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 a b s t r a c t

The Warburg effect describes the preference of highly proliferating cells (like cancer cells) for aerobic 
glycolysis and lactate production despite oxygen availability. In a recent paper, Jaiswal and Singh 
(2024) proposed that this behavior arises from a negative feedback loop linking cytoplasmic NADH 
levels and cell proliferation. Their model integrates glycolysis, oxidative phosphorylation, and pyruvate-
to-lactate conversion to explain how the NADH/NAD+ ratio governs proliferation and quiescence. Here, 
we propose the qualitative behavior analysis, showing how quiescent and non quiescent equilibria 
arise according to model parameters. The corresponding bifurcation diagrams provide new biological 
insights on cellular behavior and pave the way to further investigation on the cellular machinery 
leading to the Warburg effect.

© 2026 Elsevier Ltd. All rights are reserved, including those for text and data mining, AI training, and 
similar technologies.
1. Introduction

The metabolic reprogramming of cancer cells, known as the 
Warburg effect, represents one of the fundamental hallmarks of 
tumor metabolism. Otto Heinrich Warburg first observed that, 
unlike normal cells, cancer cells preferentially ferment glucose 
into lactate even in the presence of oxygen, a process termed 
aerobic glycolysis, Warburg (1956). Although complete oxidation 
of glucose through the tricarboxylic acid (TCA) cycle and oxidative 
phosphorylation (OXPHOS) is energetically more efficient, aerobic 
glycolysis is a general feature of proliferating cells, both cancerous 
and normal, Vander Heiden et al. (2009) and Liberti and Locasale 
(2016).

During glycolysis, glucose oxidation produces NADH. To sus-
tain glycolytic flux, NAD+ must be continuously regenerated from 
NADH. This regeneration occurs via three main mechanisms: the 
malate–aspartate shuttle (MAS), the glycerol 3-phosphate shut-
tle (G3PS), and the reduction of pyruvate to lactate by lactate 
dehydrogenase (LDH) (De Leon-Oliva et al., 2025; Wang et al., 
2022). While MAS and G3PS transfer reducing equivalents into 
mitochondria to fuel OXPHOS, the LDH reaction enables gly-
colysis to proceed independently of mitochondrial activity. The 
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recent observation that mitochondrial NADH shuttles become 
saturated during rapid proliferation suggests that this saturation 
contributes to driving the Warburg effect (Wang et al., 2022).

Accumulation of cytosolic NADH, or limited mitochondrial 
NADH oxidation capacity, can push cells toward lactate produc-
tion as a mechanism to restore redox equilibrium (Papaneophy-
tou, 2024). This highlights that the Warburg effect is not merely 
a metabolic byproduct but rather a finely tuned adaptation that 
regulates NADH turnover and maintains NAD+ availability for 
both glycolysis and biosynthetic reactions. However, the precise 
mechanism by which lactate production promotes proliferation, 
and how aerobic glycolysis interacts with OXPHOS, remains in-
completely understood. In Alberghina (2023), the Warburg ef-
fect is interpreted not as a defect in energy production, but as 
an adaptive metabolic strategy that enables fast-growing cells 
to redirect resources toward biosynthesis. It emerges from the 
integration between enhanced glycolysis and heterogeneous mi-
tochondrial function, providing a systems-level view of cancer 
metabolism.

In Jaiswal and Singh (2024), it is proposed that the War-
burg effect arises from a double negative/positive feedback loop 
between cytoplasmic NADH concentration and the rate of cell 
proliferation: from the one hand, NADH concentration acts as 
a positive feedback on the proliferation rate; from the other 
hand, the proliferation rate acts as an inhibitor of NADH accu-
mulation rate. Despite the minimal structure of the model, it 
is able to account for mechanisms underlying cell quiescence, a 
typical response observed in cancer stem cells that contributes 
data mining, AI training, and similar technologies.
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to drug resistance (Chen et al., 2016; Lee et al., 2020). The reg-
ulatory architecture of our NADH-proliferation model may be 
connected to other biological decision-making modules charac-
terized by coupled feedback interactions. For instance, with the 
Ime1–Ime2 regulatory system in yeast, which governs the irre-
versible commitment to meiosis through a transcriptional cas-
cade and feedback-controlled switching dynamics, Smith et al. 
(1990) and Guttmann-Raviv et al. (2002). From a Systems & 
Control perspective, both systems can be interpreted as feedback-
driven switches regulating transitions between mutually exclu-
sive cellular states.

The model in Jaiswal and Singh (2024) had been used to study 
the impact of a shift in the redox ratio (NADH/NAD+ ratio) on 
cell proliferation, occurring during the metabolic reprogramming 
of cancer cells. In the present work, we have studied the impact 
of different parameters on the switching of the cell state from 
proliferation to quiescence, by performing a stability analysis 
of the equilibrium points. Bifurcation diagrams are reported to 
highlight the role of different parameters in the quiescence/non-
quiescence switch: since each model parameter is closely related 
to a biological function, variations in their values provide insights 
into how specific molecular or cellular processes can drive tran-
sitions between resting and active states.  The novelty of the 
present contribution lies in providing a qualitative behavior anal-
ysis that was lacking in Jaiswal and Singh, 2024. Specifically, we 
complement the original modeling framework with a systematic 
qualitative analysis that allows us to characterize equilibrium 
points, their stability properties, and the asymptotic behavior of 
the system as a function of biologically meaningful parameters.

The paper is organized as follows. Section 2 summarizes the 
dynamics of the model proposed in Jaiswal and Singh (2024). 
Section 3 presents the qualitative behavior analysis, providing 
conditions for the existence and stability of biologically meaning-
ful equilibria. Sections 4 and 5 report the bifurcation diagrams 
and some numerical simulations, respectively. Conclusions are 
drawn in Section 5.

2. Model formulation

The model presented in Jaiswal and Singh (2024) consists 
of a two-dimensional system of Ordinary Differential Equations 
describing the dynamics of the cell proliferation rate Cp, which is 
tightly coupled to the NADH concentration N: ⎧⎪⎨⎪⎩

dCp

dt
= k1

N
k2 + N

Cp − kd1Cp

dN
dt

=
k3

k4 + Cp
− kd2N

(1)

Regarding the cell proliferation dynamics (Cp), its growth rate 
is positively regulated by N through a monotonically increasing 
Michaelis–Menten saturating function. In this formulation k1 rep-
resents the maximum proliferation rate coefficient (achieved for 
large values of N), while k2 denotes the NADH concentration at 
which the proliferation rate reaches half of its maximum. The 
saturating function accounts for the dual role of NADH: for low 
NADH concentrations (N ≪ k2), the proliferation rate increases 
almost linearly with N , with proportionality coefficient k1/k2, 
corresponding to the maximum cell division rate (k1) divided by 
the basal level of apoptosis (k2). For high NADH concentrations 
(N ≫ k2), the effect of NADH-dependent apoptosis causes the 
rate to saturate toward k1, becoming progressively less sensitive 
to further increases in N . In addition, the cell cycle-dependent 
apoptosis contributes to reducing proliferation at a rate kd1.

On the other hand, the NADH production rate is negatively 
regulated by the proliferation rate Cp, following a monotonically 
decreasing Michaelis–Menten function. Here, k /k  denotes the 
3 4

2

maximum NADH production rate (achieved in quiescent cells, i.e. 
Cp = 0), and k4 is the value of Cp corresponding to half of the 
maximal NADH production rate.

Biologically, k3 represents the NADH flux from glycolysis, 
while k4 determines the saturation behavior, reflecting the re-
duction in NADH production due to the pyruvate-to-lactate con-
version that characterizes aerobic glycolysis. The NADH balance is 
further regulated by its mitochondrial consumption, modeled as 
a linear flux with rate constant kd2. Within this framework, cells 
exhibiting the Warburg effect, an enhanced conversion of pyru-
vate to lactate despite the presence of oxygen, are represented by 
an increase in k4, indicating a reduced mitochondrial contribution 
to NADH oxidation.

Comprehensive descriptions of all model parameters and their 
biological interpretations are provided in Jaiswal and Singh (2024)
and references therein.

Remark 1.  Since Cp is defined as the cell proliferation rate, it may 
assume positive values (for non-quiescent, growing cells), null 
value (for non-growing, quiescent cells) or negative values (for 
apoptotic cells).  Instead, model parameters and initial conditions 
need to be chosen so as to ensure non-negative evolutions of the 
NADH concentration.

3. Qualitative behavior analysis

3.1. Equilibrium points

The system has two equilibrium points. One is for quiescent 
cells (i.e. with Cp = 0): 

Cp,q = 0, Nq =
k3

k4kd2
(2)

Since Nq is always positive (as all parameters are strictly positive), 
the quiescent equilibrium exists and is biologically meaningful for 
any choice of model parameters in the positive orthant.

Remark 2.  Cells exhibiting the Warburg effect display a smaller 
quiescent NADH steady-state value due to their higher k4 param-
eter.

The other equilibrium point is for non-quiescent cells (i.e. with 
Cp ̸= 0): 

Nnq =
kd1k2

k1 − kd1
,

Cp,nq =
k3

kd2Nnq
− k4 =

k3(k1 − kd1) − kd1kd2k2k4
kd1kd2k2

(3)

This non-quiescent equilibrium is biologically meaningful only 
if Nnq > 0, that means: 

Nnq =
kd1k2

k1 − kd1
> 0 ⇐⇒ k1 > kd1 (4)

Besides, provided that k1 > kd1, we have positive growth if 

Cp,nq =
k3(k1 − kd1) − kd1kd2k2k4

kd1kd2k2
> 0 (5)

that is 
kd1k2

k1 − kd1
<

k3
k4kd2

(6)

Otherwise, if inequality (6) is not satisfied, then Cp,nq < 0, 
meaning that the cell population declines to zero. It is worth 
noting that inequality (6) can be equivalently expressed in terms 
of the quiescent and non-quiescent stationary NADH values: 

0 <
kd1k2

= Nnq <
k3

= Nq (7)

k1 − kd1 k4kd2
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In other words, the non-quiescent equilibrium exists and means 
positive growth if the non-quiescent NADH equilibrium Nnq is 
positive and smaller than the stationary NADH provided by the 
quiescent equilibrium Nq.

Otherwise, if 

Nnq >
k3

k4kd2
= Nq (8)

then Cp,nq < 0.
Finally, if Nnq < 0 (i.e. if k1 < kd1), then, from (3) it comes that 

Cp,nq < 0 as well. However, we stress that such an equilibrium 
point has a pure mathematical meaning.

Remark 3.  The stationary NADH concentrations for quiescent 
and non-quiescent cells depend on orthogonal sets of model 
parameters, since the ones that set Nq, namely k3, k4 and kd2 that 
refer to NADH dynamics, are different from the ones that set Nnq, 
namely k1, k2 and kd1, the ones that refer to Cp dynamics. As a 
matter of fact, by fixing {k3, k4, kd2}, Cp,nq is forced to live on the 
manifold 

Cp,nq =
k3

kd2Nnq
− k4, (9)

where Nnq is free to vary because of {k1, k2, kd1}.

Remark 4.  According to (4), the Warburg effect does not in-
fluence the value of Nnq, whereas it affects Cp,nq as described in 
(9): an increase in the pyruvate-to-lactate flux, represented by a 
higher k4, directly reduces the stationary proliferation rate.

In summary:

– if: 

0 < Nnq(k1, k2, kd1) < Nq(k3, k4, kd2) (10)

then, we have both quiescent and non-quiescent equilib-
rium points in the positive orthant, with the non-quiescent 
point meaning positive growth;

– if 

Nnq(k1, k2, kd1) > Nq(k3, k4, kd2) (11)

then, we have both the quiescent and non-quiescent equi-
librium points in the positive orthant, but the non-quiescent 
point here means negative growth;

– if 

Nnq(k1, k2, kd1) < 0 (12)

then, we have only the quiescent point in the positive or-
thant.

3.2. Stability analysis

Stability analysis is carried out by evaluating the Jacobian 
matrix: 

J =

⎡⎢⎣k1
N

k2 + N
− kd1 k1

k2
(k2 + N)2

Cp

−
k3

(k4 + Cp)2
−kd2

⎤⎥⎦ (13)

At the quiescent equilibrium, the Jacobian becomes: 

Jq =

⎡⎢⎢⎣k1
Nq

k2 + Nq
− kd1 0

−
k3
2 −kd2

⎤⎥⎥⎦ (14)
k4
3

Fig. 1. Regions of asymptotic stability for the quiescent and non-quiescent 
equilibria in the Nq–Nnq positive orthant.

so that stability is ensured if 

k1
Nq

k2 + Nq
< kd1 ⇐⇒ (k1 − kd1)Nq < k2kd1 (15)

If k1 < kd1 (i.e., Nnq < 0), inequality (15) is satisfied regardless 
of the other parameter values, and the quiescent equilibrium is 
asymptotically stable. Conversely, if k1 > kd1 (i.e., Nnq > 0), 
asymptotic stability is guaranteed provided that 

Nq <
k2kd1

k1 − kd1
= Nnq (16)

In summary, the quiescent equilibrium is asymptotically stable 
if, and only if, the stationary value Cp,nq of the non-quiescent 
equilibrium is negative.

At the non-quiescent equilibrium, the Jacobian is 

Jnq =

⎡⎢⎣ 0
k1k2Cp,nq

(k2 + Nnq)2
k3

(k4 + Cp,nq)2
−kd2

⎤⎥⎦ (17)

The characteristic polynomial of Jnq is 

p(λ) = λ2
+ kd2λ +

k1k2k3
(k2 + Nnq)2(k4 + Cp,nq)2

Cp,nq (18)

According to the Routh–Hurwitz criterion, if Cp,nq > 0, all coeffi-
cients are positive, implying that the non-quiescent equilibrium 
is asymptotically stable. Conversely, if Cp,nq < 0, not all roots have 
negative real parts, and the equilibrium is unstable.

In summary:

– if inequality (10) holds, both quiescent and non-quiescent 
equilibria exist in the positive orthant: the quiescent equi-
librium is unstable, and the non-quiescent equilibrium is 
asymptotically stable, providing positive proliferation rate;

– otherwise, if either inequality (11) or (12) holds, only the 
quiescent equilibrium is asymptotically stable.

The emergence of the quiescent and non-quiescent asymptot-
ically stable equilibria is summarized in Fig.  1.

4. Bifurcation diagrams

To investigate the qualitative behavior of the system, we con-
sider bifurcation diagrams for different model parameters, focus-
ing on the stationary proliferation rate Cp. As usual, continuous 
lines indicate asymptotic stability, whereas dashed lines indicate 
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Fig. 2. Bifurcation diagram for parameter k2 . Gray line: quiescent equilibrium; 
black line: non-quiescent equilibrium.

instability. These diagrams are derived from the non-quiescent 
equilibrium formula reported in (3) for positive values of Cp. 
They all show a classical transcritical bifurcation behavior since, 
by varying the bifurcation parameter, there always exist 2 sta-
tionary points (one stable, the other unstable), whose stability is 
interchanged by crossing a specific critical value, Strogatz (2000), 
Wiggins (1990).
Variation of k2: Fig.  2 shows the effect of varying parameter 
k2, which represents the NADH-independent apoptosis. As k2
varies in (0, +∞), the quiescent equilibrium remains unchanged, 
whereas the non-quiescent equilibrium varies. Assuming Nnq > 0
(i.e., k1 > kd1), low values of k2 correspond to Cp,nq > 0, so that 
inequality (10) is satisfied and the cell exhibits an asymptotically 
stable positive proliferation rate. By increasing k2, from (3) a 
critical value 

k2,c =
k3(k1 − kd1)
kd1kd2k4

, (19)

is reached, above which the asymptotic stability of Cp,nq is lost and 
the cell switches to the asymptotically stable quiescent state.
Variation of kd2: A bifurcation pattern similar to that in Fig.  2 is 
observed when varying kd2, which corresponds to the NADH flux 
to mitochondria. As kd2 varies in (0, +∞), both the quiescent and 
non-quiescent equilibria change. Assuming Nnq > 0 (i.e., k1 >

kd1), low values of kd2 correspond to Cp,nq > 0, so that inequality 
(10) is satisfied and the cell exhibits an asymptotically stable 
positive proliferation rate. By increasing kd2, from (3) a critical 
value 

kd2,c =
k3(k1 − kd1)

kd1k2k4
, (20)

is reached, above which the asymptotic stability of Cp,nq is lost 
and the cell switches to the asymptotically stable quiescent state. 
Unlike the case of k2, here the stationary NADH value at the 
quiescent equilibrium decreases as kd2 is further increased.
Variation of k3: Fig.  3 shows the effect of varying parameter k3, 
the NADH flux from glycolysis. As k3 varies in (0, +∞), both the 
quiescent and non-quiescent equilibria change. Assuming Nnq > 0
(i.e., k1 > kd1), high values of k3 correspond to Cp,nq > 0, so 
that inequality (10) is satisfied and the cell exhibits an asymptot-
ically stable positive proliferation rate. By decreasing k3, a critical
value 

k3,c =
kd1kd2k2k4
k1 − kd1

, (21)

is reached, below which the asymptotic stability of Cp,nq is lost 
and the cell switches to the asymptotically stable quiescent state. 
4

Fig. 3. Bifurcation diagram for parameter k3 . Gray line: quiescent equilibrium; 
black line: non-quiescent equilibrium.

Fig. 4. Bifurcation diagram for parameter k1 . Gray line: quiescent equilibrium; 
black line: non-quiescent equilibrium.

In this case, the stationary NADH concentration at the quiescent 
equilibrium decreases as k3 is further reduced.
Variation of k1: Fig.  4 shows the effect of varying parameter k1, 
the proliferation rate due to NADH. As k1 varies in (kd1, +∞), 
the quiescent equilibrium remains unchanged, whereas the non-
quiescent equilibrium changes. The range of variation of k1 en-
sures that Nnq > 0 (i.e., k1 > kd1). High values of k1 correspond to 
Cp,nq > 0, so that inequality (10) is satisfied and the cell exhibits 
an asymptotically stable positive proliferation rate. By decreasing 
k1, a critical value 

k1,c =
kd1kd2k2k4

k3
+ kd1, (22)

is reached, below which the asymptotic stability of Cp,nq is lost 
and the cell switches to the asymptotically stable quiescent state.
Variation of kd1: Fig.  5 shows the effect of varying parame-
ter kd1, the proliferation rate due to NADH. As kd1 varies in 
(0, k1), the quiescent equilibrium remains unchanged, whereas 
the non-quiescent equilibrium changes. The range of variation 
of kd1 ensures that Nnq > 0 (i.e., k1 > kd1). Low values of kd1
correspond to Cp,nq > 0, so that inequality (10) is satisfied and the 
cell exhibits an asymptotically stable positive proliferation rate. 
By increasing kd1, a critical value 

kd1,c = k1 −
kd1kd2k2k4

k3
, (23)

is reached, above which the asymptotic stability of Cp,nq is lost and 
the cell switches to the asymptotically stable quiescent state.



P. Palumbo, S. Brotti and R. Singh IFAC Journal of Systems and Control 35 (2026) 100387
Fig. 5. Bifurcation diagram for parameter kd1 . Gray line: quiescent equilibrium; 
black line: non-quiescent equilibrium.

Fig. 6. Bifurcation diagram for parameter k4 . Gray line: quiescent equilibrium; 
black line: non-quiescent equilibrium.

Variation of k4: Fig.  6 shows the effect of varying parameter 
k4, representing the fold reduction in NADH due to lactate pro-
duction. As k4 varies in (0, +∞), both the quiescent and non-
quiescent equilibria change. Assuming Nnq > 0 (i.e., k1 > kd1), 
low values of k4 correspond to Cp,nq > 0, so that inequality (10) 
is satisfied and the cell exhibits an asymptotically stable positive 
proliferation rate. By increasing k4, from (3) a critical value 

k4,c =
k3(k1 − kd1)
kd1kd2k2

, (24)

is reached, below which the asymptotic stability of Cp,nq is lost 
and the cell switches to the asymptotically stable quiescent state. 
In this case, the stationary NADH concentration at the quiescent 
equilibrium decreases as k4 is further increased.

Finally, Fig.  7 shows the proliferation rate as a function of the 
stationary NADH concentration from (3), illustrating the switch 
between non-quiescent and quiescent states. Once the NADH 
machinery is fixed (i.e., the parameters k3, k4, and kd2 are held 
constant), an increase of N above the threshold Nq triggers the 
transition from the non-quiescent to the quiescent state. Since the 
Warburg effect promotes pyruvate-to-lactate conversion (i.e., in-
creases k4), the quiescent stationary value Nq decreases, so that 
smaller NADH concentrations are sufficient to induce quiescence 
in tumor cells.

5. Numerical simulations

Simulations are carried out according to the following non-
dimensionalized version of the model, in order to deal with 
5

Fig. 7. Proliferation rate Cp as a function of stationary NADH concentration N . 
Gray line: quiescent equilibrium; black line: non-quiescent equilibrium.

meaningful evolutions without addressing the identification task: 
indeed, the numerical simulations are meant to illustrate the 
qualitative analysis and should not be interpreted as predictive 
results. To this end we define the normalized state variables 
Cp = Cp/k4, N = N/k2 (25)

and consider their variations with respect to the cell cycle fraction 
τ = t/T , where T  is the cell cycle length. Therefore, the system 
in (1) may be rewritten as: ⎧⎪⎪⎪⎨⎪⎪⎪⎩

dCp

dτ
= Dc

(
k1

N

1 + N
Cp − Cp

)
dN
dτ

= DN

(
Γ

1 + Cp
− N

) (26)

with 

k1 =
k1
kd1

, Dc = kd1T , DN = kd2T , Γ =
k3

k2k4kd2
(27)

To make simulations we set Dc = 1 and DN ≫ Dc to ac-
count for the fact that NADH dynamics is faster than Cp dy-
namics. Unless differently specified in the figures, the chosen 
non-dimensionalized parameters are below reported
k1 = 2.12, Γ = 10, DN = 50

According to these values, inequality (10) ensuring the asymp-
totic stability of the non-quiescent equilibrium point is satisfied, 
as well as a positive stationary proliferation rate.

Figs.  8–9 show that, by increasing k1 (e.g. by increasing the 
NADH-dependent rate of cell proliferation), cell proliferation in-
creases and the NADH response has a pulse form. The NADH 
decline after the peak is faster for higher cell proliferation, Fig. 
8, according to the Warburg effect in which lactate production 
and mitochondria collaborate to decrease the NADH concentra-
tion, Wang et al. (2022). Further, cell proliferation declines if 
NADH concentration increases after reaching the peak since in 
that case the higher NADH causes cell cycle-dependent apoptosis. 
Notice that, for a very low value of k1, Cp,nq becomes negative. The 
phase portrait is reported in Fig.  10.

Figs.  11–12 show that, by increasing DN  (e.g. by increasing the 
rate constant of NADH flux toward oxidative phosphorylation), 
cell proliferation does not seem affected by changes, as well as 
the decline of NADH after the peak, corroborating that the decline 
in NADH after reaching the peak is responsible for the increase in 
cell proliferation. The phase portrait is reported in Fig.  13.
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Fig. 8. Cp evolution for different values of k1 .

Fig. 9. N evolution for different values of k1 .

Fig. 10. Phase portrait for different values of k1 .

Fig. 11. Cp evolution for different values of DN .

6. Conclusions and future work

In this work, we performed a qualitative analysis of a math-
ematical model describing the dynamic interplay between cell 
proliferation and NADH concentration. Our results demonstrate 
6

Fig. 12. N evolution for different values of DN .

Fig. 13. Phase portrait for different values of DN .

that a cell can transition between a stationary non-quiescent and 
a stationary quiescent state depending on variations in model 
parameters. This bifurcation behavior provides a dynamical inter-
pretation of the Warburg effect, which characterizes the prefer-
ence of highly proliferating cells for aerobic glycolysis and lactate 
production. In particular, an increase in parameter k4, represent-
ing the pyruvate-to-lactate flux, enhances the sensitivity of cells 
to small changes in NADH levels.

The present model assumes single-step processes leading to 
the Michaelis–Menten formalism. Future extensions will incor-
porate two-step processes to introduce cooperativity in the reg-
ulation of cell proliferation and NADH production. Such an en-
hanced model is expected to display richer dynamical behav-
iors, including bistability and oscillations, thereby offering deeper 
insights into the regulatory mechanisms underlying metabolic 
reprogramming in proliferating cells.
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