelation decay rate is successfully implemented and demonstrated under low flow rate 

situations. The autocorrelation coefficients of IMFs greater than the threshold value (0.1) after 

10 peaks are selected and the one with high decay rate is chosen as the vortex signal. The 

proposed method can extend the lower operating range of the flowmeter. 



Dr. S.V. Prabhu, Associate Professor, Department of Mechanical Engineering, Indian Institute of Technology, 
Bombay  Powai, Mumbai – 400 076 INDIA 
Email: svprabhu@me.iitb.ac.in; svprabhu@iitb.ac.in; 
Telephone : (+91) 22-2576 7515 Fax: (+91) 22-2572 6875, 2572 3480 

0 2 4 6 8 10
Peak Index

0

0.1

0.2

0.3

0.4

0.5

0.6

R
xx

f = 148 Hz
f = 84.33 Hz
f = 49.33 Hz
f = 8.33 Hz
f = 3.67 Hz

ReD = 2.8 × 104

 

Figure 2 Autocorrelation decay of IMFs at ReD = 2.8 104 
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    SUMMARY 
 
An analysis of the energy budget for the general case of a body translating in a 

stationary fluid under the action of an external force is used to define a power loss 
coefficient. This universal definition of power loss coefficient gives a measure of 
the energy lost in the wake of the translating body and, in general, is applicable to 
a variety of flow configurations including active drag reduction, self-propulsion and 
thrust generation. The utility of the power loss coefficient is demonstrated on a 
model bluff body flow problem concerning a two-dimensional circular cylinder in a 
uniform cross flow. The upper and lower boundaries of the cylinder undergo 
continuous motion due to a prescribed reflectionally symmetric constant tangential 
surface velocity. It is shown that a gradual increase in the strength of the tangential 
surface velocity leads to a monotonic reduction in drag and eventual thrust 
production. With increasing magnitude of the tangential surface velocity the power 
loss coefficient first decreases and then increases after attaining a minima. At a 
Reynolds number of 100, minimum value of the power loss coefficient is obtained 
when the belt velocity is about three quarters of the free stream uniform velocity 
corresponding to a percentage drag reduction of approximately 54%. 

 
We consider the general configuration depicted in figure 1. A body translates linearly with a 

constant velocity oU  in a stationary fluid. An external force F acts on the body and external work 

is done at the rate, bW& . (This configuration is equivalent to the uniform flow of fluid with velocity 

oU  past a similar body which is held at a fixed position.) Our primary focus is on high Reynolds 

number flows, though some of the conclusions we draw apply to low Reynolds number flows as 
well. Several special and useful cases are contained within this general case, and they can be 
classified into three broad categories, drag type (F>0), self-propelling (F=0), and thrust type 
(F<0).  

 
 

                            
                                            

                                 
                                                          
           

 
Figure 1.  Schematic depicting a body translating with a velocity U0 under the action of 
an external force F . bW&  denotes the rate at which external work is done on the body. 

 
The commonly encountered configuration (Figure 2a) is that of a body which is simply being 

towed, on which no work is being done ( bW& =0); in this case oDF = , the drag force on the 



body, and total rate of work, oUoDtotW ×=& . In most cases, drag is minimized by having a 

suitable shape, which would be a streamlined shape, as for aircraft. However, in several other 
cases, it may be necessary to reduce drag either by passive means (eg. by change of surface 
properties, having a splitter plate behind a bluff body) or by active means (eg. tangential surface 
motion, micro-jets on the surface). In the latter case (Figure 2b) some extra work, bW& , needs to 
be done and we need to assess whether this extra work is worth the drag reduction achieved. In 
the case of a wind turbine (Figure 2e), work is extracted, bW& < 0.   

 
If enough work is done, it is possible to reduce the drag force to zero, i.e. F = 0; this also 

corresponds to a self-propelling body (moving with a constant velocity), as in the case with a 
steadily swimming fish (Figure 2c). 

 
In propulsive devices, like propellers, the external work goes into producing a negative drag 

force, or thrust;  bW&  > 0, F = -T (Figure 2d). Useful work, oTU , is done, for example in propelling 
an aircraft forward.  
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 (d)                                (e)    
                                                                                              
Figure 2.  Schematic depicting external force and input work for various propelling 
bodies experiencing drag or thrust or zero net force. 
 

 
Momentum analysis (see, for example, Prandtl and Tietjens (1935)) relates the momentum in 

the wake to the force on the body. 

∫ += dAu)oUu(ρF  

Here u is fluid velocity, positive in the direction opposite to the body motion, and in frame fixed to 
the stationary fluid. The integral is across a cross-section far enough downstream in the wake.  

The energy equation gives a different and equally useful view for the purposes of active drag 
reduction and thrust generation. The total work done, oFUbW +& can be expressed in the 
following form 

∫ +++=+ dA)oU(u)2w2v2u(
2
ρ

oFUbW& + Rate of viscous dissipation 

The first term on the right hand side is related to the rate at which kinetic energy (due to all 
three components of velocity) is being left behind in the wake; the second term on the right hand 



side is the rate of viscous dissipation, which would be dominant in the large shear regions, the 
boundary layers and in the wake. The second term will be significant in the case of flow over 
streamlined bodies. The above integral is taken at a cross-section sufficiently far downstream, 
where pressure contribution to the total work may be neglected; however, the pressure term will 
not be negligible if vortices are present at the cross-section. 

 
A non-dimensional power loss coefficient may be defined for the total work as 
 

3
oρAU

2
1

oFUbW
Cpl

+
=

&

. 

 
Active drag reduction would be concerned with the percentage drag reduction and plC  would 

give a measure of the energy required to achieve this. But an analysis of where the energy is 
going – in the wake or in viscous dissipation - would lead us to evolve rational drag reduction 
strategies. The power loss coefficient essentially represents loss of energy, which needs to be 
minimized for all the categories of flows shown in Figure 2; propulsive efficiency of thrusters and 
performance of wind turbines are directly related to the power loss coefficient.  

 
There is extensive literature on flow control over bluff bodies (Choi, Jeon and Kim (2008)), 

drag reduction by surface modification (Legendre et al (2009), Muralidhar et al (2009)), drag 
reduction and thrust generation by active means (Bergmann et al (2006), Choi et al (2005), He et 
al (2000), Poncet et al (2008), Quadrio (2011), Shiels and Leonard (2001)). Except for a few 
studies ((eg Mittal and Kumar (2003) and very recently Chan et al (2011)) the power loss 
coefficient has not been calculated or discussed.  

 
As an example, we consider a circular cylinder with a prescribed surface tangential velocity 

kept in cross flow with uniform velocity Uo. The prescribed surface tangential velocity or the ‘belt’ 
velocity is a constant = λ1Uo, except over ± 4o degrees at the front and rear stagnation points, 
where the surface velocity smoothly transitions from 0 to λ1Uo.(This smooth transition is required 
to avoid the singularity which leads to divergence in the work-done calculation.) We vary the non-
dimensional belt velocity λ1 from 0 to 3, and we will see below that apart from drag reduction, 
thrust is obtained for the higher values of λ1. 
 

We use numerical simulations to investigate the effect of belt velocity on drag and its overall 
implications on the flow field. We solve two-dimensional incompressible Navier Stokes equations 
in cylindrical coordinates on a computational domain, which extends out to 25 cylinder diameters 
starting from the radius of the cylinder. Governing equations in the primitive variable (u,p) 
formulation are discretized using a tenth-order accurate non-uniform grid compact finite difference 
approximation (Shukla, Tatineni & Zhong, 2007) in the radial and a Fourier spectral approximation 
in the azimuthal direction. A second-order accurate semi-implicit projection method (Hugues & 
Randriamampianina, 1998) is used for temporal integration in order to circumvent the numerical 
stiffness arising from disparate viscous and inertial time scales. Inflow boundary conditions 
corresponding to the potential flow are applied all along the outer boundary except for a region 
close to the wake (± 45o) where the radial derivatives are set equal to zero in order to minimize 
spurious reflections from the outflow boundary. No-slip boundary conditions are applied at the 
inner boundary of the computational domain. A computational grid which utilizes 301 and 256 
nodes in the radial and azimuthal directions, respectively is used for all the simulations presented 
in this paper. Time step size is set equal to 5 × 10-3 in accordance with the CFL stability criteria. A 
further refinement or coarsening of the grid, or the time step size, leads to less than 1% change in 
the computed drag coefficient. 



 
Figure 3.  Drag coefficient as a function of the parameter λ1 in the prescribed 
tangential velocity at the cylinder surface. CD

v and CD
p denote the viscous and 

pressure contributions to the total drag coefficient CD. 
 

Figure 3 shows that the drag coefficient, starting from 1.35, monotonically reduces with the 
non-dimensional surface velocity, λ1, achieving the zero drag or the self-propelling condition at λ1 
= 1.55, beyond which thrust is obtained. At this Re = 100, for the range of λ1s shown, the relative 
contribution to both drag and thrust is more from pressure than from viscous stress (see Figure 
3). Interestingly, at the zero drag condition, both the pressure and the viscous stress contributions 
are small, with the (small) viscous stress producing ‘drag’ which is balanced by the thrust from 
pressure. The velocity profiles at 2.5 diameters downstream (Figure 4) of the cylinder reflect the 
drag, thrust and momentum-less wake structures. 
 

 
Figure 4.  Mean streamwise velocity profiles at a distance of 2.5D from the center of 
the cylinder. 



 
(a)  λ1 = 0.0                                                                    (b)  λ1 = 1.0 

 
   (c)  λ1 = 1.55                                                                  (d)  λ1 = 2.0 

 
Figure 5. Vorticity isocontours and streamlines for various choices of the parameter λ1 
in the prescribed tangential velocity at the cylinder surface. 

 
The Benard-Karman vortex street (Figure 5a) is completely suppressed at around λ1 = 0.35 

(not shown). At λ1 = 1, even though shedding is absent, the two boundary layers do ‘separate’ 
from the upper and lower moving surfaces. At λ1 = 2, there is no separation and all vorticity is 
close to the surface. A large part of drag reduction and thrust is due to an increased pressure 
near the rear stagnation point caused by collision of the ‘jets’ created there by the two oppositely 
moving surfaces. 
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Figure 6. Loss coefficient as a function of the parameter λ1 in the prescribed tangential 
velocity at the cylinder surface. 

 



Finally we assess the net power consumption by analyzing the variation of the loss coefficient, 
defined previously, with λ1. For λ1 = 0, corresponding to the no-slip case, D0pl CC = . A broad 
minimum in loss occurs at λ1 equal to about 0.75, corresponding to a drag reduction of about 
54%. To produce a thrust force equal to the base drag (value at zero belt speed) the power 
coefficient is nearly 6.2; this is certainly not a good propulsive device! The minimum loss 
coefficient is about half the base loss coefficient corresponding to the no-slip case, thus 
suggesting that the strategy of using tangential surface velocity to reduce drag on a circular 
cylinder is energetically efficient. It should be possible to have an ‘optimal’ drag reduction, i.e., 
minimize plC , by having an azimuthal variation of the surface velocity. 
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Think about animal's flight or swimming, and images of nice organized 
vortices will immediately pop up in mind. Indeed, since modern tools such as fast 
camera or PIV have recently allowed to precisely dissect the flow dynamics of 
moving fishes or birds, thrust production is now closely associated with the presence 
of a periodic shedding of discrete eddies created at each stroke at the animal tail or 
wing tip [1-6]. From a topological point of view, the observed wake pattern consists in 
an alternate vortex street whose signs are reversed with respect to the Karman 
vortex street [7, 8]. 
 

         
 
Fig1: (a) Free jet flowing out the nozzle at 30 cm/s. The corresponding thrust is 1 mN. (b) Harmonic 
acoustic forcing of the previous jet, giving to the flow a fish-like wake structure (so-called ``thrust wake"). 
The forcing frequency was set to f= 50 Hz. (c) Harmonic acoustic forcing of the jet in (a) at f= 80 Hz. 
While the mass flow was kept constant during the measurements, the wakes involving periodical 
sustained roll-up were less efficient for thrust production than the free jet. For instance, the thrust 
production in (b) resulted 10% less efficient than the one in (a). Depending on experimental parameters, 
the thrust loss due to the presence of eddies can reach up to 35%. Optimal forcing are obtained by 
tuning the forcing frequency close to the natural frequency of the jet. 
 
 
These wakes carrying an excess of momentum, are therefore referred as “thrust 
wakes", in direct contrast with the drag induced wakes observed in those Karman-
like situations [4, 9-11]. However, as it will be discussed, the way in which vortices 
are directly related to thrust production lacks some clear conclusions and seems 
even sometimes to be ill posed.  
 
 
 



 
 
Fig2: Thrust	   and	   pressure	   measurements	   were	   performed	   on	   forced	   (filled	   symbols)	   and	   free	   (open	  
symbols)	  dry-‐air	  jets,	  imposing	  constant	  mass	  fluxes	  through	  a	  rectangular	  nozzle	  of	  width	  =	  d.	  (a)	  ~	  F	  as	  a	  
function	  of	  the	  driving	  speed	  of	  the	  loudspeaker	  membrane	  Af	  (in	  some	  sense,	  as	  a	  function	  of	  the	  vortices	  
strength).	   (b)	   Reduced	   static	   (blue)	   and	   dynamic	   (red)	   pressure	   profiles	   for	   the	   ~y	   =	   y=d	   direction,	  
measured	   at	   the	   output	   of	   the	   nozzle.	   The	   pressure	   contribution	   to	   Eq.1	   typically	   drops	   35%	  while	   the	  
momentum	  contribution	  varies	  only	  a	  2%,	  both	  relative	  to	  the	  obtained	  from	  the	  free	  jet	  measurements. 	  
	  
	  

We present here a model experiment as a step forward the comprehension of 
the thrust-wake problem. The experiment allows creating and manipulating thrust-like 
wakes, while keeping constant the mass flux. Our observations show that even in a 
thrust production configuration, systems exhibiting asymmetric roll-up of vortices are 
always associated to performance loss. In contrast, some particular cases involving 
symmetric modes show thrust enhancement due to confinement configurations. 
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Fig3: (a)	  Photo	  of	  a	  pair	  of	  symmetric	  vortices	  trapped	  placing	  a	  corner-‐shaped	  plate	  facing	  the	  jet	  output.	  
(b)	   Sketch	   of	   the	   trapped	   vortices	   configuration.	   (c)	   ~	   F	   measurements	   plotted	   as	   a	   function	   of	   ~x,	   for	  
different	  but	  constant	  mass	  fluxes.	  (d)	  Reduced	  static	  (blue)	  and	  dynamic	  (red)	  pressure	  profiles	  for	  the	  ~y	  
direction,	  measured	  at	  the	  output	  of	  the	  nozzle	  for	  both	  free	  (open	  symbols)	  and	  forced	  (forced	  jet)	  jet.	  The	  
increase	  in	  thrust	  is	  mainly	  due	  to	  the	  increase	  in	  the	  pressure	  contribution	  to	  Eq.1.	  Typically,	  it	  grows	  18%	  
while	   the	  momentum	  contribution	   to	  Eq.1	   varies	  only	   a	  0.5%,	  both	   relative	   to	   the	  obtained	   from	   free	   jet	  
measurements.	  
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The	  propulsive	   force	   produced	   by	   a	   pitching	   foil	   in	   a	   hydrodynamic	   tunnel	   is	   studied	   using	   time-
resolved	  direct	  force	  measurements	  performed	  with	  a	  custom	  designed	  mechanical	  balance,	  coupled	  
with	  a	  miniature	  waterproof	  LVDT	  sensor	  (linear	  variable	  differential	  transformer).	  We	  analyze	  the	  
time-correlation	  of	  the	  thrust	  measurement	  with	  the	  instantaneous	  angular	  position	  of	  the	  foil,	  as	  
well	   as	   the	   mean	   values	   of	   the	   force	   signals.	   As	   expected,	   the	   measured	   force	   increases	   for	  	  
increasing	  flapping	  amplitudes	  and	  frequencies.	  We	  compare	  the	  performance	  of	  two	  different	  foils,	  
one	  rigid	  and	  one	  flexible	  that	  have	  been	  previously	  characterized	  by	  Marais	  (2010).	  For	  the	  range	  
of	  parameters	  studied,	  the	  flexible	  foil	  is	  shown	  to	  produce	  more	  thrust	  that	  the	  rigid	  foil.	  
	  

INTRODUCTION	  
	  
The	   study	   of	   simplified	   flapping	   wings	   has	   received	   much	   attention	   in	   the	   past	   two	  
decades	   because	   of	   the	   renewed	   interest	   in	   biomimetic	   locomotion	   at	   intermediate	  
Reynolds	  numbers	  (10-‐104)	  (see	  e.g	  [1-‐2]).	  A	  large	  amount	  of	  work	  has	  been	  dedicated	  
in	  particular	  to	  the	  study	  of	  the	  dynamics	  of	  vorticity	  in	  the	  wake	  of	  flapping	  foils,	  using	  
different	  means	   of	   estimating	   the	   propulsive	   force	   from	   velocity	   fields.	   Recent	  works	  
from	   our	   group	   [3-‐5]	   have	   been	   devoted	   to	   the	   study	   of	   a	   pitching	   foil	   system	   in	   a	  
hydrodynamic	   tunnel,	   exploiting	   particle	   image	   velocimetry	   first	   to	   characterize	   the	  
transitions	   in	   the	   flow	   around	   the	   foil	   as	   a	   function	   of	   the	   flapping	   parameters	  
(amplitude	   and	   frequency),	   and	   second	   to	   investigate	   the	   effect	   of	   flexibility.	  Here	  we	  
report	  on	  our	  first	  results	  with	  an	  improved	  experimental	  setup	  where	  the	  pitching	  foil	  
mechanism	   is	  mounted	   on	   a	  mechanical	   balance	   that	   allows	   us	   to	   have	   a	   direct	   force	  
measurement.	  
	  

EXPERIMENTAL	  SETUP	  AND	  PARAMETERS	  
	  
The	   experimental	   setup	   consists	   of	   a	   pitching	   foil	   of	   span-‐to-‐chord	   aspect	   ratio	   of	   4:1	  
placed	  in	  a	  hydrodynamic	  tunnel	  (see	  figure	  1).	  The	  foil	  chord	  c	  is	  23mm	  and	  its	  span	  is	  
100mm,	   covering	   the	   whole	   height	   of	   the	   test	   section	   in	   the	   tunnel.	   The	   foil	   has	   a	  
sinusoidal	   oscillation,	   driven	   by	   a	   small	   size	   stepper	   motor.	   The	   mean	   value	   of	   the	  
oscillation	  is	  set	  aligning	  the	  flap	  with	  the	  stream	  flow	  direction.	  The	  input	  parameters	  
are	  the	  flow	  velocity	  (U),	  the	  oscillation	  frequency	  (f)	  and	  amplitude	  (A).	  	  

	  
FIG. 1:	  Schematic view of the foil in the hydrodynamic tunnel (From [3]).	  	  



These	   parameters	   can	   be	   combined	   in	   the	   Strouhal	   number	   commonly	   used	   to	  
characterize	   flapping-‐based	   propulsion	   St=fA/U.	   In	   the	   present	   experiments	   St	  was	   in	  
the	   range	  0.2	   to	  2.	  The	  Reynolds	  number	  Re=cU/ν	  was	   set	   to	  920.	  Two	  different	   foils	  
were	  tested:	  a	  rigid	   foil,	  made	  of	  Plexiglas,	  and	  a	   flexible	   foil	  made	  of	  polyvinylsiloxane	  
(PVS).	  	  	  
	  

FORCE	  MEASUREMENTS	  
	  

The	  propulsive	  force	  applied	  on	  the	  flap	  as	  a	  consequence	  of	  the	  flapping	  motion	  in	  the	  
flow,	  was	  measured	  with	  time	  resolution	  using	  the	  force	  balance.	  To	  express	  the	  results,	  
an	  adimensional	  thrust	  T(t),	  was	  defined.	  Equation	  (1)	  presents	  the	  definition,	  where	  V	  
and	  V0	  correspond	  to	  the	  measurements	  made	  with	  and	  without	  flapping,	  respectively.	  
	  

                                           (1)	  
	  
	  
 Time	  resolved	  force	  measurements	  
	  
Force	  measurements	  were	  made	   for	   flapping	   frequencies	   in	   the	   range	  of	   0.5	   to	  10	  Hz	  
and	  angular	  amplitudes	  spanning	  between	  10	  to	  20	  degrees.	  During	  the	  measurements,	  
the	  flow	  velocity	  U	  was	  set	  to	  4	  cm/sec.	  Figure	  2	  presents	  a	  typical	  signal	  obtained	  for	  
the	  rigid	  foil	  oscillating	  at	  5	  Hz	  and	  with	  15	  degrees	  of	  amplitude.	  	  	  	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
In	  our	   system,	   the	   thrust	   is	  defined	  negative.	  As	   it	   can	  be	   seen	   from	  Figure	  2,	   angular	  
positions	  corresponding	  with	  the	   flap	  aligned	  with	  the	  stream	  flow	  direction	  are	  time-‐
related	  to	  local	  maxima	  of	  thrust.	  In	  the	  same	  manner,	  the	  velocity	  inversion	  points	  are	  
related	   to	   minimums	   of	   thrust	   (it	   increases	   from	   top	   to	   bottom).	   We	   observed	   this	  
behavior	   in	   the	   complete	   explored	   range	  of	   flapping	   amplitudes	   and	   frequencies.	   	   For	  
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FIG. 2:  Angular position of the flap (green) and measurement of the propulsion 
force (blue), both as a function of time, for an amplitude of 15 degrees and a 
driving frequency of 5 Hz in a flow velocity of 4 cm/sec.!
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FIG. 2:  Angular position of the flap (green) and measurement of the propulsion 
force (blue), both as a function of time, for an amplitude of 15 degrees and a 
driving frequency of 5 Hz in a flow velocity of 4 cm/sec.	  



the	  case	  illustrated	  in	  Figure	  2,	  the	  signal	  remains	  negative	  during	  the	  flapping	  motion,	  
meaning	  that	  the	  flap	  is	  producing	  a	  propulsive	  force	  during	  the	  whole	  cycle.	  
	  
 Mean	  value	  of	  the	  force	  
	  

	  
FIG. 3:	  Mean thrust force vs flapping frequency for different flapping amplitudes. The dots and squares correspond, 

respectively, to the measurements for the rigid and flexible flaps.	  
	  

We	  show	  in	  figure	  3	  the	  comparison	  of	  the	  mean	  thrust	  for	  the	  two	  different	  flaps	  as	  a	  
function	  of	   flapping	  frequency,	   for	  different	  flapping	  amplitudes.	   	  Besides	  the	  expected	  
observation	   that	   the	   mean	   thrust	   force	   increases	   with	   flapping	   amplitude	   and	   with	  
flapping	  frequency,	  Fig.	  3	  shows	  that	  the	  flexible	  foil	  produces	  a	  stronger	  force	  than	  the	  
rigid	  foil	  for	  the	  same	  flapping	  parameters.	  
	  
Results	   from	   currently	   ongoing	   analyses	   coupling	   PIV	   and	   force	  measurement	  will	   be	  
also	  presented	  at	  the	  conference.	  
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The work of Ahmed et al.1 improved the understanding of the aerodynamic drag of road vehicles
describing the critical influence of the rear shape. For high slant angles, a massive recirculation bubble
is present in the wake inducing low levels of base pressure. As observed in the flow over disks and
spheres2, different characteristic frequencies are measured in the unsteady wake of simplified vehi-
cles3;4;5. A high frequency Kelvin-Helmholtz instability of the separated shear layer is observed in the
close wake (StH > 1). At the end of the recirculation bubble, a low frequency pumping mode may
be measured (StH ≈ 0.05) and antisymmetric modes develop from the end of the recirculation bubble
(StH ≈ 0.1) inducing wake oscillation. Bayraktar et al.5 reported two different frequencies close to
StH ≈ 0.1 in the spectrum analysis of unsteady lift and lateral force. Studying these antisymmetric
modes past elliptic and rectangular normal plates, Kiya and Abe6 points out that the shedding activ-
ity occurs at a higher frequency in the minor plane than in the major plane and both frequencies are
measured at intermediate locations.
Over basic blunt geometries, the development of these global modes impacts the drag. Apelt et al.7

proves that splitter plates placed in the wake can attenuate the formation of von-Kármán street past
cylinders and reduce drag. Using similar techniques to control the flow over blunt geometries of road
vehicles, some drag reduction are reported8;9;10. The present work studies the shedding activity in the
wake of a simplified road vehicle and its control through local disturbance which efficiency is demon-
strated over bidimensional geometries11;12.

Figure 1: Experimental set-up.

The simplified car is a 1/4 scale of the geometry used in the experiments of Ahmed et al.1 with a
square back (see Fig. 1). The Eiffel type wind tunnel is an open loop air flow facility and the turbulent
intensity is less than 0.4%. The homogeneity of the velocity over the 3/4 open jet blowing section is
better than 0.3% with no pronounced spectral component. The free stream velocity is 20 m s−1 so
the Reynolds number based on the geometry length is ReL = 3.3 · 105. The velocities are defined as
~u = u. ~ex + v. ~ey + w.~ez, uxy =

√
u2 + v2 is the amplitude of velocity at the considered point in the

plane (~ex,~ey). U = 〈u〉 and u′ = u − 〈u〉 are respectively average and fluctuating components of u
(idem for v, w and uxy). The height H, inlet velocity U0 and static pressure p0 are used to build
non-dimensional values marked with an asterisk (the length W is also used when specified to calculate
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Figure 2: (a) Mean velocity field U∗xy in the plane z∗ = 0 showing the massive recirculation bubble from x∗ = 0
to x∗ = 1.5 and the separated boundary layer at the end of the forebody x∗ ≈ −3 . (b) Fluctuating velocity
field u′∗xy in the plane z∗ = 0 pointing out the activity of the separated boundary layer and the mixing layers.
(c) Fluctuating velocity field u′∗xy in the plane x∗ = 2.5 indicating four regions of high fluctuations of velocity
after the end of the recirculation bubble. (d) Auto power spectrum analyses of velocity fluctuations in the plane
x∗ = 2.5 indicating two characteristic frequencies at 35 Hz and 50 Hz: black line, y∗A = 0.9 and z∗A = 0; blue
line, y∗B = 0.6 and z∗B = −0.5; red line, y∗C = 0.25 and z∗C = −0.5.

Strouhal numbers). A control cylinder of diameter d∗ = 1/12 and length W in z direction can be
displaced in the wake to create a local perturbation (see Fig. 1). x∗cyl and y∗cyl refer to the cylinder
position.
Drag and lift (resp. CD and CL) are obtained using a bidirectional strain balance. Hot-wire probes
measure the time dependent velocity uxy. Velocity signals are recorded during several minutes and
power spectra are time averaged over windows of 1 s or 2 s. This averaging in the frequency space is
denoted by "〈...〉F ". Auto and cross correlations between two hot-wire probes at different locations
are performed. ξF (f) standing for the Fourier transform of the function ξ evaluated at the frequency
f and ξ(f) for its complex conjugate, the coherence r and phase φ between the signals a(t) and b(t)
are defined as modulus and argument of

〈aF (f) · bF (f)〉F√
〈|aF (f)|2〉F 〈|bF (f)|2〉F

= r(f)eiφ(f).

The average and fluctuating velocity fields in the plane z∗ = 0 are shown on Figure 2(a) and (b). A
boundary layer detachment is observed at the end of the forebody and a massive recirculation bubble
is reported from the trailing edge up to x∗ ≈ 1.5. The detachment from the nose induces high levels
of fluctuating velocity associated to Kelvin-Helmholtz instabilities. The turbulence of the boundary
layer before its massive separation at the trailing edge is then enhanced and the shear layer intensity is
attenuated. For x∗ > 0, the mixing layer development also leads to high values of velocity fluctuations
around the recirculation bubble persisting further downstream. Four zones of residual fluctuations
from mixing layers of the sides of the trailing edge are reported in the plane x∗ = 2.5 (see Fig. 2(c)).
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Figure 3: (a) Locations of modes in the plane x∗ = 1.5: red, dominant mode at 50 Hz; blue, dominant mode at
35 Hz; yellow, both modes measured. (b) Same as Figure 3(a) in the plane x∗ = 2.5. (c) Same as Figure 3(a) in
the plane x∗ = 4. (d) Coherence r (lower curve, left scale) and absolute value of phase |φ| (upper curve, right
scale) between the velocity signals in the plane x∗ = 2.5 at A (y∗A = 0.9, z∗A = 0) and A′ (y∗A′ = 0.25, z∗A′ = 0).
(e) Same as Figure 3(d) at B (y∗B = 0.6, z∗B = −0.5) and B′ (y∗B′ = 0.6, z∗B′ = 0.5). (f) Same as Figure 3(d) at
C (y∗C = 0.25, z∗C = −0.5) and C ′ (y∗C′ = 0.25, z∗C′ = 0.5).

Analyzed in the frequency space, the energy in the plane x∗ = 2.5 points out two characteristic fre-
quencies depending on the hot-wire position (see Fig. 2(d)). When the probe is located in the high
fluctuation regions in the plane z∗ = 0, i.e. at y∗ = 0.2 or 1, a shedding is reported at 50 Hz
(StH = 0.18). If placed in the lateral zones, i.e. y∗ = ±0.5 and z∗ = 0.6, the hot-wire probes report
an energy peak at 35 Hz (StH = 0.13 or StW = 0.17). At intermediate positions both peaks of similar
levels of energy are reported on the power spectra.

Figure 3(a)–(c) presents mapping of dominant modes respectively in the planes x∗ = 1.5, 2.5 and 4.
At x∗ = 1.5, the peak at frequency 50 Hz is measured at the top and bottom of the wake (red zones).
The lateral shedding is characterized by the fluctuations at 35 Hz (blue zones). Both peaks are mea-
sured between the 35 Hz and 50 Hz regions (yellow zones). Going further downstream at x∗ = 2.5, the
lateral activity remains at similar locations. The upper zone of the exclusive 50 Hz shedding spreads
and the lower region develops on the sides. At x∗ = 4, this lower zone of 50 Hz shedding is separated
in two regions at y∗ ≈ 0.3 and z∗ ≈ ±0.5, low levels of residual fluctuations are reported at y∗ < 0.5
and z∗ ≈ 0.
Cross correlation spectra prove that these modes are antisymmetric. Figure 3(d)–(f) show coherence r
and absolute value of phase |φ| as a function of frequency between different positions in plane x∗ = 2.5.
Signals from the upper and lower fluctuating zone (y∗ = 0.25 and 0.9, z∗ = 0) are correlated at fre-
quency 50 Hz. The phase difference is close to 3π/4 meaning that these points are almost in opposition
(see Fig. 3(d)). The lateral fluctuations at 35 Hz is perfectly antisymmetric and signals from the two
sides of the body (y∗ = 0.6, z∗ = ±0.5) are very coherent (see Fig. 3(e)). The lower regions located
at y∗ = 0.25, z∗ = ±0.5 where both shedding frequencies are reported are coherent at 35 Hz and
50 Hz respectively with a phase difference of π and 0 confirming a lateral and a vertical shedding.
However, even if these modes are antisymmetric, there is no proof of alternate oscillations as there is
no characteristic energy peak at double frequency in the center of the wake.

The sensitivity analysis of this wake to local disturbance will be studied during the upcoming
months. First experiments show that the displacement of a perturbation in the mixing layers impacts
both drag and lift as well as unsteady properties of the flow. Figure 4 displays the results moving
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Figure 4: (a) Black line on lower scale, effect of the control cylinder (d∗ = 1/12) at x∗cyl = 0.4 on drag depending
on its position y∗cyl; blue line on upper scale, U∗xy indicating positions of the mixing layers of the uncontrolled
flow. (b) Effect of the control cylinder (d∗ = 1/12) on the shedding activity at A (see Fig. 3(b)), y∗cyl i refer to
positions on Figure 4(a).

vertically a control cylinder (d∗ = 1/12) at constant x∗cyl = 0.4. The effect is particularly important
when acting on the mixing layers. Up to 5% drag reductions are measured (see y∗cyl 3 on Fig. 4(a),
reference evaluated at CD 0 = 0.277) and the shedding activity can be strongly attenuated. Note that
the drag is particularly increased when the shedding activity is suppressed at point A (position ycyl 2)
whereas shedding may be increased with no effect on drag (position ycyl 1). Thus, the drag may not be
directly linked to the global mode energy.

References

[1] Ahmed, S., Ramm, G., and Faitin, G. Technical report, Society of Automotive Engineers, Inc.,
Warrendale, PA, (1984).

[2] Berger, E., Scholz, D., and Schumm, M. Journal of Fluids and Structures 4(3), 231–257 (1990).

[3] Duell, E. and George, A. SAE transactions 108(6; PART 1), 1589–1602 (1999).

[4] Krajnovic, S. Technical report, DTIC Document, (2001).

[5] Bayraktar, I., Landman, D., and Baysal, O. (2001).

[6] Kiya, M. and Abe, Y. Journal of Fluids and Structures 13(7-8), 1041–1067 (1999).

[7] Apelt, C., West, G., and Szewczyk, A. Journal of Fluid Mechanics 61, 187–198 (1973).

[8] Cooper, K. (1985).

[9] Duell, E., George, A., and of Automotive Engineers, S. Technical report, Society of Automotive
Engineers, 400 Commonwealth Dr, Warrendale, PA, 15096, USA„ (1993).

[10] Khalighi, B., Zhang, S., Koromilas, C., Balkanyi, S., Bernal, L., Iaccarino, G., and Moin, P. SAE
paper (2001).

[11] Sakamoto, H. and Haniu, H. ASME, Transactions, Journal of Fluids Engineering 112, 386–392
(1990).

[12] Parezanović, V. and Cadot, O. Physics of Fluids 21, 071701 (2009).

4



Numerical Simulation of Unsteady Flow around an Oscillating Car Model

E. Guilmineau, P. Queutey, A. Leroyer & J. Wackers
Laboratoire de Mécanique des Fluides CNRS UMR 6598,

Ecole Centrale de Nantes, B.P. 92101, 44321 Nantes Cedex 3, FRANCE
Email: Emmanuel.Guilmineau@ec-nantes.fr

1 Introduction
Ground vehicles traveling on the road are often subjected to unsteady flows. The yaw angle increases with stronger
wind conditions such as gusty cross winds caused by unsteady atmospheric conditions, tunnels, bridges or trucks passing.
Separations appear on the leeward side of the body, interact with the base flow and cause unsteady vehicle loading. These
aerodynamic elements, added to dynamic properties of the suspension, springing and tires are finally the factors of its
dynamic stability and of the safe manoeuvrability appreciated by the driver [1].
Unsteady flow conditions are much more difficult to simulate than steady flow conditions in the controlled conditions of
a wind tunnel. The most common approach is to evaluate the aerodynamic performance using static conditions where, for
example, the yaw angle of a vehicle or its relative position to another vehicle is changed discontinuously. The experiment
or the simulation is than made for one position at a time. This approach is called “quasi-steady” or “quasi-static” as it
is performed over a range of fixed positions of vehicle, e.g. a fixed yaw angle. Although the positions from maximal
positive to maximal negative yaw angle positions can be investigated with a small increment between two angle positions,
this kind of investigation uses steady flow conditions and the resulting flow is different from the one in which continuous
change of yaw angle is made. These difference in the prediction of aerodynamics forces were observed by Garry and
Cooper [2], who studied simple rectangular prisms rotating about their vertical axis in a uniform flow. They concluded
that the difference in flows between steady and transient flow conditions are due to a lag in the response of the flow to
continuous changes in the position of the vehicle when transient flow conditions are applied.
The present work aims to explore the flow physics in which the vehicle is exposed to steady wind during continuous
changes in the yaw angle. For this purpose, the unsteady numerical technique with a sliding grid approach is used in the
flow solver ISIS-CFD, developed by the Equipe Modélisation Numérique (EMN) of the Fluids Mechanics Laboratory of
the Ecole Centrale de Nantes.

2 Willy model
The numerical simulation are performed on the square-back Willy model, which is realistic compared to a van-type
vehicle. A complete definition of the model is given by Guilmineau & Chometon [3]. The overall length of the model is
L = 675 mm, the width W = 240 mm, the maximum height H = 192 mm and its surface reference is the maximum cross
section Sre f = 41791 mm2. The ground clearance is G = 29 mm and the diameter of the four feet is 20 mm, see Figure 1
All other dimensions are defined by Guilmineau & Chometon [3]. The origin of the Lilienthal axis lies at the point O
located on the floor of the model. This point is also the center of rotation of the model. The value of the yaw angle β is
positive when the right side of the model is windward.

Experimental data are available for this model with an oscillation motion [4]. The Reynolds number based on the

(a) Side view (b) Bottom view

Figure 1: Willy definition
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upstream velocity Vo and the length L of the model is Re = 0.9 × 106. The model in the experiments was placed on a
turntable that allowed the model to oscillate with the amplitude ∆β around the vertical axis. The yaw angle versus the
time is the physical root of

a tan2
(

β

2

)
+ b tan

(
β

2

)
+ c = 0 (1)

where

a = A + B
(

cos∆β +
cosα

sin∆β

)
b = B

(
2 l sin∆β

r
− 2 sin∆βsinα

)
c = A − B(cos∆β + sin∆βcosα) (2)

A = B (1 + 0.5sin(2∆β)cosα) − 2r l sinα B =
2r2

sin2
∆β

(3)

where r = 0.0255 m, l = 0.3264 m, and α = ωt where ω = 2πf is a angular velocity and t the time. For additional details
on the experimental set-up and experimental equipment, we refer to Guilmineau & Chometon [4]. In this paper, ∆β =
10◦ was simulated. Only oscillation at a frequency of f = 2 Hz corresponding to Strouhal number St = f L/U∞ = 0.068
was investigated in the present study. The choice of this frequency was made on the basis of the study of Watkins &
Saunders [5] who found that the range of frequencies of importance in cross-wind studies is 0.2 - 2.0 Hz.

3 Flow solver

3.1 General features
The ISIS-CFD flow solver, developed by the EMN (Equipe Modélisation Numérique), uses the incompressible unsteady
Reynolds-averaged Navier Stokes equations. The solver is based on a finite volume method to build the spatial dis-
cretization of the transport equations. The face-based method is generalized to two-dimensional, or three-dimensional
unstructured meshes for which non-overlapping control volumes are bounded by an arbitrary number of constitutive
faces. The velocity field is obtained from the momentum conservation equations and the pressure field is extracted from
the mass conservation constraint, or continuity equation, transformed into a pressure-equation. These non-linear and cou-
pled equations are solved by a segregated SIMPLE-like algorithm. A second-order accurate three-level fully implicit time
discretization is used and surface and volume integrals are evaluated using second-order accurate approximation. The
turbulence modelization is done with the algebraic turbulence model EARSM [3].

3.2 Sliding grid
The sliding interfaces for fully unstructured grids are far more complex than fro structured grid topologies. This is due to
the explicit data structure required to address the connectivity, so that interpolations is not as relatively easy as it can be
with an implicit addressing of a structural grid. As reported in the literature [6], various techniques have been developed
to use sliding interfaces. Global flux conservation across the interface can be assumed but with constraints so that the
flexibility to handle complex geometries is lost. In the context of finite volume method with cell-centered schemes, it
could be possible to ensure a strict global mass conservation by replacing the faces of the control volumes by a set of a
new faces built from the intersections of the sliding faces from each sub-domain sharing the sliding interface boundary.
The main drawback is the limiting choice of the shape of the sliding boundary. It is also results in a significant extra
computational cost to build the new faces. Even for connecting dissimilar hexahedral meshes, the task is challenging in
computational mechanics [7].
The primary objective of the sliding grid approach developed is to keep and to extend the actual capabilities of the flow
solver to deal non-matching sub-grids. The generalization to multiple domains inside a single grid representation is done
with the use of coloring the cells, the nodes and the faces belonging to each sub-domain. It is helped with the introduction
of a new boundary condition, called Non Matching Interface (NMI) on the physical boundary limiting the sub-domains.
Although located on a physical boundary of a sub-domain, a colored NMI face will be considered as a fluid analogously
to an inner face in the fluid or to a communication face on the boundary of a partition of the grid.
The practical implementation to extent the NMI boundary conditions is done in three steps:

1. Build ghost cell-centered points,

2. Search colored links,

3. NMI communications.

The procedure to connect the NMI faces to left and right states of sub-domains is done at each time step when grids with
solid motions of rotation are detected.
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4 Numerical details
The computational domain starts 4×L in front of the model and extends 5.4×L behind the model. The width of the domain
extends from -1.5×L to 1.5×L and the height is 1050 mm. The mesh is generated by the unstructured mesh generator
Hexpress. This software generates meshes only containing hexaedrals. The mesh is composed of about 6.3 million nodes
with approximatively 94,500 faces on the model. The boundary conditions used for this computational domain are no
slip walls for the Willy body geometry and a wall-function for the floor of the computational domain, while the roof and
the side walls of the computational domain are treated with Dirichlet condition. At the inlet, the uniform velocity Vo is
imposed while at the outlet, the pressure is imposed. Sliding interfaces are used at the end of the turntable. Thus, only
the mesh with the model oscillates, while the other part of the mesh remains fixed. This approach represents more the
experimental set-up than the approach used in the previous numerical simulation [4] where all the mesh had the same
motion as the body.

5 Results
The forces in the body axis are plotted versus the yaw angle β in Figure 2. The results obtained in static are also given for
both experiments and numerics. The drag coefficient Cx is presented in Figure 2(a). We can see that the drag at the yaw
angle β = 0◦ for an unsteady simulation is larger than the value obtained with a steady approach. However, for the yaw
angle β = 10◦, the values obtained with an unsteady or steady approach are similar. We can notice that the value obtained
at the yaw angle β = 0◦ for an unsteady approach is similar to than obtained at the yaw angle β = 10◦. The side force given
in Figure 2(b) and the yawing moment in Figure 2(c).

(a) Drag coefficient (b) Side force coefficient (c) Yawing moment coefficient

Figure 2: Force coefficients versus the yaw angle β

The comparison between the experimental and calculated wall pressure is given in Figure 3 for two pressure taps noted
P1 and P2 located on the curve (A) of the model, see Figure 1, and a third tap P3 located on its base. This pressure tap is
not located in the symmetry plane of the model. The agreement of the numerical results with the experimental data is good
for pressure taps P1 and P2. For the pressure P3, the numerical simulation produces higher CP values. This phenomenon is
also observed with LES prediction [8]. For a “quasi-static” simulation, the pressure on the base is very difficult to obtain,
even with a DES approach [9]. Thus, this can explain why the agreement for the pressure tap P3 is not so good.

(a) Pressure tape P1 (b) Pressure tape P2 (c) Pressure tape P3

Figure 3: Comparison of pressure on the Willy model

The unsteadiness and temporal variation of the wake along a cycle from β = +10◦ to β = −10◦ and then from β =
−10◦ to β = +10◦ are described in Figure 4 for several yaw angles. The reading of these results must take into account
that the vortices which appear at X/L = 0.70 are shed at the level of the base located at X/L = 0.51. In frame 4(a) where
β = +9.47◦, the right side of the model is windward and the model is moving from the yaw angle β = +10◦ to β = −10◦.
The pair of vortices observed in frame 4(a) is identical to the pair of vortices shed by a square-back body placed in a cross
flow in a steady wind. The following frames 4(b), 4(c), 4(d) show that this pair of vortices vanishes at the yaw angle β
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= −6.15◦ in frame 4(d) and is replaced in frame 4(e) by a new pair of vortices which rotate in a sense opposite to the
vortices observed in frame 4(a). The physics is the same for the frames from 4(f) to 4(j), and the cross flow velocity are
symmetric to the frames 4(a) to 4(e).

(a) β = +9.47◦ (b) β = +5.56◦ (c) β = −0.46◦ (d) β = −6.15◦ (e) β = −9.54◦

(f) β = −9.54◦ (g) β = −6.08◦ (h) β = −0.32◦ (i) β = +5.64◦ (j) β = +9.47◦

Figure 4: Cross flow streamlines for one cycle

A comparison of the cross flow drawn at X/L = 0.70 at the yaw angle β = 0◦ is given in Figure 5. In a static simulation,
there are two symmetrical vortices, see Figure 5(b). These two vortices are due to the fact that the base of the model is
not circular and the wake interacts with the fixed ground. In the dynamic simulation, the angular velocity of the model is
maximum at β = 0◦, and only one vortex appears. Anyway, the two wake are symmetric with respect to the (X,Z) plane.
It is not really the case because the two yaw angles are not exactly the opposite.

(a) Unsteady, from β=-10◦ to β=+10◦ (b) Static (c) Unsteady, from β=+10◦ to β=-10◦
.

Figure 5: Cross flow streamlines for β = 0◦

For the Symposium, results obtained with automatic mesh refinement will be presented, and a simulation with a
smaller time step will be carried out.
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Abstract 
 

The flow past the Ahmed body is studied for the whole range of slant angles 
from0° to 40° with an interval of 5°. The case of 12.5° slant angle is also selected 
where a minimum drag has been observed by previous investigators. The effect of grid 
refinement is analyzed for the one equation Spallart-Allmaras, the two equation Cubic 
k-ε and the two equation Realizable k-ε turbulence models. A finite volume code 
(CFD++) is used to solve the steady RANS equations. The streamline pattern, 
pressure variation and drag components are obtained. The drag values are compared 
against the experimental and other computational results. The viscous and pressure 
drag components along with the drag contribution from the slant and rear surfaces are 
also compared. 
 

In an experimental work, Ahmed set up a bluff body, called the Ahmed Model, 
in the Gottingen open section wind tunnel and analyzed the time averaged flow 
behavior for different slant angle variations. The configuration was set at zero yaw 
onset flow conditions. Reynolds number (ReL ) based on length with a free stream 
velocity of 60m/s was 4.3E06. With an extensive experimental study, the pressure 
drag contributing to 85% of the total value (CD) was observed. For a series of slant 
angles, quasi-static two dimensional flow was observed for the range (α < αmin=12.5° 
and α > αmax=30° ) and three dimensional flow in the range αmin=12.5° < α < αmax=30°. 
P. Gillieron and F. Chometon, performed computational simulation and compared 
against the experimental ones for the reference Ahmed model. In that work, drag 
coefficient and vortex wake flow characteristics were analyzed for slant angles of 
0°,10°,12°,20°, 25°, 30°, 40° and 50°. A finite volume code Fluent4.2 was used for the 
simulations, with the one equation Spallart-Allmaras (SA) model and the logarithmic 
law of the wall in the viscous layer. The drag values compared well in terms of trend, 
with largest deviation from experimental results at α = 0° to lowest at α = 30°. 
 

The authors are observing that the whole slant angle range has not been 
looked into, for the drag breakdown analysis. Rather, researchers have focused on α = 
25° and 35° cases for the flow behavior and drag prediction. A full comparison of 
turbulence models has not been carried out either. 
 

The objective of the current work is to study the behavior of various turbulence 
models for the case of Ahmed body for the whole range of slant angles. Previous 
computational work in this area has been for selected slant angles and mainly with the 
Spallart-Allmaras and k−ε turbulence models. The effect of mesh density and the 
surface y+ value is also looked into. The streamline patterns are presented. The 

overall drag is broken into viscous and pressure components, along with the 
determination of drag contribution from slant and rear surfaces [ref. Table: 3]. This is 
so that a better comparison can be made with the experiments. 
 

mailto:Ronak.Pandya@crlindia.com
mailto:vspavitra@gmail.com
mailto:Kishor@crlindia.com
mailto:minturathore@gmail.com


~ 2 ~ 
 

The current study uses the preconditioned Reynolds Averaged Navier-Stokes 
solver in commercial solver CFD++. The solver uses cell centered, finite volume, and 
implicit algorithm for the Navier-Stokes equations on an unstructured grid. The flow 
being turbulent, the flow equations are either integrated directly up to the wall or a wall 
function is used, in the wall region. In the present simulation, the solve to wall 
approach has been used for the fine grid (22E06 cells), while the wall function is used 
for the coarse one. The solver is of second order with a minmod flux limiter. Steady 
state simulations have been performed in all cases. 
 

In the current study, one equation based Spallart-Allmaras(SA)model given by 
Spallart and Allmaras, two equation based Cubic k-ε (Ckε) and Realizable k-ε (Rkε) 

are used to study the flow behavior. The simulations are carried out for the slant 
angles 0°, 5°, 10°, 12.5°, 15°, 20°, 25°, 30°, 35° and 40°. The results are presented as 
streamlines and pressure contours on selected planes. The drag coefficients are also 
evaluated [ref. Table:2]. The pressure and viscous components of the drag along with 
the contribution from selected surfaces, such as slant and rear surfaces, are obtained. 
This enables a better comparison with the experimental results [ref. Table: 1], where 
overall drag components are compared. The drag breakdown study has been 
performed for the range of slant angles [ref. Fig: 3]. 
 

The time averaged velocity profile is compared with the experimental one for 
the separation zone. The agreement is not fully satisfactory in case of Cke. The SA 
model shows good agreement with experimental profile for velocities [ref. Fig: 4] above 
slant surface and in the wake-zone. 
 

The downstream development of the counter-rotating vortex system and its 
timely breakup in the wake-zone is presented. The contours of Mean velocity have 
been plotted with the streamlines at different section in wake-zone: 0mm, 80mm and 
800mm downstream of the body [ref. Fig: 1]. One can observe the two counter rotating 
trailing vortices generated, starting from 80mm distance downstream of the Ahmed 
Body. The results show that at 1500mm, though the vortices effects are weak as 
compared to near wake region but they are still visible. The effects of vortices are felt 
up to 4000mm downstream of the body. The total drag coefficient behavior is plotted 
and compared against the experimental results and other computational results, for the 
entire range of slant angles. 
 

The SA model predicts the trend correctly, but is having a deviation. The Ckε 

model is having a lower deviation, but it is not predicting the individual drag component 
over the slant surface correctly for the 25° and 30° cases. This is due to fact that the 
flow is attached over the slant surface for the 25° case, while the model yields 
separated flow. The SA model correctly predicts attached flow for the 25° case. The 
deviation in drag for the Cke model at α = 30° is due to it’s under prediction of drag 

over the slant surface. This, in turn is related to the absence of the third vortex over the 
slant surface. For the other angles, the Ckε model is predicting the drag components 

accurately. The back surface drag is also predicted well for all angles. 
 

As a further work, one would be interested in carrying out a Large Eddy 
Simulation, especially for the cases of slant angles 20°, 25° and 30°. This will yield 
further insight into the physics and flow simulation. 
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Figure: 1 Geometric details of the Ahmed Model 

 

 
Figure: 2 Development of the Counter-rotating trailing  
Vortex system for α = 25° in the wake-zone, SA model 

 

 
Figure: 3 Drag breakdown study  

 

 
 

Table: 1 Comparison of CD (α = 25°) values between  
Computational and experimental results 
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Figure: 4 Comparison of U velocity profile obtained  

for SA and CKε computations 

 

 
Table: 2 Comparison of drag coefficient and errors (εr )  

For whole range of slant angles 

 

 
Table: 3 Contribution of pressure (CDp) and viscous (CDv) drag  

to total drag and their ratio comparison with experimental 
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      Flow control via porous coating of compliant actuators: a simple 

interactive model                              

                   Divya Venkataraman1, Alessandro Bottaro2 & Rama Govindarajan3 

Sub-area: Control of wakes

Optimization of flight performance has been an active research area for a number of years now – 
be it in terms of increasing the mean lift or optimization of fuel use achieved by drag reduction.  In 
this research, to achieve the goal of controlling the flow (and as a by-product, enhancing 
aerodynamic performance), inspiration is taken from an aspect of flight in nature.  We implement a 
simplified model to simulate, on an airfoil, a carpet of small covert feathers such as those seen 
over some birds' wings, which “pop-up” on their own from the wings when the flying abilities of 
these birds begin to drop. These “passive” actuators (which do not require any extra energy input 
as opposed to active control strategies) adapt their movement to the local, instantaneous flow and 
modify physical phenomena, like vortex-shedding, in favour of the flyers.  An additional challenge 
here is that since the flow is typically laminar, so handling adverse pressure gradients (which 
subsequently lead to flow separation) is more difficult.

This passive control technique is studied here computationally in two dimensions by performing a 
detailed parametric survey of these pop-up feathers or hair-like appendages, modelled here as 
small rigid beams, vis-a-vis, their physical dimensions and characteristics as well as their relative 
placement on a NACA0012 (symmetric) aerofoil, at a low Reynolds number of 1100 [2].  Since the 
angle of attack used is not small, the aerofoil is effectively a bluff body, so the drag is dominated by 
the contribution due to pressure gradients.  This fluid-structure interaction problem is solved with a 
partitioned approach, based on the direct numerical simulation of the Navier-Stokes equations, 
discretised on a Cartesian mesh via the use of the immersed boundaries approach, together with a 
non-linear set of equations describing the dynamics of the compliant coating consisting of the hairy 
layer.  A volume force, arising from the presence of a cluster of these hair-like appendages, 
provides the link between the fluid and structure problems.  The details of the numerical procedure 
can be found in [1] and [2].  Aerodynamic performance is quantified in terms of the non-
dimensional mean streamwise and normal forces as well as their oscillations about their respective 
averages.

Several instances of lift enhancement and/or drag reduction owing to fundamental changes in flow 
physics for a large range of angles of attack have been recorded in [2].  It has been observed that 
when the structure frequency is synchronized with some frequency in the flow, maximum benefit (in 
terms of performance enhancement) is achieved.  The physics behind this complex fluid-structure 
problem is yet to be fully understood, and work is ongoing in this direction.

For many angles, at least two major flow frequencies in the steady state are seen (see fig. 1), 
contrary to the configuration of even elliptic cylinders, where only a single vortex shedding 
frequency is seen.  A corresponding instantaneous vorticity plot is shown in fig. 2.  
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In order to gain an understanding, we model the interaction between the flow and the compliant 
hairy appendages in terms of nonlinear oscillators. We use as motivation the fact that the 
instantaneous lift coefficient of cylinders is frequently modelled as a van der Pol – Duffing oscillator 
[3], given by:

To account for the two frequencies accruing from the asymmetry of the body, a modified van-der-
Pol Duffing oscillator is written for our airfoil as 

We couple the above equation with a linear or non-linear oscillator model of the compliant coating. 
This problem is now similar in nature to studying the effect of oscillations of a solid body, in a 
uniform incoming stream, on its vortex shedding, like that discussed in [4].  It has been seen here 
that the oscillation amplitude of a rectangular cylinder can change the shedding mode from 
antisymmetric to symmetric by passing through an intermediate stage, which can be chaotic under 
some conditions (see fig. 3). Such chaotic vortex shedding has been seen in present computations 
in the flow past airfoils with poro-elastic coating as well (see fig. 4).
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Figure 1:  Time series of lift coefficient for a high 
  angle of attack showing two major flow 
  frequencies. 

Figure 2:  Vortex shedding corresponding to the case 
  of figure 1.



      Figure 3:  Chaotic shedding of vortices for    Figure 4:  Chaotic vortex shedding for 
        a rectangular cylinder executing       airfoil with poro-elastic coating.
        periodic oscillations, in a uniform 
        inlet flow.  Picure taken from [4].

It is the ultimate aim of this research to quantitatively and qualitatively describe the changes 
introduced in the flow due to this poroelastic layer (possibly such as the one shown in fig 3), to 
quantify the contributions to the energy balance terms coming from various physical phenomena 
and to finally, work out theoretically an optimal (or perhaps even the optimum) set of control 
parameters that will yield a favourable energy balance by controlling the wake as desired.

We couple the shedding oscillator in [3] with a linear oscillator model for the structure that yields:

A comparison of the phase portraits of the lift coefficients without and with the coupling of the linear 
oscillator model for the structure (with suitable values for coupling and structure parameters) is 
shown in figure 5.  The fact that the limit cycle of the coupled problem lies within the limit cycle of 
the plain vortex-shedding oscillator proves that such a coating is capable of giving drag reduction, 
in accordance to the formulation of drag given in [3].

         
         Figure 5:  Comparison of phase portraits for the limit cycles of lift 

coefficients for vortex-shedding oscillator of [3] without 
(light cyan lines) and with (dark blue lines) coupling of a 
linear spring oscillator model for the structure.
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In the near future, we will study the behaviour by coupling the vortex shedding oscillator for an 
airfoil with a non-linear oscillator for the structure.  This, we hope, will explain the effectiveness of 
the optimal structural parameters obtained in [2].  These results will be presented at the 
conference.
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Flow past a cavity has received huge interest for its practical applications, for example in 
landing systems and weapon bay of aircraft, in the sunroof on cars, in river, lakes or in ship hull. 
In aerospace, these cavities can be a cause of acoustic source due to hydrodynamic instability 
of shear layer and its interactions with the downstream edge. Further, these may produce 
environmental hazard due to accumulation of pollutant, denser water or suspended materials in 
river or canal. At the leading edge of the cavity, the incoming flow separates to form a shear 
layer, small perturbations are amplified forming coherent vortical structures leading to self-
sustained oscillations, which in turn may cause structural vibrations and produce acute noise. 
The pressure fluctuations within the cavity can reach up to 170 dB, immensely reducing the 
stealth capabilities of the aircraft. Recent reviews [1, 2] on the ongoing research in the field 
demonstrate detrimental effects of cavity oscillations and importance to suppress them by 
different methods of active or passive control. 

Many experimental and numerical studies have been performed to understand the flow 
oscillations in cavity [3-8]. It has been shown that, besides the fundamental oscillatory 
frequency, a number of additional lower frequencies could exist. Lately, high resolution 
numerical schemes such as Large-Eddy Simulation (LES) [9], hybrid RANS/LES [10] and Direct 
Numerical Simulation (DNS) [11] have been used for carrying out cavity flow simulation. Several 
methods have been used till the date to suppress the cavity oscillations. Any scheme that 
disrupts the resonance mechanism may be used to suppress the cavity oscillations, but finding 
a practical solution is not trivial. Passive control like spoilers [12], fences [13], and rods [14] 
have been used and attained limited success under certain operating conditions. Active control 
methods such as upstream steady mass injection [15, 16], harmonic blowing [17], and powered 
resonance tubes have been used extensively for controlling of cavity oscillations. Among 
different active control used in Ref. 12, it was found that the steady jet from the front wall was 
most effective in suppressing acoustic noise. Further, it was shown that unsteady injection 
resulted in higher reduction of cavity noise than that of the continuous injection [18]. The 
objective of the present study is to use LES to simulate and control the large-scale structures, 
which are mainly responsible for the cavity oscillation. The active control method used here 
includes synthetic jet. A parametric study has been carried out to illustrate the effect of 
amplitude of injection and locations of blowing in wake mode where, the aspect ratio of the 
cavity is 4. 

The unsteady, three-dimensional (3D) incompressible Navier Stokes equations for the 
flow past a rectangular shallow cavity have been solved on a staggered grid arrangement using 
a symmetry-preserving central scheme. A dynamic subgrid-scale model, which is proposed by 
Germano et al. [19] and modified by Lilly [20], has been used to model the subgrid scale (SGS) 
stress tensor. The momentum advancement is done explicitly using the second order Adams-
Bashforth scheme, whereas, the pressure term is solved by a standard projection method. The 
pressure equation is discrete Fourier transformed in the spanwise direction (in which the flow 
can be considered homogeneous) and is solved by the BI-CG algorithm in the other two 
directions. The solver used in the present simulation has been extensively validated for variety 
of transitional and turbulent flows [21, 22]. The computational domain and the boundary 
conditions used here are shown in Fig. 1. The effect of synthetic jet in attenuating cavity 
oscillations is imposed here as a boundary condition. The Reynolds number based on the cavity 
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depth (D) and the free-stream velocity (U∞) is ReD = 3360. For the present analysis, a mesh of 
392×220×64 is chosen in such a way that there is no appreciable change of flow parameters by 
further increasing the grid points. Apart from varying the amplitude (VJ) of pulsating jet, different 
locations for blowing are also considered. For this purpose the jet is placed at three locations: 
(a) at the upstream wall of the cavity injected horizontally, (b) at an angle of 450 at the upstream 
wall of the cavity and (c) upstream of the cavity and injected vertically. The injection area (per 
width unit) is D/4. The amplitude of injection used here is defined as a fraction of U∞ and are 
0.15, 0.6, 0.9 and 1.2 for a fixed frequency of 1320 Hz, which is about three times of 
predominant vortex shedding frequency.  

The results of the present LES in shear layer mode of cavity oscillation (L/D = 2) are 
compared with LES of Chang et al [9] and also with the experiment of Pereira and Sousa [7] 
with laminar and turbulent inlet respectively. The comparison of non-dimensional mean velocity 
profiles at x/D = 1.0 are shown in Fig. 2. The agreement in both the cases is well. The results 
computed for L/D = 2 have been used only for the validation. The Iso-surface of streamwise 
velocity is presented in Fig.3 to visualize the shear layer instability and 3D flow structures due to 
vortex-edge interaction in the wake mode, L/D = 4. At the leading edge of the cavity, the 
incoming flow separates and forms a shear layer. The rollup of shear layer occurs via Kelvin-
Helmholtz (K-H) Instability. These vortices travel downstream and violently impinge upon the 
trailing edge of the cavity generating pressure waves with some phase lag. These pressure 
waves then travel upstream and add energy to the forming structures, thus closing the feedback 
loop and making the process self-sustaining. Fig. 3 illustrates that horizontal injection breaks 
down large-scale vortices into small-scale eddies resulting in maximum attenuation for high 
amplitude, VJ = 1.2. However, turbulent kinetic energy (TKE) may be augmented in this case. 
For vertical and even inclined injection at 45o, rollup of shear layer occurs earlier amalgamating 
the energy from the injected fluid, which eventually evolve to form large-scale vortices that 
impinge at the trailing edge. Here, partial clipping is observed with considerable disturbances 
emanating from the trailing edge.  

Fig. 4 shows the vertical velocity spectra at x/D = 2.5 for with and without control cases. 
It is observed that the dominat vortex-shedding frequency (Strouhal number with respect to 
depth) for no control is 0.44 with maximum amplitude of 6.6, whereas, the amplitudes are 6, 
2.14 for horizontal injection with VJ of 0.9 and 1.2. Further, the amplitudes of oscillation are 11.8 
and 14.2 for inclined and vertical blowing respectively. Thus, horizontal pulsed jet with VJ = 1.2 
gives maximum attenuation among six cases tested here. The resolved TKE at different stations 
within the cavity are shown in Fig.5. During the first half of the cavity, TKE increases with 
amplitude of injection, which can be attributed to the turbulence generation from breaking down 
of shear layer to smaller eddy. But in the second half of the cavity, TKE level tends to decrease 
even with injection as compared to without injection indicating absence of large-scale vortex, 
and thus attenuating vortex-edge interaction.  

To summarize, the LES used is successful in resolving the large-scale structures arising 
from cavity oscillations in wake mode. Further, we state that the pulsating jet ejected horizontally 
from the upstream wall of the cavity having amplitude of injection greater than 1 is effective in 
attenuating oscillations. 
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(a) (b) 

Fig.3 The Iso-surface of streamwise component of instantaneous velocity for (a) no control 
and (b) vertical (VJ = 1.2) and (c) horizontal (VJ = 1.2) injection. 

(c) 

Fig.1 Computational domain and boundary 
conditions: D being depth and L is the length 
of the cavity. 

Fig.2 Comparison of mean velocity profiles with 
(a) ---- Chang et al. (b) ▼▼▼ Pereira and 
Sousa, at X/D = 1.0 
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Fig. 5 Profiles of Turbulent Kinetic Energy (TKE) at three different stations within the 
cavity for different blowing ratios of horizontal injection. 

Fig.4 Vertical velocity spectra at x/D = 2.5 for (a) no control, (b) horizontal (VJ = 0.9), (c) 
horizontal (VJ = 1.2), (d) inclined (VJ = 1.2) and (e) vertical (VJ = 1.2) injection. 
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