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Section 1 - Notations

Chapter 1 - Vedic Chart
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Chapter 2 - Numeral Notation

Inhabitants of the land of the Sindhu

% The discovery at the Mohenjo-Daro reveals that as early as 3000 B.C. the inhabitants of the
land of the Sindhu, the Hindus built brick houses, planned cities, used metals such as gold,
silver, copper and bronze and lived a highly organised life. The Vedas, (3000 B.C probably)
hymns of praise and poems of worship, show a high state of civilisation. The Brahmana (2000
B.C) which follows Vedas is partly ritualistic and partly philosophical. In these works are to
be found a well-developed system of metaphysical, social and religious philosophy and the
jobs of most of the science and arts which have helped to make up the modern civilisation.
Here, we find the beginnings of the science of mathematics. This Brahmana period was
followed by more than 2000 years of continuous progress and brilliant achievements. There
were a class of people, the Brahmanas, who took the vow of property and devoted themselves
from one generation to another, to the cultivation of the sciences and arts, religion and
philosophy. The great epic the Ramayana was composed by Valmiki, the father of Sanskrit
poetry about 1000 B.C. Sanskrit grammar - Panini 700 BC. Sciences of medicine and surgery
Susruta wrote about 600 BC. A century later, Mahavira and Buddha taught their unique
system of religious and moral philosophy and the doctrine of Nirvana. With the spread of

these religions evolve, the Jaina and the Buddhist literatures. Some of the earlier Purans, and



dharma $astras where did it in about this time. 400 B.C. to 400 A.D. was a great period of
activity and progress.

e Physician - Umaswati and Charaka

e Grammarian and philosopher - Panini and Patafjali

e Politician - Kautilya

e Chemist - Nagarjuna

e Poets - Ashvaghosa , Bhasa and Kalida

Chapter 3 - The decimal place value system

¢ The third and most important of the Hindu numeral notation is the decimal place value.In this
system there are ten Symbols only, those called ﬁ(mark) for numbers 1-9 and Zero call
[e(empty). Professor Halsted - ‘the importance of the creation of the zero mark can never
be exaggerated.

Forms-
All the Hindu scripts are derived from a common source that is Brahmi script.
Nagari forms -

The most important as well as the most widely used of the different Symbols are those belonging to
the Nagari script . The present form of these

§RIYYEWLWCRO
Place of invention of the new system

The new system is the arrangement of the anka (digits). The arrangement in the old system was that
the biggest numbers were written to the left of the smaller ones. The same arrangement continues in
the new system with place value where the digits to the left due to their place or position have bigger
values. The changes from old to new are found only in India. The earliest epigraphic instance of the
new system was found in 594 AD.

Inventor-

It is not known who was the inventor of the new system, whether it was invented by some Scholars or
conference of sages or gradual development of some form of abacus. The system became quite
popular all over Northern India.

Time of invention -

The grant plates were documented. They were written by professional writers. The existence of such
writers is mentioned in the southern Buddhist canons and in the epics. They have been called lekhaka,
lipikara and later on divira,Karana, kayastha etc. Kalhana - king of Kashmir employed for drafting
legal documents title Pattopadhyaya (the teacher of little deeds). The existence of manuals that are
lekhapanicasika, lekhaprakasa legal and state documents. According to health, the Greek alphabetic



notation was invented in the 7th century B.C. but it came into general use only in the second century
A.D. It took 800 years to get popular. In Arabia the new notation was introduced in the 8th century
A.D. but it came into common use about 500 or 600 years later. In legal documents and in recording
to historical dates the Arabs, even now use their old alphabetic notation. Epigraphic evidences shows
that the new system was quite common in India in the 8th century and the old system in the middle of
the 10th century. The exact date of the invention would be nearer the first century BC. Persistence of
the old system

The names of the decimal place values given by the ancient mathematicians -
Chapter 4 - Table of the Place Value Notation
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Chapter 5- Word numerals
Explanation of the system -

% A system of place value notation was developed in India in the early centuries of the Christian
era. In the system, the numerals are expressed by the name of the things, beings or concepts,
which are in accordance with the teaching of the $astras. Thus the number one may be
denoted by anything e.g. moon, earth, number two maybe denoted by any pair e.g. the eyes,
the hands. The system is used in works on astronomy, mathematics and metrics as well as in

the dates of inscription. The number 1230, may be expressed in many ways-
1. Kha-guna-kara-adi
2. Kha-loka-karna-candra
3. Akasa-kala-netra-dhara

The words denoting the numbers from one to nine and zero, with the use of the principle of place

value , give us a very convenient method of expressing numbers by words Chronograms
Word numerals without place value -

In the Veda, the use of names of things to do not number is not found. We do find instances of
numbers denoting things. In Rgveda, the number twelve denote ‘a year’. In the Atharvaveda, the
number seven denote a group of seven things (the seven seas). There are instances of fractions having

been denoted by word symbols e.g.
Kala=1/16
Kustha =1/12

Sapha=V4



The earliest instances of a word being used to denote a whole numbers are found
about 2000 BC in Satapatha Brahmana and Taittiriya Brahmana. Chandogya Upanisad also
contains several instances. In the Vedanga Jyotisa(1200 BC) words for numerals have been
used at several places. The Srauta sutras of Katyana and Latyayana have the words Gayatri
for 24 and Jagati for 48. In Aitareya Brahmana the word Virat has been used to denote ‘10’ at
one place and 30 at another place. The use of the word Symbols without place value is found
in Pingala Chandah sutra (200 BC). The principle of place value seems to have been applied
to the word numerals between 200 BC and 300 A.D.

The word numeral with place value in its current form is found in Agni Purana. The word
system is used in the commentary of Bhattotpala on the Brhat-samhita has given a quotation
from the original Pulisa Siddhant(400 BC). The number expressed in the quotation is —

Kha(0) kha(0) asta(8) muni(7) rama(3) asvi(2) netra(2) asta(8) $ara(5) ratripah(1)

=1,582,237,800

Chapter 6 - Application of Mathematics

% Sutra by MAHAVIRACHARYA in GANITSARASANGHRA about the different fields where
Mathematics is Used : (Verses - 9-16)
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FETETGTRY 60T Tg&gal | FRTd Toagal T a5 g ol
AR HEITCATHIRATT: | HIeTcdedi Al el [hehedT aT eI |
ARHTOT o HIT AT rgehlcenT: | FehTOTeRSATOTCAT Jedecl 0T o |l
IOTAT o HEYTAARGISCIUEY: | THTEAT: Wigdreare™ ad d aiforarsr: |
f&h Yol Ferrery | afchfRgfaeg acad aiftrae e« &

9. In all those transactions which relate to worldly, Vedie or (other) similarly religious affairs,

calculation is of use.

10. In the science of love, in the science of wealth, in music and in the drama, in the art of cooking,

and similarly in medicine and in things like the knowledge of architecture

11. In prosody, in poetics and poetry, in logic and grammar and such other things, and in relation to all
that constitutes the peculiar value of (all) the (various) arts: the science of computation is held in high

esteem.

10



12. In relation to the movements of the sun and other heavenly bodies, in connection with eclipses and
the conjunctions of planets, and in connection with the triprasna and the course of the moon-indeed in

all these (connections) it is utilised

13-14. The number, the diameter and the perimeter of islands, oceans and mountains; the extensive
dimensions of the rows of habitations and halls belonging to the inhabitants of the(earthly) world, of
the interspace (between the worlds), of the world of light, and of the world of the gods; (as also the
dimen- sions of those belonging) to the dwellers in hell: and (other) miscellaneous measurements of

all sorts-all these are made out by means of computation.

15. The configuration of living beings therein, the length of their lives, their eight attributes and other
similar things, their progress and other such things, their staying together and such other things-all

these are dependent upon computation (for their due measurement and comprehension).

16. What is the good of saying much in vain ? Whatever 'there is in all the three worlds, which are

possessed of moving and non-moving beings-all that indeed cannot exist apart from measurement.

Section 2 - Arithmetics
Introduction

% One of the most prominent portions which is discussed in ancient India is arithmetic. The
word patiganita was used for arithmetic. The word patiganita is consisting of two words
namely, pati means board and ganita means science of calculation. So patiganita means the
science of calculation. It is believed that this term originated from Northern India. The oldest
Sanskrit term for the board is Falak or not pati. The word pati seems to have entered into
Sanskrit literature about the beginning of the 7th century A.D.one of the most prominent
portions which is discussed in ancient India is arithmetic. The word patiganita was used for
arithmetic. The word patiganita is consisting of two words namely, pati means board and
ganita means science of calculation. So patiganita means the science of calculation. It is
believed that this term originated from Northern India. The oldest Sanskrit term for the board
is Falak or not pati. The word pati seems to have entered into Sanskrit literature about the

beginning of the 7th century A.D.

In arithmetic the eight fundamental operations i.e. addition, subtraction, multiplication,
division, square, square root, cube and cube root are highly practised. In ancient literature the
applications of all these areas are explained in great details. Without the applications of all these eight

operations the mathematicians would not be able to practise arithmetic in any context.

11



Chapter 1 - Addition (Hgeheh eld)

Terminology
Hindu name for addition is Hehfeld
HHA+RTld =made together

T SEATHDRIRUT TEGUT TIhierd | ¢ |(TEIToTe)
FeTfAeHTd, 3%Ee 11

“Making it into one of several numbers is addition.”
There are two processes of addition and subtraction given by our ancient mathematicians, that are I)
direct process and ii) inverse process.

Method -

In the direct process of addition the numbers to be added are written down one below the other then
put a line in the bottom. Then start doing the sum from the unit place(right side).

In the inverse process, the numbers standing in the last place (left side) are added together first then
the next place and so on.

Now let us see the verses and methods given by the ancient mathematicians-

Verse
1 HIGCh A S YATSTh AN AL ehHr ar (123
—olreradr
JYUTEYT SGshHUT AT IS ATgehal: |
ﬁaﬁgﬁﬂa@ﬁgﬁfamuc I
~AgceTH Tl
Glossary

8.9 HAT- in a natural direction
R.3chHAT- reverse order or backwards
3197 - add

8. IYTEYTeA- proper place

9. #elol- matching

€.faaSTeT- subtract

Meaning -

Addition or subtraction of numbers should be done in direct or reverse order according to the ranks.

12



Finding the sum of two quantities by adding the numbers in them either in direct order or in reverse

order is called addition. Similarly finding the difference between them is subtraction.

Direct process-

<l 37 ul RT C. y
7 7 1 5
6 3 J D
+ O 0 D 5
Carry over |/ / /
ligits
= 2 0 1 D 0

Inverse process-

«» Started from the left




m 5 4 3 8 g
2+6+6) |1 4

5+3+4) 1 2

9+5+3) 1 7

1+2+8) it 1

2+3+3) 8
= 1 S 3 8 1 8

Exercise -

1) 2365+6321
2) 5639+7653
3) 4381+6409
4) 3759+6081

Chapter 2 - Subtraction (STIhiod)

Terminology
The Hindu name for subtraction is Tdehfeld
fa+31a+afeld = made apart

TEUTET HAUAT dedadhioid o Aeh ATH 121
HeTfAeHTd, 3see 11

“The taking out (of some number) from the sarvadhana (total) is subtraction; what remains is called
hsa (remainder).”

Method
The process is similar to the addition process.

14




« Direct process of subtraction

31 RT C. y
4 5 7 1
2 7 8 2
-1 -1
Remaining 4-1=3 5-1=4 7 -1=6
digits
Borrow 1=14 [Borrow 1=16
= 1 7 8 9
« Inverse process of subtraction
Started from the left
RT L u
5 7(17) D(10)
1 D D
= a R R
1 1

15



Exercise -

1) 3421-2653
2) 5409-3285
3) 2876-1427
4) 6548-5321

Chapter 3 - Multiplication(¥cgcHes1)

Terminology

The Hindu name for multiplication is I[0TeT|

This term is the oldest one because it occurs in Vedic period.

Some interesting names for multiplication were given by the ancient mathematicians, that are- gele,
dY, &7 which means ‘killing” or ‘destroying’. These names came into use after the invention of the
new method of multiplication with the decimal place-value numerals; in the new method the
multiplicand rubbed or destroyed by the new product.

UG IELTAIR IUThTeT FATIA Il R |
Wmﬁ@ﬁ?ﬁwmaﬁm‘rﬁr 11311

Method
There are multiple methods of multiplication that were given by the ancient mathematicians. We will
discuss all the methods in detail.

STEAThC ACHTod

IO RYUSIeII[UAT NHTIRTHAION: |
H%Fr uccho-dl d|U|eh|<q~»31q<-|<»<4| aTII<8°3||
I ARIAOTR TSR AT |
mﬁw‘éﬂmﬁrm@smﬁaﬂaﬁ:m 91l {SEATHTACHTd (SEHIC)}

Glossary

¢. 9[0T - multiplier

R.9[0Y - multiplicand

3.9US - part

¥. ?ﬂ?:l('\ﬁa?l' - cow’s urine, zigzagging
$.9cgcYeal - multiplication

16



€377 - amount
b.S°C - sacrifice,wish
¢.81G- splitting, breaking

Meaning

In Gomautrika, multiplier will be split up into two or more parts or split up by their place value and
then multiplied with the multiplicand (¥]99). The multiplicand will be shifted according to the places
of the multiplier , and the result of the multiplications added according to the places; this gives the
result of the multiplication.

The multiplicand is multiplied by the multiplier as many times as there are component parts in the
multiplier , this process is called Bheda.

Assume a number and then add or subtract from the multiplier. After that multiply the multiplicand
with the added or subtracted number and multiply the multiplicand with the assumed number
separately. Then the results of the multiplications would be subtracted or added accordingly.

Thus Brahmagupta has mentioned three methods:
(1.1)Gomiitrika (FFTA)

(1.2) Bheda (%)

(1.3) Ista (352)

The book entitled “In the History of Hindu Mathematics” the author has mentioned four types of
processes namely - (1) Gomiitrika (2) Bheda (3) Ista and (4) Khanda . But according to the
commentary of Prthudakaswami there are three processes namely - (1)Gomiitrikda (2) Bheda (3)
Ista. The commentator makes it clear that the Khanda and Gomitrika come together.

IO RE eI EATHIEUST AT 0T FATIEATE: GUST[H[Fehlehall ITOTd: Hige:

A ool I[0TeT ol Hafd|” (commentary of Prthudakaswami)

1.1. Gomiitrika (FN#I)

The first process is Gomiitrika . It is similar to the course of cow’s urine, going alternately to the one

side and to another side means moving in a zigzag way. The following illustration is based on the

commentary of Prthudakaswami. Two methods come under this process.
(1) In the first method the digits of the multiplier would be separated by their places, then
severally multiplied with the multiplicand and multiplicand would be shifted accordingly.
To explain it more let us see the example -

1863x145

1863 is multiplicand 145 is the multiplier .

This process looks like this-

1863 x 1
1863 x 4
1863 x5

17



(i1) The second method of Gomiitrika is to split up the multiplier in parts.

Let us understand this process with an example -

325x112

112 is the multiplier , we will separate them in two parts one is 11 and second is 2.

325x2
H. | |q. T,
3 2 5
X 2
1
6 5 0
325x11




3. T .
6
+ 3 5 7
1 1
i 3 6 4

The final result is 325x112=36400

1.2 Bheda (35)

Second process is bheda. This process consists of two m(i) The multiplier is broken up into two or
more parts whose sum is equal to it. The multiplicand is then multiplied severally by these and the

results added.

Example
674x24

24 is the multiplier. Let us break this multiplier into two parts. So, 20 and 4 these are the two parts. At

first the multiplicand will be multiplied by 20 and then by 4. After that we will add the results.

674x20 -
F. |9 |¢ |a | T
6 7 4
X 2 0
Carry 1
over
digits
B 1 3 4 8 0
674x4 -

19



carry 2
= 2 6
3. . <.
1 3 4
+ 2 6
carry 1 1
= 1 6 1

= The result of the multiplication 674x24=16176

1.3 Ista (3°C)

The third and last process is Ista . Istameans iccha (wish) but here the meaning is assumption. We
have to assume a number according to the multiplier then add or subtract from the multiplier . Then

multiply the multiplicand with the increased or diminished number and with the assumption as well.

Then add or subtract the products respectively.

This process is of two types - 1) add an assumed number from the multiplier or 2) subtract an
assumed number from the multiplier .

Let us see the first process with an example-

456x23

Assume number- 7

Here the multiplier is 23 and the assumed number is 7. Assumed number will be added with the

multiplier.
23+7=30

In the first step, multiplicand will be multiplied by 30.

4
X

1 1

= 1 3 6

Now we will multiply the multiplicand with the assumed number.

20



g |Uq. |c [T
4 516

X 7
Carr 3 4
y
over
digits
= 3 1 9 |2

F. |49 |A. | <c Iy
1 3 6 0
- 3 1 2
= 1 0 4 8

Now we will see an example of the second process—

456 x 25
Assume number - 8

Here the multiplier is 108 and the assumed number is 8. Assumed number will be subtracted from the

multiplier.
25-5=20

In the first step we will multiply the multiplicand with the diminished number, then with the assumed

number.
4. .
4
X
1 1
9 1

RT

I

21



Carry over digits 2

Now we will add the two products (9120 and 2280).

Hed RIsh cRTeh
O 1 Y
+ D 2 8
1
= 1 1 4 0

Exercise
1) 342x45
2) 764x78
3) 456x765
4) 321x143
5) 4087x5432
6) 7302x421

22
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=T JUT SHareaf-tshauT JORT: |
ORI AT TS ATHATIIOT aT ShaA2l: 112¢] |
AT CARY dd: dacaf-ysiafes Fom |

ATREATET S TEATCT G T eI eI e 11231

FIEATATIHTING, SIET HACEUSH7h FUTH |
e cTeal Iq el UMl TealR 101 |

Glossary

¢ .faeTET - to place in a special way
R.Faredfy- door injunction
3.%AUT- in a natural direction

Y faaNa- reverse order

8. dcEY- cross multiplication

€. 3TAATIT- parts multiplication

. TUTATAHTIT- separation of places
Meaning

Place the multiplicand below the multiplier as in the junction of two doors. Then multiply in the
inverse or direct order and move the multiplier each time. This process is known as Kavatasandhi.

When the multiplier and multiplicand remain in the same place, then the process is known as

Tatstha. The process of multiplication called khanda is of two types

1. ¥YTIHTET it depends on the multiplie, which is split up into two or more parts whose sum or product

is equal to it.

23



2. TATATIHTIT in this process the digits standing in the different notational places (sthana) of the

multiplier are taken separately.

i) harea= (Kavatasandhi)

1) I (Tatstha)

iil) @US (Khanda)

1.Kavatasandhi (aTcaie¢T)

It can be done in two ways i.e. inverse or direct.

Let us start with the direct process.
e We will take two numbers multiplicand and multiplier - 123x21

e In this process the multiplier would be placed up and multiplied in the below.

2 1
1 2 3
X
= 1 2 6 3
Shift the multiplier into the left.
2 1
X 1 2 6 3
2x2=4 (2x1)+6=8
= 1 4 8 3




shift to the left

D 1
X It 4 J
= D 5(4+1) J
Inverse way-
123x21
Shift to the right
2 1
X 1 2
= 2 1 2
D It

25




X 1 D B
= 5 D 3
Hed RIcsh CRIh Thch
2 I
X 5 D B
3x2)+2=8
= 5 g B
2. Tatstha (d¥¥) -
This is called cross multiplication.
814(multiplicand)
526(multiplier)
oT&TH Igd dgd Adeh e
2
4x6
1 4
(6x1)+(2x4)
7 0
(6x8)+(5x4)+(1x2)
2 1
(2x8)+(5x1)
8x5 4 0
= 4 2 8 1 6

26




3.Rupa Vibhiga (FIfd$9T) - Brahmagupta named this process as Bheda.

4.Sthana Vibhaga (FUTATIHTIT) - the multiplicand would be divided by their place.

3254x462
400+60+2
qgd Adh CRlh Tchch
3 2 5 4
X 2
Carry 1
over
digit
= 6 5 0 8
cTeTH 3T e RIceh C.R1h Tcheh
3 2 5 4
X 6 D
Carry over 3 D
digit
= I 0 5 2 4 D




g CT&TH Lm TR
D 5
X & 0
Carry over I
digit
= 1 B 6 0
Aga et RIAH {1
5 0
1 2 4
- 1 3 6 0
(Carry over 1
digits
= 5 3 4
Exercise -
1) 3098x532
2) 7640x4320
3) 5438x3076
4) 3219x2876
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ORI UL HdlcHHshAUT HEUTY |
TRITGUSAENTAHTAAHATIEITH 12 ||

Meaning

Placed the multiplicand and the multiplier one below the other in the manner of hinges of a door, the

multiplicand should be multiplied by the multiplier, in accordance with either of the two methods

namely normal or reverse.

Split up the multiplicand or the multiplier into two or more parts. Then multiply the multiplier by a

factor of the multiplicand or multiply the multiplicand by a factor of the multiplier.

When the multiplier remains in the same position, then the process is known as Tatstha.

¢ FaredixT (Kavatasandhi)
QAT (Tatstha)

3.9Vs (Khanda)

We have discussed all the processes in the previous part.

2

JUIECTLNS T AUTEUSY e @USH: HITOTAr Jerar Il 15 |
el 0T e AT AT ofetqT T IUAT I[TOT e T |

e $AgUIasTT Td TUTet: GYaaT IO FAT: 1| 16 |
Sl He UI eaTsfiveesteruarzadatsrdrar Il 17 |
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Meaning -

Multiply the last digit of the multiplicand by the multiplier, and move forward. In this way, multiply

the multiplicands from the penultimate one onwards. This process is called rupaguna.

By splitting up or breaking up the multiplicand or multiplier into two or more suitable parts whose

sum will be equal to it should be multiplied by the multiplicand or multiplier.

By dividing the multiplier by any number which will be an aliquot part of it, multiply the multiplicand
by that number and then by the quotient that result is the final product.

The division of the number is of two types- (i) on the basis of places or (ii) on the basis of addition.
Thus, the multiplicand should be multiplied by the two or more parts of the multiplier or the

multiplicand. At last, addition will take place and we can get the final result.

Assume a number and then add or subtract from the multiplier. After that multiply the multiplicand
with the increased or diminished number and with the assumed number separately. Then the results of

the multiplications would be subtracted or added accordingly.

1. EEU;I'UT (khanda Guna)

2. ®YIUT (Rupa Guna)

3. faSITEIOT (Vibhagaguna)
4. ET190T (Sthana Guna)
5. $SCIUT (Ista Guna)

Let us see all the methods with examples for better understanding-

1.khanda Guna (@s7[0T) - 135x12

We will divide 135 into two parts 13 and 5.

LIFF:F C._0h Tchch
I 3
I D
Carry 3
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5
2
X
= 0
RIdh CRTh Tcheh
5 b
- b 0
Carry 1
= 6 D 0
2.Rupa Guna (¥97]07) -
135x12
100+35
- 100x12
RTch SED Ucheh
I 0 0
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£ I D 0
- 35x12
RIdh C 2Tk
3
X 1
Carry 6
= 4 D
e _TcTh 3Tk
1 D D
- 4 .
£ 1 6 D
3.Vibhagaguna (femmerayon)
135x12
135=27x5
- 27x12

32




Adeh GRIh
2
X 1
Carry over 8
digits
= 3 2
- 324x5
RTc<h CRIh
3 D
K
Carry over digits I D
= b D
4.Sthana Guna (Q:?JTFI?IUT)
135x12
100+30+5
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Rl
1 D
I
P D
RTceh CRIh
3
I
3 b
GRIh
1
6
SRR RIcTeh CRIh
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Carry over digits

5. Ista Guna ($SCI0T) -

135x12

Assume number is - 4

12-4=8
SRRz RIcTeh G Rk
1 B
X
Carry over digits 2 1
S 1 0 B
NEED eIk Uheh
1 3 5
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X 4
Carry over digits 1 D
= 5 4 0
e d RIcleh L RTh Theh
1 0 J D
X 5 4 D
Carry over digits 1
n 1 6 D D
Exercise

1) 8021x345
2) 5631x765
3) 2086x432
4) 5193x2186
5) 3280x2081

'0

% TGcAHATT, AFITHA

AT gTee Hale] JUAC, 0T JUITGhI |
0T IORGUSHHAT GUSEAATY TGO 1R |l

Meaning

Multiply separately, the last, last but one etc. digits of the multiplicand by the multiplier. The sum of
these (in accordance with the place values in the multiplicand) is the product. Or multiply, severally,
the multiplicand by any number of terms into which the multiplier is split. The sum of these is the
product.

36



¢.@3
REYTAIOT

These processes are mentioned with detail in the previous part.

Chapter 4 - Division

Two Methods discussed below from Sadratanamala and Lilavati

LT gRY GRIAHEACh e §0T 37 | 8T, YTd: T TtIehgRehoT dUleshaTe |10 ||

& A gYUTH ? (In First stanza question is asked)
Second stanza with procedure

cb=a

c is Result

b = divisor

a =dividend

gR: x EUThelH = gI:

Ieest: = A gl 3Tl

gled = qorafa
3TITHRH = TAATIRHA |

FITATF R = ETeI e g : (BR:)
3cohATd gTaTd

Keep dividing till you get a reminder smaller than the divisor.
Example : 256 / 8 =32

HISATEER: YT JeI[UT: TATe] 3o dTe], Bl ol Te] HEER
Wmmma afa gFea

e : YEIIOT: X: e AT HISAT YT Tl Wo HETER PeId TI| FF3Td J AT hedTTd aT
mm—mm(mm|

HATSTH = No. of Dividend = Dividend

g¥, 8 = Divisor
T = to divide fully 399y = divided by common factor

Chapter 5 - Square

Sanskrit term for square is varga or krti. The origin of the term is from, graphical representation of a
square. The commentator Parames$vara : The Four sided figure whose sides are equal and both of
whose diagonals are also equal is called samacaturasra.
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Method first occurred in the Brahma-sputa-siddhanta, it was known to Aryabhata 1 as he has given
the square method. Sridhara , Mahavira , Bhaskara II and others have given methods to square. What
is the need to include these many methods to solve problems in books ?

In Modern school methods we can see only 2 - 3 methods to solve the given problem, student rote
learn and use in exams, but if we need to increase skills like Thinking Capacity , Creative Problem
Solving , Decision Making , etc. in students they should be given different methods than 2 - 3. No
need to limit students on given selected formulas if answers can be concluded using other methods as
well. This was the same technique used by Mahavira in Ganita-Sara-Sangraha by introducing many
different methods to solve Squares in the Sttras. Important to note in terms of sanskrit , a short sttra
(3TeTTeRH 38 fee el TRAd faRadle@ | eI 3fefded o I: FATdar fag: Il ) can explain

more than one formula, see below :

Mahavira in Ganita-Sara-Sangraha Stated:

i G RATT O (TOTTHREIE)
ciaHATET HTd! aT TSI Ieaded USehicl: | Tahlice dadearreayidar siaegdr: || R |

In this Rule 29 Mahavira gave three methods 7

Expressing Algebraically, comes out :

a x a = a? ( The Multiplication of two equal quantities) ;

(a+x) (a-x)+x*=a? (Multiplication of the quantities obtained by the Subtraction and Addition of
any assumed quantity , together with addition of the square of assumed quantity.);

1+3+5+7+... to a terms = a*( The sum of a series in arithmetical progression of which 1 is the first

term 2 is common difference and the number of terms wherein is that of which the square is required
gives rise to the required square.)

CTaEATA AT RN FaaHAT: | AN Shaellclel &ae[ulel fafAar aat: || 3o |

In Rule 30 ¥dTsA here is place in notation. After interpretation the rule works out to be

The square of numbers consisting of two or more places is equal to the sum of the squares of all the
numbers in all the places combined with twice the product of those numbers taken two at a time in
order.

(1234)*> = (1000% + 200% + 30% + 4%) + 2(1000 x 200) + 2(1000 x 30 ) + 2( 1000 x 4) +

2 (200%30 )+ 2 x (200 x 4 )+ 2 x( 30 x 4) = 1522756

(I+2+3+4)2= (12+22+32+4)+2(1x2+ 1 x3+1x4+2x3+2x 4+3x4)
=100

Fedlecddh(d GraredNIee dUTH-caH Ay | AuTIcarid Hofar fafea a9f 1| 3¢ I

and then multiply this last figure , after it is doubled and
pushed on to the right by one notational place, by the figures found in the remaining places. Each of
the remaining figures in the number is to be pushed on by one place and then dealt with similarly.
Understanding rule with example:

Square of 131:
12= 1
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2x1x3= 6

2x1x1= 2
3= 9
2x3x1 = 6
2= 1
@)

In Sadratnamala most interesting concept of Katapaydadi in introduced to remember square of

numbers.

TATTERY el HEAT heudcy: |

A% qUIecg e &A1 7 I Recdl gelEa?: 1131l (FeuAeHsEa=a:)
(3.3)

e |3 |y lsleflvw]c|’]e

F|g|am|glF |||

cla|g |g|or glg|ula

g |w|T |H|A

g |T | |gl|la|v|T|s g
p=u
et
T

FIREHH

@WW:WQT:@:I
T aT YeTEAC T IS Urde gu afe 122 i

In above siitra Katapayadi Paddhati is used :
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cadT: HATHAT: HSEATAT: IOAH de: 3Ty | Tehel: oA US: fAfése: a9l =

wmﬁa‘ggmqw:u
?:)T:E'QTUT:'Q\ fa'

¢ [¥ [ Ro [&% |9 | &3 |R¥ ¥E& 114

e ¥ R & | k9 | 38 | ¥R &Y 14

YA s gas: AuIsT gfaeaecgesr fasiai |

3UTecATTGH 3rUICER s foham &ict: | R ||

Process left to right. The digit on the extreme left is called 3Tec3,that on its right is 3Yecd next to
last. 3fecT is squared and placed and remaining multiplied from left to right by twice the last digit ,
placed as a part of the square already placed starting from next place. Procedure continues until digits
are finished.

956 [9 3ecT ; 5 3YecT]

956
Placed 92 81
Add2x9x5 90
Add2x 9x 6 108
910 8
Add 52 25
Add2x5x6 60
91390
Add 62 36
913936
YUSEaTRTAGIdEs] @USE I add Pid: |

FeATsOTE a3 iST T Fher: Il 23 I
In above siitra 2 technique has been given
a?=b%+c?+2bc (1)

a?=(a+tk)(a-k)+k?

Chapter 6 - Cube(deT)

In Siatras of Ganita-Sara-Sangraha and Sadratnamala there are given different methods of solving
questions related to Cube.

Mahavira in Ganita-Sara-Sangraha Stated:

USIH UTUREAH FOTGH (ATOTTHREE)
AT TET: TSI A=aRIETT a7 | HeTI[ATUTseehedl Hididl gorced TSCET | ¥3 ||

C
In Rule 43 Expressing Algebraically, comes out :
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a x a x a=a’ (The product of three equal quantities);

a(a+b)(a-b)+b?*(a-b)+b*=a*(The product obtained by the multiplication of given quantity by
that given quantity as diminished by a chosen quantity and then again by that given quantity as
increased by the same chosen quantity , when combined with the square of the chosen quantity as
multiplied by the least of the above )

gserfee favurse TS ueTraals e aSehid: | CAFSCEARIGe aaaSCHSFIGFAT aT || vy
TehTfeEdseys d TRY TROT HIURI | JOTTHATH ETIUTERACT Il il 37afel || ¥l

eI AEYTehT: REREAATION G | Yokd e AJueEailiead geea || ¥& ||

IHocT e eT: IR AT Bgalcard ANaIOTr aT | AVpiaETecdgar TurAicardasn fafer: | ye
I

Chapter 7 - Square root (a?ﬁqumj

Terminology
Hindu terms for square root is ‘},ﬁ: 9cH’ or g Held .
YcH - It means a foot of the leg, foot, a square on a chessboard, cause, side, place, part or portion.

HeTH - It means root of a plant, lower part of the plant, basis, foundation, cause or origin.
&M is found to have been used in the Sulba works and prakrita literature. But in later times, this
term is reserved for a surd, i.e. the square root which cannot be evaluated.

So figuratively it implies the base or the lowest part or the cause of something. Here it is the base or
lowest part of a &7 or fﬁ i.e. the square.
Out of these the term #ef#H is the oldest. It appears in HW (c 100)

Definition
UG HIHAA I | - TeATHeTeUTed 18.35

qc, = square root

Ffd = square

C

Meaning

The square root of a square is that of which it is square.

Methods

Two totally different procedures to find the square root can be found in the ancient Indian texts.

1) By Arbitrary number (35CTSehe] TaHcATshaT)

This procedure can be learned by the students of the standard 4th as it involves the methods :
Multiplication, division & average. Interestingly, this exact method is applied in algorithmic systems
by computers.
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Verse

ST ASCHARISE hd: T&H | - FereaTATeT £.9%

Steps to follow

1) Choose any number as SSCTSh

i) Divide the square number by $8cTS5<h. Here quotient will be obtained.

ii1) Take average of 8CTg<h & quotient. This average becomes SSCTSh.

iv) Repeat the whole process till the divisor equals the quotient which is the square root.

Examples

1. V625 =2

$oCIgsh =20

625 +20=31

Average = 20+31 =512 =25
Now 38CTSeh = 25

625 +25=125

Here quotient = divisor = 25
Hence V625 =25

IT) Basic Method

This method is convenient for the students of standards 6th to 8th. Remembering two digit
perfect squares is required for this method.

This method is common in most of the Ancient indian sanskrit texts such as HgcadHTeT,
qIEITIOTH, JTIHEIH, IOTTIRTSAE & ollelTdal.
Verses
JICHTET Felol SAEaT Taalcld: Gl |
aa’rﬁﬂﬂ qead: e FINCYETT ||

- g colHATelT 8.¢Y.

mmﬁwmml
amﬁaa?‘f%la?} ofst] TUTATecX HAH |l
341?&34’&11???3

Steps to follow
1. Start labelling the digits from units placed as 3T & 37d9T alternately.
eg. In the number 2916,

6 =g,
1= 37997,
9 =gd,
2 =31gdT

2. Now start from the 1st @A from the left. Subtract maximum perfect square from the
TS number. Here JYHHCT is obtained as the root of that subtracted square.

g g Ed gd
2 9 1 6
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0 4
So, FUHH = 5.

3. Now drag the number down from 37T and divide it by (FIHHAT x 2). Here,
SIAdTIH is obtained as a quotient of the division.

~ N

@ I g g
2 9 1 6
2 s
10) 4 1 (4 — gfaciaeer
i 0
0 1
4. Now, subtract the square of the q%?hmg repeat the same procedure till all the digits get

used. Having remainder as 0 at the end of the procedure is the tally point of this method
which ensures that the whole method has been done correctly.

g g Fad g
2 9 1 6
100 4 1 (4 — gfaciaeer

A

0
0 1 6
s
0 0 — Tally point

5. Now arrange the TIHHT, E{ﬁ?ﬁ?:mg, etc in the order from left to right to get the final
square root.
In the solved example,
TUHHASA - 5, SAAIHS - 4

Final square root = 54

Example
\459684

H d k) d 3 d
4 5 9 6 8 4
-3 6 — 6 = 1st root
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12) 9 9 (8 — 2nd root +(6%2)

-9 6
0 3 6
-6 4 -8
-2 8 — Thus tells the 2nd root is wrong.
12) 9 9 (7 — taking the previous number, 7 = 2nd root
- 8 4
1 5 6
- 4 9 -7?
134) 1 0 7 8 ( 8—3rd root= (67%2)
-1 0 7 2
0 6 4
-6 4 -82
0 0— Tally point

Final Square root = 678

-III) 3{FT Method

This method is the additional method to the previously explained most common method. I3fd
method tallies the answer one more time. This method is followed by GIERTOITH, IOTTARIZIE &
SrelTad. However GIEIITTOITH, ITOTTHRAZIE focuses mainly on TSTFd part and SlelTacd follows

simultaneously both the methods.

Verses

a—ﬁammaﬁwﬁﬂaﬁml

HGY-I*ICN-CQI\TQIOE cu dIUIC\o{ CIJIH(‘{‘-I"O{H Il

- Tm?.:’»ﬁ

AN

TS ATCTE s ear qaEd=Teg e ol |

N

afamﬁamqw%ﬁaam—qﬁa‘r IRl
deadt e SRl Hata qdaeeeyd |
SeET el fsrorEs SfeoaRet aeie IIR¢ I

- QTETOTaH
Il sthid delcafavATeoTst gfafesd =aad |
J5&cdT U5TFdad THswa [aYATcdFcareaddl bol
IgFcT TG TaIOT =AAfafd 7g: TFdce TACICH

CICIECIRERL
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Follow the previously mentioned common method as it is.

Make a table of two columns out of which one column is el & other is ggfFd.

Each time place the HeT in the el column and twice of the el in g5 column. Add the
numbers in I8f&Fd column by placing the digit one place to the right. (TATA-3TIHYT)

The number got by addition is the number with which the obtained number in the second step
is to be divided.

Example

V151321 =389 T ysied:

¥agyaxaqa
151321
9 3 3x2=6

+
6)6 1(8 8 8 x 2 =1 6 (TUTT 3TYHYT)
4 8

76

J’_

AN W
B~ W

76 )6 9 2(9 9 9x2=018
6 8 4

7782 =389

Analysis of the Method

1.
2.

Eal A R

In this way, this method tallies the answer one more time.

It also gives a ready number to divide which is required in the next step. Eg. in the above
example we get a number 76 which is in the next step a divisor.

By placing the next number at the one place to the right position, it eases the calculation.

As we doubling the root & placing itin a tlg%cr column. It gives a number which is naturally
twice of the root.

Importance of the Ancient Indian Methods

Methods are precise, easy and accurate.

Methods include the fixed 2-steps, which when followed give accurate answers.

It has a tally point by which accuracy of the answer can be checked.

Method itself tells if the answer goes wrong by giving a negative number as the output.

Methods in the SSC & NCERT Syllabus
Nowadays different methods for finding a square root are taught in the schools. These methods are
explained below.

45



I') SSC Method
V2916

> 2916 1. Keep dividing by the smallest possible prime number. Till the last
number obtained as 1.
2 1458 2. In the divisors column, take 1 common number out of two and
multiply them to obtain the root.
3 729 Eg. In this example, Root=2 x 3 x 3 x 3 =54
3 243
Limitations
3 81 1. Itinvolves guessing the divisor.So calculations may go wrong.
2. As the divisor is always a prime number, guessing the numbers above
3 27 100 or 1000 becomes difficult.
3 9 3. As the number increases it becomes more lengthy and consumes time
& is difficult to calculate. So, this method is only restricted to
3 3 four-digit numbers.
1
IT) NCERT Method
V2916
Example Method
54 Answer
29 16 1. Place the digits in the group of two
- 52 -25 2. Subtract Biggest perfect square. Here, its root is
the first digit of the required square root.
5x2=10 04 16 3. Multiply its root by 2
- 104 x4 - 416 4. Find the number which when placed in the right
of the previous number and multiplied by the
0 00 same will get subtracted from the square number.
In this example, the number is 4.
Limitations

1. This method also involves guessing the number in the 4th step.
2. These steps are lengthy and time consuming,.

3. There are high chances that the final answer will go wrong.

.0

Example - 14>

% Comparing the Ancient method & Formula
{Formula = [(a + b)? =a’+ 2ab + b ] }
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Ancient Method Formula

1= 31T , 4= 3 (10+4)

ez =1 10? =100
2x1 x4=08 +2x10x4 = 80
ez =016 +4£2 =16
14 =196 14 =196

Thus the Ancient method avoids zeroes & hence complications in the calculation.
“FUTeT 3YHYUT manner i.c. leaving one place and placing to the right helps to reach to a
accurate answer.

e 3YTecT? should not be places in “ETeT 39&YUT manner.

Chapter 8 - Cube root (HsT#clH)

The first description of the operation Cube root is found in the ITIHTET. The method is mentioned
below as a basic method.

I) By Arbitrary number (3¢Sl TaHcATshAT)

This procedure can be learned by the students of the standard 4th as it involves the methods :
Multiplication, division & average.
Verse
Tl GIaNCTSCAIMIATIRATIAA | - HercoTATeT 2,28
Steps to follow
1. Choose any number as $5CTSh
2. Divide the cube number by $8CTSh. Here quotient: (q:) will obtain.
3. Divide the q: by $8CTg<h. Here quotient: (q2) will obtain.
4. Take average of $5CIgeh & quotient.. This average becomes SSCISh.
5. Repeat the whole process till divisor equals to the quotient: which is the square root.
Example
Y512 =2

geTgR: = 10
512+10=51 - q
51+10=5— qs
(5+10)+2 = 7 —8CTgeh:

512+7=73 > q
73+7=10 - q
(10+7)+2 = 8 — S5€TSh;

512+8=64 - qu
64+8=8—q2

Here,

38CT13hs = 2 = cube root = 8



IT) Basic Method
This method is convenient for the students of standards 6th to 8th. Remembering three digit perfect
cubes is required for this method.

This method is common in most of the Ancient indian sanskrit texts such as HgcalHIelT,
IERTIOIAA, 3MTIHERIH, AOTARTSTE & wArelad
Verses

l. AT 0T HeaaATastdlsecdd: |
ST TAEATINGES: AEIRATCTE, TATE, Ted: || - e HTel £.9¢

2. A u-eUgdaH b A Agasioa sy |

q@ﬁwﬁ QITWTQI’[?:&EIFTSQIWII-UTWWF?%

3. 3TEAT 379 &adiaTd ol gerey FHeraafor |
a?ﬁf?arqéfrrfﬁa M mmeauﬂmll-mw

4. 37T TATATAFATE e YATALTsec AT Taldl faie |
mm&wwﬁwmﬁmwa [
UgFcdl =daqd. dcqw'c‘mrcqldtﬁl et o d dcTTATT Heled |

mmmﬂﬁa%ﬁaﬁﬁma gL ||-aﬂ?»|Ta?ﬁw 2y

5. wmaﬁmudam*ldluadluuw T\ I
Qﬁtmﬁqévmqwuﬂa’rua’rml SEATHEACHTeA 2.

6. HAYGHHAYS & Ul (9S)dlsIEY HelueIHerH |
TS JAIIGEATTECTGeTSead or (IR |
Wﬂﬁm%‘rﬂrﬁ?ﬁlﬁﬂﬂml
a—aﬁa‘aquwaa?ﬂ‘r FBUHEcTgaA |l 30 |
STEATG AT TaE, BT @ FAEr |
aqw-chmawars—amﬁﬁlﬁm | 3¢ || - RIS

~

Steps to follow
1. Label the digits from the unit's place as oI, 3781, 3Te].

2. Subtract maximum perfect cubes. Here, root = YIHBb T
3. Drag the next number and divide the number obtained by (3xTIHB?)
4. Subtract 3xTAAHAXEIAATD )
5. Subtract (a:ﬁ?ﬁ?:l'qv_ol'f
6. Repeat the whole process till the remainder obtained as 0. This is the tally point.
Example
19683
deT Yol 3deT  3Yed Yol
1 9 6 8 3
- 8 — Istroot=2
12) 1 1 6 (9 — 2nd root

- 1 0 8



0 8 8

- 4 8 6 —not possible, .- taking previous number
12) 1 1 6 (8 — 2nd root
- 9 6
0 2 0 8
- 3 3 0 —not possible, .". taking previous number
12) 1 1 6 (7 — 3rd root
- 8 4
0 3 2 8
- 2 9 4
3 4 3
- 3 4 3
0 0 0

Final Cube root =27
In this way, within the 5 steps the cube root of the perfect cube is obtained.
Now let’s compare this method with the formula we use today for finding the cube.

+ Comparing the Ancient Cubing Method with the today’s Formula

Ancient Method Formula : (a+b)*= a*+3ab*+3ba2+b?
Eg. 273 Eg. 273

g =7, 3 =2 (20+7)?

W — 23 = 8 203 :8000

3 x 32 x 3ecT =3 x 72 x 2 =294 3 x 72 x20=2940

3 x o2 x AMG =3 x 22 x 7 =84 3 x20%x 7=28400

nfee =72 = 0343 73 = 343

273 =19683 273 =19683

e Thus the calculations are the same. But the ancient method avoids zeroes and eases the
calculation by placing the numbers by the method called “EdTeT 3IHYOIA CECLES

+ Comparing the Ancient Method to find Cube and Cube root

Cube Cube Root




273 3Mg =7, 3ecT =2 919683

Hocq? =23 =8 —(i) g g
3 x 3ecd? x 30 = 3 x 22 x 7 = 84 —(ii) 19683
3 x 3TfE2 x 3ecT =3 x 72 x 2 = 294 —(iii) - 8 >(i) (Subtracting 2%)
3fes =73 = 0343 —(iv)
12) 1 1 6(9 (Dividing by 3 x 2?)
273 =19683 -1 08
8 8
- 48 6 (Subtracting 3 x 2 x 9?)
Not possible
12) 1 1 6(8 (Taking previous number)
- 96
208
- 330 (Subtracting 3 x 2 x 8?)
Not possible
12) 1 16(7
- 84

328
- 2 9 4—(iii)(Subtracting 3 x 2 x 7?)

343
- 3 4 3 —(iv) (Subtracting 7°)

000

e Ifyou compare the steps involved in the ancient method of finding a cube and cube root, (i),
(ii), (iii), (iv) numbers are exactly the same.

e The steps involved in finding a cube (multiplication) and cube-root (division) just help to find
the exact number that needs to be added or subtracted.

Chapter 9 - Fractions

Early use
1. FoTeEd 38cqey: UrelsEAgTeacyH: | ddl [asageashecaniereTe 318 ||
- %3dg 10.90.4
Here, the term 9T is used which means % and 9T means Y.
This references regarding the fraction % as T39T¢ in %3dg is probably the oldest record of a
composite fraction known to us.

2. WATIHAHHA o SHIONA Felecd SEae S MIAAT, SHordT o ShITTe FECAT I Shromfa,
QTheT o ShIUTTTSY, T&T o ShIOTToT | |
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- FHFrgohEfgars.z.

Here, i) shell = 1/16th
ii) ot = 1/12th
iii) /AP = 1/8th

iv) 9Tg = 1/4th
3. 0 YICIHTUR AT TsaHHENATS: Teoiedd | Isaesremeiatey: ased w3d| |
Here, UodGRIHATIT = 1/15th
Unit fraction are denoted by the use of cardinal number (95UG2T) with term ‘$TRT” or ‘3720
4. UUCIUHATINSSCISIAH | - HIcATIT Yo 4.¢
Here, 9odGRIHATIT = 1/15th
5. IShAUT a1 FHCAHANRENT FohaTe: | - HTcATTT Yoadd €.4
Here, HCAHATIT = 1/7th
6. TYARIGTIAIA T>T>2NT Y& ¢ H A |
caffgersiargcevTgeiaRdeia o feedl gaaf |
TAACTAAT =2 1/3
¥& = 1/6
0= 1/3
Here 3727 = 1/3
YOS = YSSHTIT = 1/6
Sometimes, ‘AT word is committed for the sake of metrical convenience. When fractions
have unit numerators only the denominators are mentioned.
Terminology
Term Meaning
1. @ broken
European terms like fractio, fraction, roupt,
rotto are derived from latin word fractus which
means broken too. These are translations of
Sanskrit term fHeaT.
2. ST, 37 parts/ portion
3. dhell It was earlier used for 1/16. Later used as
fraction in YedHH.
) N
e Reduction to a common denominator Gﬁiﬂmﬂ)

The fractions having different denominators can’t be added or subtracted. That’s why to carry out
addition and subtraction in these fractions, reducing them to a common denominator is necessary. The
4 ways to do so are given under the topic of Eﬁﬂﬂw in SlTelTddl by SITERITATY 11. The point to

be note here is STERTATY 11 has mentioned all these processes within 1 or even in the half verse.
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o TSI (HATOGIAHTTH)
Al aETT gl Xt TAT: FHATOG (AU |
T grearAgaf@dre-ar gear gaelt g quat e
-oirenad, fAeTaReaATSCH
Glossary

Hﬂm = Reduction to common denominator

&Y = denominator
32T = numerator
gd = multiplied

AT ATREA! = cross multiplied

Explanation

There are two methods of this process.

1) The fractions are reduced to the common denominator by the cross multiplication.
E.g%+% =(2x4+3x3)/(4x3)=(8+9)/12=17/12

i) Simplification of the fractions and multiplying them with a common number to get a common
denominator.
Eg. 3/2+%=3x3/2x3+%=9/6 +% = (9+5)/6 = 14/6 = 7/3

o YUHIETSANG:
AT ST &1 gXEaT HETIHENY FaoTed TAT |
-olrerradT, fAeaRearses |1
Glossary

ofd = numerator

AT = fraction of the fraction
-EeT = multiplied

FauTe = simplified

Meaning
In the case of multiplication, numerator is multiplied by numerator and denominator is multiplied by
denominator.

Example
Ya+%=3x2/4x3=6/12=1/2

o HRIEY & HIETIATE
Verse
VEETRIY oldl HT0THSHTT HENTERALA (IRl
eI @] 77 A HS T ST |
TIEIEROT siﬁwmqﬁ%rrﬁlaﬂﬁagéﬂm 3.
-orerrad, fAsTaReaATses

Meaning with an example
When a fraction of the number is added to the same number, the process is HTTeIS¢.
eg. 4+ 4/3; Here 1/3rd part of a 4 is added.

The last line of the verse denotes the process of reduction to the common denominator.
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When a fraction of a number is subtracted from a same number then the process is HIITIdIG.
Eg. 3 - %; Here 1/4th part of 3 is subtracted or taken away from whole 3.

fﬁ«—«mﬁamﬁw (Operations of Fractions)
3T means octet. So here basic 8 operations of fractions are mentioned which are as follows:
1) Addition
2) Subtraction
3) Multiplication
4) Division
5) Square
6) Cube
7) Square root
8) Cube root

o FeaasHicidedashiod

Verse
aMTszc] JeTBIRIHTAT et T TIHAGRI: |

~orerad!, fsTaReaATSeH 181l
Glossary

1. T - addition
X - subtraction
ded - same

gY - denominator
37T - Numerator
&7 - Constant

3-1%'RTI‘TQT - whole number

NoOobkwN

Meaning with an Example

Here, two rules are mentioned.

1)Addition & subtraction of only those fractions having the same denominator is possible.

Eg. a) 3/2 + 2/3 is not possible without reducing them to a common denominator.

b) % + 5/3 = (2+5)/3 = 7/3 is possible because both the fractions have the same denominator i.e. 3.

ii) If a whole number is added/subtracted to a fraction, its denominator shall be imagined as 1.
Eg.3=3/1

o ATTIUTAH

g L
Verse

3emgfaedeads s7erdr ostl fafdeet 0T hel TTA |
~olrerad, fAeTaReaATSeS 19|

3eaq
fafSiee I0TeT 3RITEfT: Seade s7eFdT el TATA |

Meaning

IGIEiCG] 3;I'U'Iﬁ' - In the case of multiplication of fractions.
37 Qﬂﬂﬁ: - multiplication of numerator

BGAt: - Product of denominator
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Le. N1/D1 x N2/D2 x N3/D3 = N1xN2xN3 / D1xD2xD3

Example
% x % =12x5/3x6=10/18 =5/9

o THTTHIEIOTH
Verse
e od T IRTY §7ET AW: |
sy $TITEOT IUTATTATERT ||
- olrorad!, fReTaRe&aATSeH 131

Meaning

For division of the fractions, the denominator & numerator of the divisor are exchanged and the
fraction thus formed is multiplied.

eg. A/B+C/D

Here, C/D = divisor; exchanging Numerator & denominator = D/C

A/B+ C/D=A/B x D/C=AD/BC

Example
3/4+2/5=3/4%x5/2=3x5/5%x4=15/20=3/4

o [ReATINCT:
Verse
a?‘fao—ci’ra?rﬁtﬁau?ﬁﬁﬁ'a‘rl
wzmﬁwq-azrqa%ﬁmn-aﬁm fAeTaREATSES 13l

Explanation
When square, cube, square root or cube root of a fraction is to be calculated then take the square,
cube, square root or cube root of both numerator and denominator.

Examples

1)(%)? = 22/32 = 4/9

2) (%) =2%/3* =8/27
3W(4/25) = 425 =2/5
4) (%) = Y148 = (%)

Chapter 10 - Regula Falsi (35¢ahaT)

The rule of false position is found in all the Hindu works. Bhaskar II gives prominence to this method

and calls it as 3‘%7*7-1'
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Verse
SeCRIATETafeSeIfRT: &J00N gclis<Y e ot ari |l
SSCIEd TSCHAT Herd T RSt TRcSERa | fo || - ATTacT, SSeChATRR

Meaning

Any number, assumed, is treated as specified in the particular question, being multiplied and divided,
increased or diminished by fractions (of itself); then the given quantity, being multiplied by the
assumed number and divided by that (which has been found) yields the number sought. This is called
the process of supposition.

. (TS x SSETA: ) / answer obtained by ST = Original number

Example
TTET: T TIATIMNAT SRISTFT: FHAfead: ||
TRSARMEHTTS: FTeen! TRIGSTAATAT: 11221 - ofielTacll, FSCehaThR

If a number is multiplied by 5 then decreased by 'srd of the previous value. The answer thus obtained
is then divided by 10; then added to the Ysrd, Y4, Vath part of the assumed number; then the answer
obtained is 68. Find the original number.

Solution:
Suppose the number is 6; SSEITTA: = 6
6x5=30
-%(30)=30-10=20
20+10=2

2+(6/3+6/2+6/4)=2+13/2=17/2
Original number = ( 68 x 6 )+ 17/2

=68 x6x2/17 =
=48

Glossary

&JU0T: = multiplied

gfa-Fer-geafd: = 68

TfA-392r = 1/3rd of SSETA
fA-31¢T = 1/2rd of 3SR
TfA-91g = Vard of ST
AT = 1/3

BT - less

TSC = Final answer in the example

S T = assumed number
gATCad: = added

Chapter 11 - Method of Inversion

Verse

I[OThRT $RTERT HIITGIEA Tl IUTHRT: |
T &7 BTl TwT: araee AUl || - AN, Aarearg ¢
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Glossary

a9 - inversion method
I[UTPR - multiplier
HATITEY - divisor

819 - addition

YT - subtraction

Meaning

In method of Inversion,

Multipliers are replaced by divisors.
Additives are replaced by Subtractive.

Example
A number, if multiplied by 2; then increased by 1;then divided by 5;then multiplied by 3; then
diminished by 2; then divided by 7; the result thus obtained is 1. Find the number.

Solution :

Starting from the last number 1, in the reverse order, inverting the operations, the result is
1x7=7;7+2=9;9+3=3;3x5=15;15-1=14;,14+2=7
Therefore, Number is 7.

Chapter 12 - Rule of three (3RTf1eRaT)

HI0TA

N

GHTOTTATST T AT ATeTeddl: F: BelHIoMd: |
7Y giecoTgdATcec T eToThe AT 2Ll - Nemad, R THR

Terms
AT - 37fe:
Fol - HET:
STOI - Hod:

Glossary

Bl STHIEd - ol x 3TOT

3nfeEd - divided by 37fe

HATASIA - same unit

fdela - inverse proportion

YATYT - Quantity whose Hel is given

%ol - result of the THTOT

ST - quantity for which Hel isn’t given
STBIhel - that which is asked to find

Formula
e In direct proportion,

STl = (Hel x STOT ) / JHATT
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e So in the case of inverse proportion,
( AT X el )/ ST3T = STHThel
® YHIUT and $TT have the same unit. Bl has a different unit

Example

IS G hiRUC A cadeT rsTATsererd |
u’la?ramﬂmﬁrﬁmmémmﬂ Il - foramehaaRdT

I.e. When a paralysed person walks Y% th of J1sfeT within 3 days. How many days will he need to walk
a distance of 100 JITeT ?
Here, Y% J1STeT = JHTOT, 3 days = el
ZTOT = 100 Irotel
To find - STOIH = No. of days he need to walk a distance of 100 JreTeT
There is a direct proportion between distance and number of days.
STOIhel= ( el x STSI ) / IHTOT
=3 x100)/ %
= 2400 days

% SIEIAUTASH (Inverse rule of three)
Concept
$TOT Jeil Thel g1 g1 I O hered J |
b S VLA St UL RPN N—
If ST increases then Hel decreases and if $TOT decreases then el increases; this is called
STETANTAFRH

~

Area of Applications

AT aar Aled died auiey gafe |
HTITER T M7 & AFAh 313 |l 2 || - SheTacll. STEAATRAPIDRR

ST can be applied in the following cases.

1) When the age of an animal its price decreases.

ii) In the case of the gold, if the carats are increased, the quantity of the gold in the same amount
(price) decreases.

ii1)) When the divisor increases, the quotient decreases.

Example

HedTehel HTAsT UM TEIET AT |
Ife ATTEI ST daT IsaTGehed e 131l - SiTeladT. STETATTARIHRR

If an agricultural yield is measured with the container of 7 3{T&h, it is 100 times of the container of 7
31T&eh. Then how many times of the container of 5 31Téeh will it take to measure same amount of the
yield?

YHTUT = 7 Hlgh
%ol = 100 times
3TOT = 5 3o
STBIWhd is to be found.

There is an inverse relation.
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STl = (FHTIT x Tl )/ STBI =7 x 100/ 5 = 140 times

So, it will be measured in 140 times of the container of 5 3Tadh.

Chapter 13 - Rule of Five and more (T52RTT2IhTTCHH)

N

JaHCdAaRI RIS ohse e aqeTdde] Helleoal |l
HITETT TGRS T TACIRAITUHTTAS Befd 119- 1| - eI, TooRIRIBIETHR

Explanation

1. This verse tells about the operation of T5RTTARH, HCATTARH and TARTTASRHA. When the
quantities are in direct relation, STSIWHel = ( product of all quantities in STST column x Bel) /

product of all quantities in YHTIT column
2. When the quantities are in inverse relation. In this case, exchange the terms in YHTUT and

STSI column which are in inverse relation and carry out the same process explained above.

3. So the quantities in the numerator are more than the quantities in the denominator.

Example
IRCESNIRCT
AT AAET Ife, U5 Shellec TITEAY 3T Hafar ok ag Nsem=i ||
el TUT FHAY HAh AT Hel Uef 0T HleTthol TafedT Il ¢ I
- olleTTac, TaRTTRIGTRR

If in 1 month interest is 5 units on an amount of 100 units; then after 1 year how much will be the
interest on the amount of 16 units. How much time will it take to obtain the same interest? By
knowing the period of 12 months and interest rate of 48/5, find out the principal amount.

1) To find: Interest on 16

SHTOT STOI el STSIhel
100 units (Principal) 16 units (Principal) 5 units (interest) Interest = ?
1 month (duration) 12 months (duration)

There is a direct relation between duration & interest and Principal-interest.
STOThl = (hel x STOT) / THIUT = (5 x 16 x 12)/100x 1 = 48/5
So 48/5 units will be the the interest on amount of 16 units

2) To find: time required to obtain the interest of 48/5 units

YHTOT STOI el STSIthel
100 units (Principal) 16 units (Principal) 1 month (duration) Duration = ?
5 units (interest) 48/5 units (interest)

Duration and interest have a direct relation.
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For getting the same interest, if the amount is increased then the period decreases. So Principal and
duration have an inverse relation.

So interchanging Principal quantities in YHIOT and STST column.

SHTOT STOI el STBIthel
16 units (Principal) 100 units (Principal) 1 month (duration) Duration = ?
5 units (interest) 48/5 units (interest)

Here, ST&THhel = STST X el / THTOT
=[1 x (48/5) x 100]/5 x 16
= 12 months
So, it will take 12 months to get 48/5 units interest.

3) To find: By knowing the period of 12 months and interest rate of 48/5, find out the principal

amount.
YATOT STOI el STOIthel
1 month 12 months 100 units (principal) Principal=?
5 units (interest) 48/5 units (interest)

Principal and interest have a direct relation.
For getting the same interest, if the amount is increased then the period decreases. So Principal and
duration have an inverse relation.

So interchanging Principal quantities in 9HTUT and TSI column.

AT sTol ol STOIhA

12 months 1 month 100 units (principal) Principal=?
48/5 units (interest)
5 units (interest)

STOIWhel = STOI X el / FHTOT
= (100 x 1 x 48/5)/ (12 x 5)
= 16 units will be the principal.

2. AaTTARH
T3 A5 AATer: et aqdanerer fawqat Teer Greaar aqeerufesrasied aa I
RRqfaRIvsEafiaRi AT adforaT: TaT qeeRe a6 ¥ Taier T Hed Fe R Iy

- dlreradT, TSRIRIRIIGTRR
30 Planks having 12 31317*[ height, 16 3-1?1?4' breadth and 14 & length are sold for a price of 100 units.
When 14 such planks having measurements less than 4 are sold, how much money will one get?
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JHTOT sToT L STOTh

30 14 100 (price) ?
12 313TeT height 8 31T height

16 3-1?1?[ breadth 12 3JTel breadth

14 &Y length 10 length

There is a direct relation between measurements and price. Also between the no. of planks and the
price.

STOTHA = (14 x 8§ x 12 x 10 x 100) / (30 x 12 x 16 x 14)
= 50/ 3 units will one get on selling 14 planks having mentioned measurements.

Chapter 14 - Barter System ($TUSYIHTUSHH)

The meaning of the term $TUSHTIHTISHHA is commodity for commodity.
Barter system is an extended application of T5aRTTIhH,

I eifaid AT fhT>ae $11ug gear ddtsead frf>ad gfasmusaudaa aqe aiford
HIUSHITHTUSHA | T T SAEATRIRABET Al A R%erasy: § va adq iy |
- FramrARd

Meaning - When an object is obtained in exchange of another object. The calculation related to this
case are included in HTUSYTIHTUSHH, In this method STETTZTRITAR is used.

Barter is a method of trading where goods are exchanged directly for one another without
using money as an intermediary. It is an old method of exchange. People exchanged services and
goods for other services and goods in return.

That’s why problems based on the barter system are found in our ancient texts.

Example

GFAUT IFId SEHATHAT I |

Bercaoie fauuit sxgrfeanta |

JmAdeTy et Hia rfsAr |

AT e AT Hdfed 7 1121l - Selldc, HTUsSHIasTUshiafer

YHTOT TG el STSIthel

300 THBT 30 SIS AT 10 3THB AT 9
16 JOTT: 1 9OT:

As it is application of CIETI>TRTII, inverse relation is necessary. Here with the same money, more

&Ifs#fa can be purchased as compared to the THHCTTT.
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So interchanging the positions of fruits in the YHTUT and STSI.

JHTOT 3BT Fol STOTH
300 THBTT 30 SIS AT 10 3THB AT ?
1 guT: 16 JOTT:

STOTH = (30 x 10 x 16) /300 1
=16

Chapter 15 - Concept and Operations of Zero

% Why do we need Zero?
AR EEATA I ATSHUTATAT TATSHIHTTETATSHIHATACATATY e TAART | ST
SR AEATHANCTHS: | - Jefafaentafa, moreda

When there is absence of any number at any decimal place (units,tens,etc) then 0 is placed to denote
that absence. So, 0 shall also be considered as a number. Otherwise there will be no difference
between hundred and thousand.

So, zero is a number. Therefore the operations with the same shall also be mentioned. Thus the whole
background of zero is given.

This discussion is significant for knowing the importance and the origin of the zero as a number.

Interestingly the zero appears in the works of many ancient scholars. Some of those
are mentioned below.

% SEFATHeIACHled, SEHITC
N ~ gl

1. Addition with Zero

THFT GH | RUTHTT T YAHUTUALIAN: YeadT: YeTH | - SEATHEAGHTd ¢¢.30
Explanation
e THFT @H - When a positive and negative number of the same magnitude are added then the

answer 1S zero.
Eg. (+3) +(-3)=0

o RUHFY T UeTHUTIAIT:
1) EEUTQ]?CI'CIT: ) FUTH - When the negative number and zero are added then result is the
same negative number.
Eg. (-3) + 0=(-3)

ii) ?-IHQ]ET?IIT: VT YA# - When the positive number and zero are added then result is the

same positive number.
Eg.4+0=4
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° Q]\F’ZPJIT: [eUH - When a zero added to zero, the answer is zero.
Eg.0+0=0

2. Subtraction with zero -
YATAEIAHUTHUT Ul Ul 3T YeTATRIRIFA | - FEATHE ATl 2. 3R

Explanation

o ATAEIST FOT HUT Ue] & -
1) If a zero is subtracted from a positive number, the answer is the same positive number.
Eg.4-0=4

ii) If a zero is subtracted from a negative number, the answer is the same negative number.

(-3)-0=(-3)
° Q]\Fﬂ" 3TRILT : zero - zero = zero

3. Multiplication with zero

EIUTY: WHTAT: WRFIATET atl: e | - FEATHe Ao 2¢.33

Explanation
o FIUTAN: - zero x negative = zero
Eg. 0% (-3)=0

e AN - zero x positive = zero
Eg.0x4=0

° E’?“Ir?il?illi dl - zero X zero = zero

4. Division with Zero
T A G| - TEATHC AT 2¢.38
Explanation

o T YHFI TH : zero + zero = zero

Concept of IJTOG
@aﬂaﬂwuﬂam eFd T |
HUTETTA: & - quHhcl ceTed 2¢.39

Explanation
o WY RUT Ue aT dooG
Positive/negative + zero = TG,

Eg. 4/0 = TG or (-4)/0 = dTOG

o I FUTEHT Tq¥Fd ar
zero + positive/negative : TG / zero

o FUTHSIAY: g TF (positive/negative)2 = positive
Eg. (29 =4;(-2°=4
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6. Square, Square root, Cube, Cube root of zero
G T IE HIAA T || - SEATH AU £¢.39

Explanation
VO=0
0=0

& SleITa, A : Yrdehd TR

I @ &I H FINe @ GHTTSIAT A |

Wg: TATCTIOT: @ TIUTRA=caee Aviaet | (€]
%r&mmﬁ@m%ﬁaqmrrﬁ |
31|qch<-|t'a’q1u+dad @a’lﬁmaaﬁ o]

i) T @ &899 : Any number if added to zero, result is that number only.
Eg.0+x=x

ii) T @ =
Square, square root, cube and cube root of zero is zero only.
ie. 0>=0

0*=0

N0=0

0=0

iii) @HTTSAT TT: TE: -
When a number is divided by zero it is called as Wg¥:

iv) @aIuT: T - If a number is multiplied by zero, the result is zero.

V) @TQI'UTTQ\E!FJQH Qufaet - Ifa multiplier is zero, then don’t be in a hurry to write answer as zero.
Give it a thought for a while by observing further steps.
Then two such cases are mentioned.
a) If a number is multiplied by zero and then immediately divided by zero, two zeroes in the
numerator and denominator cancel each other giving the same number as an answer. Eg. p x 0
/0=p
b) Ifa zero is added or subtracted from a number, the number remains unchanged.
Eg. p+t0=p
p-0=p

-0

819 - that which is added

g - that quantity whose divisor is zero
GIIUT: - that quantity whose multiplier is zero

Hﬁﬁ - unchanged
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< Nature of the WgY{

HTEA TR WY o Ty gfasesaiy f:-gay |
TgSaT FATeer Iy eehTelsrleds T IO Tead el - SO, eeRTard

Meaning - At the time of creation, the beings are born from Brahman and at the time of destruction of
the universe, the beings merge into the Brahman. But as the Brahman is infinite and all-pervasive, it
doesn't make any difference to the Brahman.

Similarly, if any number is added to @WgY or subtracted from WgY, it doesn’t make any difference to
the TgX.

Here the idea of infinity seems to be getting introduced. But it is not directly mentioned. This idea is
likely to be originated from S2MITANG where the verse of similar meaning is mentioned.

The verse is as follows.

3 quiAe: quifiig quitd quiseead | oied qUiATER qoiAaraRIsad |

« Nature of aur
@aroT: WIATY | Wl 10N TRY: @ HAd | 37 Shaegadeseled: | - JEfafaanfaf, moredas

The quantity multiplied by zero, becomes 0. Here, the example given is \ﬂ'\ldrdicrd. o-l(\lclcl-d:l3 Fdisa
person who has got a knowledge of the ultimate reality i.e. Brahman. So he has become one with the
Brahman but still as his life is not yet over, so he is living. The person here knows Brahman, becomes
brahman.

Similarly, quantity multiplied by zero, becomes 0.

% YEIVSTIUH | - SISTITTOIT, SREHIATY

N < ~

Here, six rules for zero are mentioned.
G T4 4o e = YracEde adraatd Il g€ |l

If zero is added to or subtracted from any number, that number remains as it is; its positivity or
negativity remains the same. But if from zero something is removed, its sign changes.

guTe! [aad TET @ W g1 | TgRT HAd Wel $FART TRA: || ¢ ||

If zero is multiplied by any number or divided by any number, the product is zero. If any number is
divided by zero the result is a quantity with zero divisor.

Section 3 - Algebra

Chapter 1 - Introduction

Hindu name of algebra is bijaganita. bija means element/analysis and ganita means The science of

calculation so, bijaganita is “The science of calculation with elements”. The Epithet date is as far back
as the time of Prathudakaswami (860) who used it. Brahmagupta (628) calls algebra kuttaka-ganita or
kuttaka. kuttaka means “pulveriser”’( dealing particularly with the subject of indeterminate equations).
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Science of algebra was named in the beginning of the 7th century. Algebra is also called
avyakta-ganita. ( the science of calculation with unknowns). It is in contradistinction to the name -
vyakta ganita.

Avyakta - unknown.

Vyakta - known

Vyakta ganita- arithmetic, geometry, mensuration

Algebra definition

Bhaskara II - Analysis (bija) is certainly the innate intellect assisted by the various symbols (varna),
which, for the instruction of Duller intellects has been expounded by the ancient sages enlighten
mathematicians as the sun irradiates the Lotus with the help of various symbols has now obtained the
name of algebra. Algebraic analysis requires Intelligence and sagacity. Analysis is certainly clear

intelligence.

Distinction from arithmetic
Both deal with symbols. In Arithmetic the values of symbols are vyakta (known). In Algebra the

values are avyakta (unknown).

Bhaskara II - mathematicians have declared algebra to be computation attendant with demonstration
else there would be no distinction. This dictum is evident in the treatment of the guna karma in
Lilavati and the madhyamaharana in the bijganita. Method of demonstration has been stated to be

always of two kinds
1) geometrical (ksetragata)

2) symbolical (rasigata)

Importance of algebra
Brahmagupta (628)
TA0T I GREAT: FeThRIgclel AFI |

AT FEITH TT: FeThR Tg T 12

-sleHEhCIkAqHlrd, ?QC*IEQIQ(?C)

Bhaskara IT (1150)
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Bhaskara II has defined algebra thus:
3cdTeeh Id Jdcied JeeRiafsad A |
SYFIET kol cTaehaloTH SqFaHI A0 T e | 121
TS B &TThETIT ShelloaTel HHHTd Heehrda|
YeiTeTesil TR} o e auddfegseaefeseaal ¢l

- Srorerfords, sTEEERY

Narayana (1350)
ThHARELIF (A ) HFAET 0T STt |
IUTATIIERT Siof §eH F A0 I e, do 112l

S ioh T mgi‘;r%m?r@ﬁr afed ATeaia=T: |

SIfshaT o EATe I casFdr gaen Tie |
Origin of Hindu Algebra
-Sulba sutra (800-500 BC)

-Brahmana (2000 BC)

But it was mostly geometrical. The geometrical method of the transformation of a square into a

rectangle having a given side in $ulba is equivalent to the solution of a linear equation in one

unknown.

Chapter 2 - Technical Terms

Right from the vedic period, a variety of the words for algebraic terms were coined. Few of these are

mentioned below.
1. Coefficient

There is no systematic use of any special term for the coefficient. But some references are there.

Scholars Word used as Coefficient
1. SEAICT HEAT (number)
I[0Th/UThR (multiplier)
2. YehEdrHy, Aafd, HERT 11 375 (number)
qfﬁ (multiplier)
3. Former works &9
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2. Unknown Quantity

Terms used Information

TYEARTHT | Before 300 BC

Jrdd drdd Meaning - as many as, so much as, an arbitrary quantity

Tl Meaning - any desired quantity

CIES] These words are used in the treatise called SERITCIT.

EIECY

ilﬁ?l’ This term is used by TIHC 1. The meaning is shot.

Hegad The meaning is unmanifested or not known. This term is more commonly used
from the 7th Century.

Chapter-3 Symbols of Operations

There are no special symbols for fundamental operation in Bakshali

Manuscript.

Abbreviations are used for this operations -

Yu (¥) - yuta Jcl(addition)

+ - ksaya &7 (subtraction)

Gu (7]) - gunita 'c';l'ﬁlﬁ' (multiplication)
Bha(#T) - bhajita SIS (division)

Ma (¥) - mala Fef (square root)

Zero(°) - vacant place

Symbols for powers and Roots -

The symbols for power and roots are sanskrit abbreviation-
Square - va(varga)

Cube - gha(ghana)

4th - va-va(varga-varga)

5th - va-gha-gha(varga-ghana-ghata)

6th - gha-va(ghana-varga)

7th - va-va-gha-gha(varga-varga-ghana-ghata)

67



Instances from the Bakshali Manuscript -

In later Hindu mathematics the symbol for subtraction is a dot or a small circle.

It means -7.

THUITHETFATAT ATHICIERITOT oo |
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3YAETUT ANTHORENARES faegfer (1o

Origin of Minus sign -

R

% The origin of . Or 0 as minus sign seems to be connected with the Hindu symbol 0 (zero).

R

Zero is the sign of emptiness in Bakshali treatise. The origin of Bakshali minus sign (+) has

been the subject of much conjecture.

Hoernle presumed it as the abbreviation of ka (sanskrit word kanita) or nii (nytina) which means
diminished. In Brahmi character it is denoted by a ‘cross’. Datta rejects all the theory and believes it
would be the abbreviation ksa from ksaya(decrease). The sign of ksa whether in Brahmi character or

Bakshali differs from the simple cross.

Chapter - 4 Algebraic Operations

e Addition/Subtraction

Verse
CTFATN-ITdTII>TIN TSITATCIT |
JoITAT sohioidedashield JAITdeATATH I
) ~ C S ~
- SEATHETACHT 2¢.¥¢
Meaning

Of the unknowns, their squares, cubes, fourth powers, fifth powers, sixth powers, etc., addition and
subtraction are (performed) of the like; of the unlike (they mean simply their) statement severally.

TNT: Jeek AY FAT ST SiTeares g feafae 131

- HERT 1L, SiSferiorT
Addition and subtraction are performed of those of the same species Utili) amongst unknowns; of
different species they mean their separate statement.

e  Multiplication
Verse

TECAaH! PEATGaUEdE, Tdlse I AT |
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I ATseIOTETAT HTidceh: qaaesye |

- STEATHACHTed 8.8

Meaning

The product of two like unknowns is a square; the product of three or more like unknowns is a power
of that designation. The multiplication of unknowns of unlike species is the same as the mutual
product of symbols; it is called $TTTA (product or factum).

Verse
ATacTdcehleleh! sileleplseaT GoT: YTl cilfgcLecarer: |
TN Siedd HIAHARTHSEATA ShArardad: || ¢

- oo, e
Meaning

Here, HTERIATY 11 talk about the team given by t@‘lﬂﬁf (i.e. the scholars before him).

FToleh, FATolo, ‘Tﬁﬁﬁ, m HATS ase for denoting like terms.

literal meaning of STeleh - that which is black #Teleh that which is blue

These terms are for denoting that operation can happen only in the like terms. Colour should not mix
with one another. This is the visual representation of the rule that Algebraic operations can happen
only in like terms.

Division and more

TATEHaaN g  auif giasaneanrel |

9 T AegeTeey: TIEAe e araAsT e |

ST STasd AN e Ageel MO e I1R6 I - SroaTToTd, Sreray

Thus he explains multiplication in Algebra & for division, he says it is the same as that of in

SIFAION.
He includes T, ddcld-lt\d, Yol, Yol el, AR in the term "#ATIT e

Chapter 5 - Laws of signs

e HghelolH (Addition)
Verse
Ao HUTHURT: UauiiNeeR THF T |
ROTHFT T UAHUTUALIAT: LeaN: LT ||

- STEATDHCTACHTTd £¢.30

Glossary
3= = difference
VFT = sum
Explanation
This verse explains the 6 rules.
1. geTar: oA - When two positive numbers are added then the result is always positive.
Eg.2+3=+45

2. 0T FOTA: - When two negative numbers are added then the result is always negative.
Eg. (-:2)+(-5)=(-7)
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3. ¢eT-FOTAT: 3=} - When one positive and one negative number is added then the answer can
positive or negative and the result is their difference.

4. FHFT YH - When a positive and negative number of the same magnitude are added then the
answer is zero.
5. RUTHEL T UAHUTEAIAT:

1) EEUTQLF’Rn': U FUTH - When the negative number and zero are added then result is the
same negative number.

ii) ‘ZJI?-TQLF&T@T: VT YeT# - When the positive number and zero are added then result is the
same positive number.

6. %L-TPIIT: [eUH - When a zero added to zero, the answer is zero.

e cYdchelelH (subtraction)
Verse
SAATTHTCIIMNEY e YATEUTHOTIG [SIeh eI |
SIE dec TITEUT Ul TeTH0T Hafd ||
QI TAGITHUTHT &l &re stater [FIHTHTAH |
AT FeT LAHUEUT Helledl el 8T ||
-SEATHCTACHT 2¢.38,32

Glossary

fIene, f9gieT = subtracted

FUT = negative

el = positive

JThT Ql", ?]Fd’ = Zero

83"7417[ = sum

Explanation

1. 3eTH m fane oA - When the positive number is subtracted from the greater positive
number the result is positive and their difference.

Eg.9-5=4

2. %oT RUTC - When the negative number is subtracted from a greater negative number the answer is
their difference and it is negative.

Eg. (-9)-(-9=(5)
3. EATAEI FUT HOT & e -
1) If a zero is subtracted from a positive number, the answer is the same positive number.

Bg.4-0=4

ii) If a zero is subtracted from a negative number, the answer is the same negative number.
Eg. (-5)-0=(-5)
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4. %]Fq" 3ATRILM : zero - zero = zero

5. &1e1e, 31T8Ieh Feile, e e, ek TTe;, HUT el &l F 0T 37 -

1) When a greater positive number is subtracted from the smaller one, the answer is their difference
and it is negative.

Eg. 4-9=(-5)

ii) When the greater negative number is subtracted from the smaller one, the answer is their difference
and it is positive.
Eg. (-3)-(-9)=6

6. M TCT s FUTIE, FUT UeATC, aT dal Hafd &7eT -
1) If a positive number is subtracted from the negative number, answer is their sum and it is negative
Eg.(-2)-(3)=(7)

i1) If a negative number is subtracted from a positive the answer is their sum and it is positive,
Eg.5-(-3)=8

e J[UTTH (Multiplication)
Verse
RUTHUTAE TGl T UTATh Yefaeierey srafd |
EAVIAT: GEAAT: WA TE: eI | -SEATPTACHT ¢¢.33

Glossary

FUT = negative

&1eT = positive

Y, [T = zero

dY:, °gTd: = Multiplication

Explanation

In the case of multiplication, the answer is always the same number that we get by multiplying. So the
rules are about the sign of the result.

1. 0T FOTLTAT: °|Td: - negative x positive = negative
2. Yo FOTAT: - negative x negative = positive

3. gAqHT O - positive x positive = positive

4. Q]\FJU‘I'ZIT: - Zero X negative = zero

5. GHAA: - zero X positive = zero

6. @Q]\FEITIT: dl - zero X zero = zero

o gUTH (Division)
Verse
TS UTH RUTGAHUT Hald & WHeFd T |
HFTHOIT UTF0T UoleT Gl FOTHOT $7afd | 3% |l
GICETHOT &l dT T, GHUTEIATISTeRd T |
ROTUAIGI: T G T TG e e || 39 || -SeATHe HetTed
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Glossary
o TI¥eFd, HFd, A = divided

° Tﬁr = square
o UC= square root
Explanation
o SITHFd YeTH : positive + positive = positive
Eg.

° Wﬂﬁ' oTH Hafd - negative + negative = positive
Eg.

o Y UHFA WH : zero + zero = zero

o HFIH MU Ul FUT Ualel gdH FOT FUT AT :
positive + negative = negative
Eg.

negative + positive = negative
Eg.

o TEYH HUT Ul AT TooG
Positive/negative + zero = TG,
Eg.

o TH FUTHS TasTeFd ar
zero + positive/negative : TG / zero

Eg.

o FHUTUAAT: gIT: T : (positive/negative)2 = positive
Eg.

° @anﬂfﬁq?[a?[: (zero)* = zero

Section 4 - Geometry

Chapter 1 - History of Indian Geometry (Jyamiti)

Introduction

Before understanding any knowledge system understanding &b, %ﬂ:[, $d:, A, shdl, ﬁﬂ:ﬁi?[, hed,
HYUH, hITAH, HITH all this questions has to be answered, What is Ancient Indian Geometry ?
What is the relevance? Why should we learn about it? What is Sulba? Why were they used? Who used
it? When was it in use? How can we learn from it? These are general questions we come up with in
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mind when we learn about Indian geometry, and to answer these questions we will further deal with
different concepts from Indian Geometry.

History is divided into :
Post Vedic Period

The question of date arises only in the case of works of the Vedic Age and those of the Mediaeval
period. After conclusion by most Scholars we can take general estimate and place Vedangas in period
1500 B.C. to 750 B.C. The period 400 BC to 400 AD seems to have been period of great activity and
progress, during this period flourished the great Jaina metaphysics Umasvati, Patafijali (Grammarian
and Philosopher), Kautilya, Nagarjuna, Craka, Asvagjosa, Bhasa and Kalidasa. Siddhantas, Strya,
Pitamaha Vasistha, Parasara and Others.

fAEIT oY ATHIUT [ATard Tee T IT: | SATANTHITH Jg deicania ¥3ad ||

Y& - Phonetics , m - Metronomy, SAThI0T - Grammar, IGEEGE Etymology, SAAY- Astronomy
el - Rules for the rituals and the ceremonials, Thus in Vedangas we find the foundation of almost
all the essential branches of human knowledge. The last 2 Vedangas - Jyotis and Kalpa contain the
developments in Mathematics of the age.

6 Vedangas : The Vedanga Jyotisa (¢ 1200 B.C) gives Ganita the highest place of honour as mentioned
in the below shloka , among the sciences which form the Vedanga.

T TRIET HIITUT AT HOTIT JUT | AGde daTSIRIEATIN aTford HY e fEurds| |

“As the crests on the heads of peacocks , as the gems on the hoods of snakes , so is ganita at the top of
the sciences known as Vedanga.”

The subject treated in the Hindu Ganita of the early renaissance period consisted of the following :

ARe#H cqagRY Too] TN HelFaUiT IT | Aracrdicd adif et oel: gattaaif fdehedt ar ||

(Sthanangasiitra Sttra 747)

IR Fundamental operations , SIdeX Determinations , ¥oo] Rope meaning Geometry, Y Rule of
Three, T operations with fractions, ITddIdd as many as meaning simple equations, gar
Square meaning Quadratic equations, el Ghana Cube meaning cubic equations g gar Biquadratic
equations and fdeed Permutations and Combinations

What was the Purpose to making Geometry ?

All the construction was made for the making of Cities. For the purpose of worship three types of
agnis or fire sheltering them in certain altars of special design. The Agnis were called GTaToT eI

, g |
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GTay0T = Semi Circular , 3TTgdaiIT = Square System , AT = Square in one system and Circular in
other system

Therefore, for this construction sulba was used. Area of each had to be the same and equal to one
square SITH { SITH = Q& 37SJel = 2 yards} To construct this three alters involved three geometrical
operations : 1) To construct a square on a given straight line 2) To circle a square and vice versa 3) To
double a circle 4) Doublinga square and then circling it. or Evaluation of the surd root 2 {? ¥ = 0
HSITeT = 22 yards} Vedic geometry also treated problems of Application of areas.

UNITS OF MEASUREMENT :

Satapatha Brahmana contains several measuring units and their length were the same as indicated by
the units of length given in Sulbasiitras. As we find units in Satapatha Brahmana are Angula, Artni,
Pradesa, Vitasti, Vyama, Prakrama, Purusa, Yuga and Samya.

1 Angula = 24 anus or 34 tilas

1 Aratni = 24 Angula

1 Pradesa = 12 Angula

1 Vitasti = 12 Angula

1 Vyama = 96 Angula

1 Prakrama = 30 Angula

1 Purusa = 120 Angula

1 Yuga = 86 Angula

1 Samya = 36 Angula

By seeing Sulbasiitras it seems that “Angula " is standard unit for measuring lengths of different vedis
, whereas “Purusa” is the standard unit for measuring length of citis like Syena and other.
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Teh TRITCTe aT eqed# , ThadAEaZAATET: | HgEacAT HIHdG:, Tt JTYeqUN dg: T>aereiar
aT| (Fdsottel 890 5.7,

By Pataiijali (150 BC), There are 21 different schools of Rg-veda ; 101 schools of Yajur-veda; 1,000
of the Sama-veda ; and 9 or 15 of Atharvaveda. Sulbas or as they are more commonly known at
present amongst oriental scholars , the Sulba-siitras, are manuals for the construction of altars. They
are sections of the Kalpa-stitras , which are from one of the Six Vedangas and deal specially with
rituals or ceremonials. Each Srauta-siitra seems to have its own Sulba section.

Arrangement of bricks in different dhisnyas
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Kalpa - siitras are broadly divided into two classes.

Grhya siitras : “ The rules for ceremonies relating to family or domestic affairs” such as marriage ,
birth , etc

Srauta - siitras : “The rules for ceremonies ordained by Veda™ such as the preservation of sacred fires,
performance of the sacrifices , etc.

Each school of Veda had its own Srauta-Siitra and hence probably its own Sulba. Thus it seems that
there were numerous manuals of geometry in ancient India. But most of them are now lost.

BB Dutta lists at present we know however only 7 Sulba-sitras : Baudhayana, Apastamba,
Katyayana, Manava, Maitrayana, Varaha and Vadhula. Other two which are not available now but
known : Masaka Sulba and Hiranyakesi Sulba Krsna Yajur-veda = Baudhayana, Apastamba, Manava,
Maitrayana and Vardha Sulba-siitras Sukla Yajur-veda = Katyayana Sulba-sitras.

Baudhayana Sulba siitra (B.S.S) :

Of all the extent Sulbas, that of the Baudhayana is the biggest and is also, perhaps the oldest . It is
divided into 21 chapters 24 The first four chapters contain 116 siitras of which the opening two are
merely introductory, stitras 3-21 define the various measures, ordinarily employed in the sulbas, siitras
22-62 give the more important of the geometrical prepositions necessary for the construction of the
sacrificial altars. And siitras 63-116 deal briefly with the relative positions and spatial magnitudes of
the various vedis (or altars) The 5th to 7th chapter consists of 86 siitras of which the major portion,
siitras 1-61, is devoted to the description of the spatial relations in the different constructions of the
Agnis in general and the remaining portion, siitras 62-86, elaborates the construction of the two
simplest Agnis viz, the 'Garhaptya-citi and 'chandas citi' From 8th to 21st chapter, in altogether 323
stitras, describes the construction of as many as 17 different kinds of 'Kamya Agnis' of rather complex
nature. In some the description is quite elaborate in details, but in other cases it is less so.

Apastamba Sulba siitra : (A.S.S)

It is broadly divided into six patalas of these the first, third and fifth are each subdivided again into
these adhyayas and each of the remaining sections into four chapters So that altogether the work
contains twenty one chapters and 223 stitras. The first section of the manual, chapters I-11I gives the
important geometrical propositions required for the construction of altars.The second section IV-VII
describe the relative positions of the various vedis and their spatial magnitudes Unlike Baudhayana,
Apastamba here indicates briefly also the methods of their construction They are of course the
particular applications of the general geometrical theorems taught in the earlier section The remaining
sections of the Apastamba Sulbasiitra comprising the chapters- VII-XXI deal with the construction of
the Kamya Agnis it is noteworthy that almost the same set of geometrical propositions are taught by
both Baudhayana and Apastamba.

Katyayana Sulba siitra : (K.S.S)

This stitra consists of both prose and verse. 6 Chapters consist of 101 sttras and 7th chapter consists
of 39 verses.

[From book by S D. Khadilkar by Vaidik Samsodhana Mandal Pune]
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While performing various vedic sacrifices is scattered over the Brahmana and Samhita literature of
Yajurveda, But the rules pertaining to the Mathematical side of it , especially the Geometrical portion
involved which is required for constructing the various forms of alters, in shape square, triangle,
trapezium or a circle of various cities shape of birds, spread wings , tail, etc given in only Sulba
Sutras. The system of measurement of various sacrificial places was being carried out by means of
Sulba, a measuring cord and the word Siitras denoting the rules in short forms.

Define Siitra :
IHeUTeRHA 3 Tre st ARAd AT HEH | 31T IeTaey o Fo: gafaar fag: |l

As Srauta siitras available only for Yajurveda therefore, work was assigned to Adhvaryu, so each
belonging to Yajurveda was entitled to have its own Sulba siirta. Out of the above mentioned siitras
Baudhayana, Apastamba and Katyayana deal with the Mathematical portion namely Geometry in
detail [Manava gives only description about Square and Circle].

From a research paper by John Price If mathematicians were asked to write manuals about
mathematical geometry they likely would do two things : 1] Give construction procedure to a level of
accuracy appropriate for the actual construction. 2] For their own enjoyment , show mathematical
readers that they really understood that they were dealing with approximations. This is observed in
Sulba-siitras. General formats of main Sulba-siitras are the same; each starts with a section on
geometrical and arithmetical construction and ends with details of how to build citis ,etc. The
measurements for geometrical construction are performed by drawing arcs with different radii and
canters using cord i.e Sulba.
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EXAMPLES of CITIS :

Citis making for yagya leads to Geometry in Ancient India




Chapter 2 - Sulba Sutra

What is Sulba ?
Tod AT  to measure

ﬂlacqacq f AoddH Yed: | = The act of measuring

qod-clcgc‘-lm Yeada sfd [ed: |= to do i.e entity or result of measuring

)

EFTUTE{I"FQJI%T ?Wﬁ?f sfa Aed: | = instrument i.e instrument of measuring
AodeTH = Yod: Rled + T3] |
e} ~ O

In Sanskrit Sulba or Rajju have got identical significance i.e. Ordinarily rope or cord. Mention of a
linear measure called rajju in Sulba siitra , Arthasastra , Silpa sastra. In Ancient India there were three
kinds of measure : Linear , Superficial , and Voluminal.

Opening siitra of Katyayana Sulba parisista i.e. : | {I shall speak of the
collection of rules regarding the rajju } In work by Jainas (500 - 300 BC)
Rajju started a branch of mathematics.

Silanka(862 A.D.) : To5] RfcT TeopariOTa# &eriorg facad |
Abhayadeva Siiri : TowaTl Id HEEATTH de Toof AU = erarfora |
Rajju types by Jainas : Qﬁfﬂ o9 (Needle hke) TR &3] (Superficial) , ¥l T3] (Cubic)

Some important terms to be known :

0T Teareolt TAdg AT rRdATTe v Afd Toea: | (I Yed A 2.3)

Katyayana observes : The terms Karani as Producer , Tat Karant as That Producer, Tiryanmani as
Transverse measure , Par§vamant as Side measure and Aksnaya as Diagonal rajjus are Lines

The commentary by Mahidhara (1589CE) explaining the origin of this names given in above siitra :

o FHION fhaa ?ﬂﬂq TG 3eTATd YOI | : That which limits or produces the length or area
o  Tcetoll cieeid gaayuanie; fshard 31T &1 deehioll, gfaenolt Feol , oq: axuarfe:| :

That which limits produce the area that is twice etc.
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o TAdsARN fode Avdeeasy AAasAT A [AdgAE , IregATdar: fadeadams
{eolcddH | : that which is measured Transverse / Horizontal measure

o  TTRIAT UTRY FATSTTAT AT UTRIHTAT, TTRGANGIAT TATRTI Toofe@d | : That which
sides are measured refers to the cords on either sides that is stretched along the east - west
direction

o U JTfRTTC &1F AU JTETAT, HIVAHAT HEISo]: , T el UL

BTWT 343'% dareoafa Eﬁl’m I The mid cord that connects the corners,
looks like eye

In Manava Sulba(MaSl) and Maitrayaniya Sulba(MaiS) some important terms :

Aed 3T : Science of Geometry

‘\’W fag . Expert in Sulba

Tod IS : The i inquirer into the Sulba
[&IT3T : The expert in Numbers

RTINS : The expert in measuring

RS El {55 : Uniform rope Stretcher

'H:*@

According to Sthanaga Sutra ( 300 BC)

T a:a%m;rwammavr‘raacl
GITCAT: TaTec] Haled Hel Eeleod daT: I |

The topics for discussion in mathematics

Samkhyana on the Science of numbers are ten in number Parkarma fundamental operation
Vyavahara Subject of treatment , rajju rope geometry , rasi heap mensuration of solid bodies ,
kalasavarna fraction, yavat tavat simple equation, varga square quadratic equation, ghana cube cubic
equation, varga-varga biquadratic eqn and , vikalpa permutation and combination

Geometrical Figures named as :

Samacaturasra = the equal four sided figure
Visamacaturasra = the unequal four sided figure
Samacatuskona = the equiangular quadrilateral i.e. rectangle
Visamacatuskona = Quadrilateral with unequal angles
Samacakravala = circle

Visamacakravala = ellipse

Cakrrdha cakravala = semi - circles

The geometrical propositions involved in the construction are the following :

—

To divide a line into any number of equal parts

2. To divide a circle into any number of equal areas by drawing diameters {Bss 2.73-4 and Ass
7.13-14}

3. To divide a triangle into a number of equal and similar areas {Bss 3.256} to draw a straight
line at right angles to a given line. {Kss 1.3}

4. To draw a straight line at right angles to a given straight line from a given point on it. To
construct a square on given side {Ass 8.8-10}

5. To construct a rectangle on the given side {Bss 1. 36-40} to construct an isosceles trapezium

of given altitude , face and base. {Bss 1.41 Ass 5. 2-5}
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To construct a parallelogram having given sides at a given inclination. {Ass 19 .5}
To construct a square equal to the sum of two different squares. {Bss 1. 51-52}
To construct a square equivalent to two given triangles.
To construct a square equivalent to two given pentagons. {Bss 3.68,288 ; Kss 4.8}
. To construct a square equal to a given rectangle{Bss 1.58 ; Ass 2.7 ; Kss 3.2-3}
To construct a rectangle having a given side and equivalent to a given square{Ass 3.1;Bss
1.53}
12. To construct an isosceles trapezium having a given face and equivalent to a given square or
rectangle. {Bss 1.55 }
13. To construct a triangle equivalent to a given square {Bss 1.56}
14. To construct a square equivalent to a given isosceles triangle. {Kss 4.5}
15. To construct a rhombus equivalent to a given square or rectangle.{Bss 1.57; Ass 9.9; Kss 4.4}
16. To construct a square equivalent to a given rhombus. {Kss 4.6}
17. Value of Pi and Root 2
18. Famous Baudhayana Sulba Sutra {BSS 1.12, 1.13}

SISO RN

i

Above all are from BSS , KSS , ASS.(Mentioned important ones , other constructions as also
mentioned)

Chapter 3 - Theorems and Postulates
Theorems :

The following theorems are either expressly stated or the results are implied in the methods of
construction of the altars of different shapes and sizes:

(1) The diagonals of a rectangle bisect each other. They divide the rectangle into four parts, two and
two (vertically opposite) of which are equal in all respects."

(2) The diagonals of a rhombus bisect each other at right angles.

(3) An isosceles triangle is divided into two equal halves by the line joining the vertex to the middle
point of the base.

(4) The area of a square formed by joining the middle points of the sides of a square is half that of the
original one.

(5) A quadrilateral formed by the lines joining the middle points of the sides of a rectangle is a
rhombus whose area is half that of the rectangle.

(6) A parallelogram and rectangle on the same base and within the same parallels have the same area.

(7) The square on the hypotenuse of a right angled triangle is equal to the sum of the squares on the
other two sides.

(8) If the sum of the squares on two sides of a triangle is equal to the square on the third side, then the
triangle is right-angled.

Postulates :
a) A given finite straight line can be divided into any number of equal parts.

b) A circle can be divided into any number of parts by drawing diameters.

80



c¢) Each diagonal of a rectangle bisect it.

d) The diagonals of a rectangle bisect one another and they divide the rectangle into four parts two
and two vertically opposite of which are equal in all respects.

e) The diagonals of a rhombus bisect each other at right angles.

f) A triangle can be divided into a number of equal and similar parts by dividing the sides into an
equal number of parts and then joining the points of division two and two

g) An isosceles triangle is divided into two equal halves by the line joining the vertex with the middle
point of the opposite side. Each of these has again been divided into six parts.

h) A triangle formed by joining the extremities of any side of a square to the middle point of the
opposite side is equal to half the square.

1) A quadrilateral formed by the lines joining the middle points of the sides of a square whose area is
half that of the original one.

j) A quadrilateral formed by the lines joining the middle points of the sides of a rectangle is a
rhombus whose area is half that of the rectangle.

k) A parallelogram and a rectangle which are on the same base and within the same parallels are equal
to one another.

1) The maximum square that can be described within a circle is the one which has its corner on the
circumference of the circle.

Note : By prof. BB Datta : Described in Sulba , we find have tacitly assumed the truth of certain other
results without any attempt to describe them beforehand or to indicate how they could be affected.
They might not be postulates in Euclidean sense of the term but they can certainly be so called in
accordance with the meaning given by Aristotle, namely “whatever is assumed , though it is a matter
for proof and used without being proved”

Important Commentaries :

Sulbasiitra Name of the commentaries | Author
Budhayana Sulbadipika Dvarakanatha Yajva
Sulba - mimamsa Venkate$vara Diksita
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Apastamba Sulbavyakhya Kapardisvamin
Sulbapradipika Karavindasvamin
Sulbapradipa Sundararaja
Sulbabhasya Gopala

Katyayana Sulbasitravivrtti Rama/Ramacandra
Sulbasiitravivarana Mahidhara
Sulbasiitrabhasya Karka

Mabhidhara (c. 17th cent ) vivrti on Katyayanasulbasiitra describes the qualities of a Sulbakara (The
person helps in construction of altars).

HSEATHA: IRHATIT: GAGAGH: |
Wﬁﬂaaﬁaamamﬁaqﬁnw I
Qmazﬁ%ﬁam EIT%R-?IEFI%F{ |
RIfeT: Tufdsgearcaicad AdY: el
fasaAaTeT FaTey: gredHTaTRT Aerfad|
FOTTAT FysTmaTaT: fAcalegeFaea gder|

A Sulbakara must be versed in arithmetic versed in mensuration, must be an inquirer ,quite
knowledgeable in one’s discipline must be enthusiastic in learning other disciplines, always willing to
learn from practising sculptors and architects and one who is always industrious.

Topic covered in Baudhayana - Sulbasiitra:

TOPICS MODERN TERMS
IETATAT AT

Units of Measurement

Construction of Square, rectangles , etc

Obtaining the surds/Theorem of the square of
the diagonal
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Transformation of geometrical figures

Plan for different sacrificial grounds
(darsa,pasubandha,sutramani,agnistoma etc)

Areas of the sacrificial fires/altars

Specifying the number of bricks used in the
construction of altars including their sizes and
shapes

Choosing clay, sand, etc in making bricks

SSEHITHATRR:
Process of manufacturing the bricks

AATIGEITHR [ ATIUTH

Describing the shapes of $yenciti, etc

Chapter 4 - Construction and Proofs of Jyamiti

Finding the cardinal direction using Sanku , Determine East and
West side :

TH 5% AU ASHAFAA Toodl AvS TRTE |
IF @A %Bﬁ:mﬁlﬂﬁﬁrm%wﬁ%ﬁr ar g || (KSS 1.2)

an ?TS:@" fT@TI(Fixing a pin or Stick on Levelled ground)?fg\’i;ﬂfiﬂ?ﬂ'q IGodl AUSH (and
Drawing a circle with a cord measured by fixed stick, fixing stick at points on the line of the
mrcumference)?l?ﬁﬁ Foorar fagdafd(where the shadow of the tip of stick falls). NEEY fogfea, ar
9T || That gives the east - west line i.e praci.

9T - line - East and West line

USF - stick or pin - XO

HUS - Circle

{a=dT - Rope

ST - Shadow

AO = Forenoon (as shadow enter in circle)

BO = Afternoon (as shadow excess from circle)

@ - Placed
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Perpendicular Bisector
Two methods have been describes for obtaining the perpendicular bisector of a given straight line:

o I{5od¥dHAH ( Folding Cord ) Fig 1
o HAEIFAFUIA (Fish Figure ) Fig 2

Methode by folding cord discussed by Katyayana, in the third siitra right at the beginning of his text.

Having obtained pract, getting udici( the north - south line),

Tewe ToaTsaed , aTeit e, 2Rt areit e, afavomasy 7ed e e e |
TIHd: , ey |

9

b
Fig: 1 W W

Doubling the cord by a measure of distance between them (Ged¥ IoaTeIEY) (sanku) and stretching
the cord towards the south (Gf&IOTIIF) strikes a pin at the middle point (FE ‘\’EEI;T g fed).

In the above figure above,

a) A and B represent pins along the east - west direction to which the cord is tied.
b) We’ve doubled the cord AB
c) Stretching AB on both sides to get the north - south direction

Fig:2

After getting direction from the sanku shadow method, we mark two points along the east-west line.
[E and W]

With those points as centres and choosing an appropriate radius , circular arcs are drawn.

The line passing through the intersection points of these two arcs gives the north - south direction. [S
and N ]
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Construction of Square using Nail and Cord :

As the use of Nail and Cord in Ancient Indian Mathematics is known to us till now Lets Learn
construction through it and understand the construction.

Bodhayana’s Method of Constructing Square.

T RIS Arafeaehida aract Too] 3H: U7 edl HEY ofaToT HUfd |
a@mﬁma@mff%@aﬁﬂm | aﬁﬂﬂm%ﬁqm—aamﬂmgaqﬁ%@al
frsarsTeera: A% Reeaid | (Rt aref wfaae

Tl AvSSH IR oI d | TaARTAA| I TF TAITAT o Gradid [aShed 3T d |
yshEs=aar: %mﬁmalﬁﬁawﬁﬁwamﬁwqﬁﬁ@mwaﬁﬁmw
Qe daid: | QST 3 3T FEAT: SEEGE ch\qqd |

EFR"}T ﬁlﬁ? Desirous of constructing a square , take a cord of that length, 38TJd: Tl Dcdl qey
H&TUT FUT tie it at both the ends and mark its centre. Draw a line and #FEY QE? ﬁlE_éTIT-T fix a nail
at its centre. UTRIeT HUSGIH IRTeIWd | TGHURTEHST Latching the ends may draw a circle. Similarly
on the other side. From their points of intersection (E,F), deT Z‘(ﬁ?ﬁ'q H 3TI'€I_t}T-I' obtain the
second diameter (RS).

Desirous of constructing a Square,

Take a Rope of Length of You want Square Side.

Draw a Circle fixing nail as centre. O {fig2}

Draw two circle from circle arc taking point P and Q

Get two intersecting points E and F

Obtain new diameter RS for inner Circle

From the point at centre P,Q,R,S draw 4 Circles.

Intersection of each circle at each point give us SQUARE ABCD

C®

Construction of a square by nail and cord
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Video Link:
https://drive.google.com/drive/folders/1jtOthW3Wz5PMh QbRvWo3bP75qfiL2T7?usp=drive link

Rectangle to Square Construction :

QIS THTIRA TR fAgHTA off hear AW gfaer fasrsw, qredaieueeard | @usa
3TN TR, T AR 3: |
BSS 1.54

* Thus, if ABCD is the given rectangle of length a units and breadth b units which is to be transformed
into a square.

Then Baudhayana prescribes marking out AE of length b units along AB (and complete the square
DAEF) and bisecting the remainder EB

With the midpoint G of EB as centre, an arc of radius AG is to be drawn which intersects the
extension of the line EF at I.

* The segment El gives the desired side.

Note that GE = (a-b)/2 and GIGA = EA+GE= b+ (a-b)/2 = +b)/2 at so that El 2 = {(a+b)/2}2-{(a-b)/2}>
= ab. (As area of square is side square)

I
<
H
D \ C
F

b ap b
A (a-b) E (a-b)/2 G (a-b)/2 B

a

All the authors of Sulbasiitras , while treating the portion of Geometry, make a beginning with the
propositions of square and rectangles. Their first object is to find out the side of a square which is
equal in area to the sum of two squares or the difference of two squares, or to transform a circle, a
triangle, a rectangle or a polygon into a square. For all these constructions, the principle of the
theorem of Pythagoras is applied to get the solution.

BUDHAYANA SULBASUTRA 1.12

So called ‘Pythagorean’ theorem called Bhuja-koti-karna-nyaya in later literature.

ST HETRIRGS]: TN fadsaeh o aq . .
JYTA Focd: dGHI HIAUTT| (BSS 1.12) T
N o
&rsﬁa@'\rsﬂ—‘cr = Rectangle (longish 4 sided figure)
&V ol: = The Diagonal Rope

pe)
GTRIHATST = The measure of the lateral side
ﬁl’é@\ﬂﬁﬁ = The measure of the perpendicular side.
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https://drive.google.com/drive/folders/1jt0fhW3Wz5PMh_QbRvWo3bP75qfjL2T7?usp=drive_link

T Peheshal:, el RIS dhdl:, T5He RIhISeehal:, Hitdehadidienar:,
aawﬁaq—zlﬁﬂao—a’r q—zlaﬁa?crﬁﬂa»—a’rs—amsqaﬁt | (BSS 1.13)

This rule stated above is quite evident in this given pairs

324 42=752
524122 =132
152+ 82=172
72+ 242 = 252
122 +352 =372
152+ 362 = 392

Mabhidhara in his Commentary explained in detail:

STy TS ATNURAAT Too] JUT8[ Hcail Fcald = Jcthelsh 813 THUAETY Foc:,
TR TR STIaRARRT 31EUTAT = FIUTFRET Too: FINY STy et = STHTATHI
ATA: |

Manava Version of the siitra differs from Budhayana Version :

3T JTATHIOT faEdR faEeror |
Waﬁmaaaawaﬁa’rﬁg I

JTATH TATHI[OT = The length multiplied by itself
faear ﬁWUT d = and indeed the breath by itself
AT a?ﬁ?:lﬂ = the square root of the sum

ad oA = that is hypotenuse

afeeer ﬁgt = those versed in the discipline say so

Using Modern notation the result may be expressed as :

(ayama? + vistani? = karna

Constructing a square that is sum of unequal Squares

W&WW Waﬁuﬂ’raﬁmﬁ'@al
JUEY 31&'UI<-II{\TO'I TATIAY: YTRTHTAT aqaﬁrl BSS 1.50

Desirous of combining different squares , may you mark the rectangular portion of the larger [square]
with the sides of the smaller one. The diagonal of this rectangle is the side of the sum of the two
[squares.] K

CG=P=BE

AB? + P> = AE? (BSS)

B ABCD + ICGHI = AABE + AAEF + AEGH + AEHJ + [IDUJF




= AABK+ AAEF+ AHIK + AEHJ + [JDIJF

= I AEHK

Circling the Square

T AUS S TaIehiye 3760 HEIT reiiH 3-quTeadd e iIsad o e Jaldel #vSe

gRTEd | (BSS) c
. L .
o 37EUTTY = semi diagonal D F C
e HEYT YA = from center to east >~
e JCIGTATASTA = whatever portion remains M \
o T HE Il = with one third of that
0
N 4
A B

“If you wish to circle a square , draw half its diagonal about the centre towards the east-west line ;
then describe a circle together with the third part of that which lies outside the square”
Let ABCD be the square which is to be transformed into a circle.
Let O be the central point of the Square
Join OD.
With centre O and radius OD , describe a circle intersecting the east-west line EW at E.
Divide EM at F , such that EF =2 FM. Then with centre O and radius OF describe a circle.
This circle is roughly equal in area to the square ABCD.
Let 2a denote a side of the given square and r the radius of the circle equivalent to it. Then

OA =a\2,

ME=(2-1)a

r=a+a3(\2-1).

=a/3(2 +2).

Apastamba observes that the circle thus constructed will be inexact (anitya). Now, according to the
Sulba,

V2 = 141/3 +1/3*4 - 1/3*%4*34
Therefore
r=ax1.1380718....
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Chapter 4.1 - GEOMETRICAL CONSTRUCTION FOR ROOT 2 VALUE:

THTOT Jeidiel GERIe, dTedqdfe , 3crad [ETdare Afaeiv: | {BSS 2.12}

Consider two Square ABCD and BEFC with sides of
unit length Q
The second Square BEFC is divided into three
stripes.

The third strip is further divided into many parts and
these parts are rearranged with void at

Now each side of the new square APQR = 1+ 1/3 + 1/
3*4

A 1 13 134

Q is void

Area of void Q is (1/3*4)?

Strip off segment of breath b from either side
Such that area of striffed off portion is exactly
equal to that of void Q

A 1 B 1/3 1344 E

2b(1+1/3+1/3*4) - b> = (1/3*4)?
neglect b? very small b={(1/3*4)?}* 3*4/34 = 1/3*4*34
hence the side of resulting square

V2 = 1+41/3 +1/3*4 - 1/3*%4*34
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Draw a Square equivalent to N times a given Square

TTCHATUT T FHAIATTOT Tehlehc]H FhIS] TehletTiel ATl s7afeet ferdiep gfaarumeencs

uaafﬁaﬂﬁr—q%raﬁaﬁrlaﬁw Fl_cmﬁ|{KSS6}

‘As many squares of equal size as you wish to combine into one, the transverse line will be equal to

one less than that, thus forming a triangle. Its arrow i.e. altitude will do that.’

“Take transverse side equal to the measure of lengths of all squares to be added minus one and twice a

side will be equal to the lengths of all the squares to which one more length of a square is added and a

triangle formed then the perpendicular from the vertex to midpoint of opposite side of the

triangle will serve the purpose”

That is, if the number of equal squares to be combined together into one, form the triangle ABC
whose base BC is of length (n-1) times a side of a square and twice the sides AB and AC of which are

severally equal to (n+1) times a side of a square.

The method of draw- ing the triangle, which will be consistent with the geo- metrical methods of the
Sulba is this: Draw the line BC of length (n-1) times a side of a square. Fix two poles at B and C. Take
a cord of length (n+1) times a side of a square. Fasten its two ends at the two poles and stretch the
cord sidewise, having taken it by the middle point. Let A be the point reached. Bisect BC at D and

join AD. Then the square on AD will be equivalent to the sum of n given squares.

Let, a be the side of a square
n = the number of squares to be added
BC = base of the isosceles AABC = (n-1)a
BD =DC =[(n-1)/2] x a
AB=AC=[(n+1)/2] x a
AB?= AD? + BD?
AD?= AB? - BD?
AD?=[(n+1)/2]* x a2 - [(n-1)/2]* x a2
a? [n?+2n+1-n*+2n-1/4]=4n/4
a’=a’n
AD = avn
AD? =na?
Chapter 4.2 - Value of Pi:

(n-Daf2

(n-Dafz

(n-1a

| Approximaton to i Accuracy | Method Adopted
(Decimal
places)
| Rhind Papyrus - Egypt ‘| Z35 —3.1604 1 | Geometiical
{Prior 1o 2000 BCE) |
| Babylon (2000 BCE) | & —3128 | Geometrical
Sulvasidtras (Prior to | 3.0883 1 Geometrical
800 BCE) ! '
| Jaina Texts (500 BCE) | /(10) — 3.1623 | 1 Geometrical
| Archemedes (250 BCE) | 3 10 <=<3. 1 2 Polygon doubling
(6.2% — 96 sides)
FProlemy (150 CE) | 3545 = 3.141666 3 Polygon doubling
{6 .27 — 384 sides)
Lui Hus (263) | 3.14159 5 Polygon doubling
| (6 2" 3072 sides)
| Tsu Chihwung-Chih tia — 3.14159290 = Polygon doubling
{4807) 3. 1415927 7 {6.2° — 12288 sides)
Arvabhata (499) | £==2= _ 3 1416 4 Polygon doubling 90

| (a2¢

1024 sides)



Al Kasi (1430) 3. 1415926535897932 16 Polygon doubling
(6.2°7 sides)
Francois Viete (1579) 3. 1415926536 = Polygon doubling
(6.27° sides)
Romanus {(1593) 3. 1415826535 . . . 15 Polygon doubling
Ludolph Van Ceulen 3.1415926535 . . . 32 Polygon doubling
{1615) {2°° sides)
Wildebrod Snell 3.1415926535 . . . T Modified Polygon doubling
{(1621) (27 sides)
Grienberger (1630) 3.1415826535 . . . 39 Modified Polygon doubling
Isaac Newton (1665) 3.1415926535 . . . 15 Infinite series
James Gregory {(1671) lan*‘(x):x—é';-+‘s —_—.
Gottfried Leibniz FT=1—S 42— 3 +--
{(1674)
Abraham Sharp Fx =V — 35+ 575 — 597 +---
{1699)
John Machin (17086) ¥ = 4can—" (;) — tarn—" (f;;g)

Ramanujan (1914)

1 22 i (4aK)1 (1103 + 26390k)
- 9801 ~— (K1)*396%K
Construction of Trapezium with Face, Base, and Altitude given : D E C_

The name for a trapezium used by the Sulbasiitras is ekatonimat
(smaller on one side).

The method used is essentially the same as construction of square and
rectangle using a right angled triangle.

Once the perpendiculars at the ends of prsthya (the line of symmetry or ©
altitude) are drawn , lengths of the top and bottom sides can be marked ;
off on them. E
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Since the measurements of the Mahavedi are altitude = 36 prakrmas , base = 30 prakrmas and face =

24 prakrmas, the eligible right triangles, according to
Apastamba , are :

36, 15,39 (ASS. V.2)

3,4, 5 multiplied by 4 & 5 (ASS. V.3)

12,5,13 (ASS. V.4)

15, 8,17 (ASS. V.5)

12,35,37 (ASS. V.6)

To Construct Square into Rectangle

IrafeTs geaaT=al yredt aeiifcdl STRYEl hURSTHAITO,
AT SRS FAGRATOAgH a7 fAuafd dd 3o’ o

f&ear
erfgroTere faigATE il de drerags #afd |

From Apastamba’s commentator Sundararaja D |G

Producing the sides of the square eastward to the desired length of
the lateral side , one should draw the north eastern diagonal.

The part of the transverse side to the north of the point where the
diagonal

cuts it is to be discarded and its southern part is to be made the
transverse side of the rectangle. That will be the rectangle.

Let ABCD be the given Square,

Let ABCD be the given square. Produce A D and BC to F and E so
that AF BE the required side of the rectangle Complete the rectangle A
ABEF

and join the diagonal BF cutting CD in G. Through G draw a set line

IH parallel to the sides of the square.

Then IBEH is the required rectangle

FAB = FEB
IGB = GCB
FDG =FHG

Hence rect. AIGD = rect. GCEH

Therefore, IBEH = rect. IBCG + rect. GCEH
=rect. IBCG + rect. AIGD

=sq. ABCD

To Convert Rectangle or Square into a Trapezium with the shorter parallel side given.

TJTHAS AN [OTATCTRI e 31Ot @heoft D

IGREGIGIETEINE BRI CE )
[EERIRIGIEIREAZ IS

IZ




If one wishes to make a square or rectangle shorter on one side, one should cut off a portion by the
shorter side. The remainder should be divided by the diagonal, inverted and attached on either side).

If ABCD is the given rectangle, let the rectangle A FED be cut off so that A F=DE= the given shorter
side.

remaining rectangle EFBC is to be cut diagonally along B E
and

The portion BEC is to be inverted and attached to the

side AD of the rectangle in the position EA D.

Then DEBE is the equivalent trapezium.

Chapter 5 Areas and Volumes

Area of Triangle :
The method for finding the area of triangle that was known in Sulba was
Area =Y (base x altitude )

Aryabhata I says : “The area of a triangle is the product of the perpendicular and half the base”
(A, 1.6)

Brahmagupta :

“The product of half the sums of the sides and countersides of a triangle or a quadrilateral is the rough
value of its area. Half the sum of the sides is severely lessened by the three or four sides, the square
root of the product of the remainders is the exact area ” (BrSpSi . xii. 21)

As a,b,c,d be four sides of a quadrilateral taken in order we have

Area = c +d/2 x a+b/2 , roughly

Area = V(s-a)(s-b)(s-c)(s-c) exactly,

s=%(a tb+c +d).

In case of Triangle d = 0 ; so that we get

A =c/2 x atb/2 , roughly

A = Vs(s-a)(s-b)(s-c), exactly.

Mahavira in GSS :
Area = \s(s-a)(s-b)(s-c)

TO CONSTRUCT ISOSCELES TRIANGLE EQUAL IN AREA TO A GIVEN SQUARE AND
VICE VERSA:

IrETATTAEAR feAIG AT Sfaedrach (A T Fhear, qEET: 0T yuTd SN0l geanfored | &
foear 93919 | (ASS. XI11.5) D £ C

Making an area which is double as much as the fire-altar with
the aratnis and pradesas, into a square, one should draw lines from
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the middle point of the eastern side towards the bottom corners.

That is the equivalent prauga (isosceles triangle).

Let ABCD be a square of twice the required area. Let E be the
middle point of C D. EA and EB are joined. Then A E B is the
required triangle. For if the altitude EF is drawn, the square is divided
into 2 equal rectangles AFED and FBC E

AFE = ' rect. AFED

FBE = 42 rect. FBCE

AEB =" sq. ABCE

This construction leads to the Formula of Area of Triangle = '%2 base x altitude.

Area of Quadrilateral :

From GSS :
The product of halves of sum of opposite sides becomes quantitative measurement of the area of
trilateral and quadrilateral figures.
Mahavira lists five kinds of quadrilaterals.
1. Sama = Square and Rhombus (all sides equal)
2. Dvidvisama = with pairs of opposit sides equal , the rectangle and the parallelogram, though
the latter does not get any notice in Mahavira’s work.
3. Dvisama = with two sides equal - the isosceles trapezium
4. Trisama = with three sides equal - the trapezium with three sides equal
5. Visama = with unequal sides, which most frequently , denotes the cyclic quadrilateral. Even
the trapezium with unequal sides does not seem to be included under visama (probably
because it is not cyclic).

Area of Trapezium :

It has been remarked that the trapezium , more especially the isosceles trapezium, had a place of
honour both in the Vedic religion and in Jaina faith.

The usual expression for the area of a trapezium Mahavira says :

TG TShI] [STETATc] HTfcIellc] Je FEHH |

AT AGAG A GoAHdFIRIVT o fAYHTIIA | (GSS. vii, 50)

The square root from four sets of half the sum of the sides respectively diminished by the sides and
multiplied together is the exact area. Or, half the sum of the base and the face multiplied by the
altitude , but not in a visama quadrilateral. From this it is clear that Mahavira knew the formula
A=V(s-a)(s-b)(s-c)(s-d) was applicable to isosceles trapezium too.

Mahavira has a rule for calculating the base and altitude of the sections with proportionate areas into
which a given isosceles trapezium is divided by lines running parallel to its parallel sides.
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A G B

If ABCD is a trapezium divided into parts with area in the ratio m/n by the line EP parallel to AB and
if DG, the altitude from D is drawn cutting EP in F and meeting AB in G, from the similar triangles
DEF and DAG , we have

EF/AG = DF/DG

L.e. bl - a/b - a=DF/ DG where a and b are the face and base and bl the intermediate base.

Or (b12- a%?) /b*> - a>=DF(bl +a) / DG (b + a) =m/ m+n

Then the altitude is easily calculated from the area. This solution is given in

Gusfd HEFIdeR @D IR ToT - ggusaguqflgda-t I
AAAGTTTHEIACegdelsY o ofFdeh haAm: Il (GSS vii 175 %)

The part multiplied by the difference of the square of the base and the face and divided by the sum of
the parts is combined with the square of the face . The square root of this is the base. The area divided
by half the sum of the bottom side and the face is the perpendicular.

Circle Formulas :

Formula Tiloyapannatti | Jambudvipapannati | Triloksara | Ganitsarasanghrh
samgho a

Circumfere | ¢ = Vd*x10? C = Nd>x10? C=3xd |C=3xd

nce of C=V10 [C=V10>xd>

Circle

Area of A=Cxd/A4 A=Cxd/A4 A=Cx A =3 x(d/2)?
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Circle A= ((d2)»)**10 | d/4
Chord in c=V4[(d2)- |c=(d-h)xhx
terms of h (d/2 - h)*]c 4c?
&d
h in terms h=
ofc&d d2-\(d/2)*Y
c?h
d in terms d = c?(4 xh) +h
ofc&h
a in terms of | a 2= 6h? + ¢2
c&h

Above formulas are from different Jaina Mathematics books

Measurement of Segment of Circle

d = diameter of the circle , c = a chord of it, a = arc cut off by that chord , h = height of the segment or

its arrow and a’ = an arc of the circle lying between two parallel chords.

Mahavira’s Rules

He gave two sets of formulae

Ist set gives serving all practical purposes (vyavaharika phala)

The 2nd set yields precise results (siksma phala).

Rough Formulae are :

A=%h(c+h),
h= a2 - ¢?/5
c=1a2-5h?
a=15h?+¢?

Important Fig. from GSS
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VANEAN ﬂ

@ fHg= fsaa Hyw fawa Ha«s
(%) (%) (=)
| i
) f‘tfé:aﬂ%rgtﬂ n HIIH
\\ N\ Q
ﬁﬂﬂl-ﬁrﬂ;zﬂ fawq IgI= aggE
(ze) Cx2) (=)

anga 5= ( Fae=E )

wrgw1E= ( @i % aqrw = answfa )
Samatribhuja = Equilateral Trilateral fig.

Dvisamatribhuja = Isoscles Trilateral fig.
Visamatribhuja = scalene trilateral

(%) (2¥)
famga (adet ahg &%) awa 99 ( IwaET §Hg

(%) (!ﬂ)

afgmsare 99 ( arey Rafy sgu )

Now a days used lens shape , Convex and Concave :

= ) —] ===

I G EFIT G QUATEHIT & TRFR Y
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Formulae for the area of space enclosed by three or more equal , mutually touching circles.

o ", Y I :
This Formula has been accurately given by Mahavira and I . .' ',x A x
Narayana Pandita k”‘h.___ —-.-:"J :r“ fk ’
Fig 1 : If the diameter of the circles is d, the area enclosed by A I—|—“ .
4 circles = area of a square with side equal to the diameter ',k A x i L '
minus the area of one circle. S

(82 %4 GSS) : If the minutely accurate measure of the area of

any one circle is subtracted from the quantity which forms the square of the diameter of the circle
there results in the value of the area of the interspace included within four equal circles touching each
other.

Fig 2 : In case of Three circles , the enclosed area = area of an equilateral triangle with side equal to
the diameter minus half the area of one circle. Here since the angles of the three sectors are 60 degree
each, each of the sectors = % the circle.

Therefore, 3 sectors together = % the circle. Hence the Rule.

(84 2 GSS ) : The minutely accurate measure of the area of an equilateral triangle, each side of which
is equal in measure to the diameter of the circle, is diminished by half the area of any of the three
equal circles. The remainder happens to be the measure of the interspace area caused by three
manually touching equal circle

Chapter 6 - Examples

Example Questions from Ganitsarasanghra and Lilavati

R CIdER 1T -

ﬁaqaaaaﬁaamﬁammwmﬁan |
ﬁﬁmwa—mﬁﬁgm oIl (GSS , vii .7)

The product of halves of sum of opposite sides becomes quantitative measurement of the area of
trilateral and quadrilateral figures. ...1
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A trilateral figure is here conceived to be formed by making the topside, s.e., the side opposite to the
base, of a quadrilateral so small as to be neglected. Then the two lateral sides of the trilateral figure

become the opposite sides, the topside being taken to be nil in value. Hence it is that the rule speaks of
opposite sides even in the case of a trilateral figure. As half the sum of the two sides of a triangle is, in
all cases, bigger than the altitude, the value of the area arrived at ac%'ording to this rule cannnot be accu-

rate in any instance. A
In regard to quadrilateral figures the value of the area arrived Jfr
at according to this rule can be accurate in the case of a square f,r’r
and an oblong, but only approximate in other cases. I,r’r

/

i

. . . B C

In Circular annulus like the rim of wheel , half of the sum of the B

inner or outer circumference multiplied by the measure of the
breadth of the annulus gives quantitative measure of the area.....2

7
L

Therefore, Result here happens to be the area of a fig. It Resembles the crescent moon.

Nemi is the area enclosed between the circumferences of two concentric circles;

and the rule here stated for finding out the approximate measure of the area of a Nemiks&tra happens
to give the accurate measure thereof.

In the case of a figure resembling the crescent moon, it is evident that the result arrived at according to
the rule gives only an approximate measure of the area.

For Triangle the value of area rule cannot be accurate in any instance
For Quadrilateral fig. Accurate in case of square and oblong approx in case of other fig.

Lilavati from Dwitiyakhand kshetravyvhar

(< AN hd
I3 TSl AT TISTHATTT FIUYA 23 JaH
P! B3
Fderfaeesad: Rud agfafdfed 7 deaurd I

HAHATHCh ddelsl FUSCHaHed FAdTgeh el
(L.ii.19) it

(A + q@H ) /2 x oFS
Y+ /3=3R=22.9x ¢
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If we calculate by dividing fig.

g3

9

L]

with same process we get

30 and 108 area respectively
There addition 138 i.e total area.

Process for Triangle (ﬁl’ﬁfl:\_ﬂ)

Wﬁaﬂﬁ_&w c el TaSCh T 377 3o qafaTeced «aTd:
Sum of All sides , dividing it by two , the number produced places them in different places .
Subtract each by each side value, then multiply all numbers and take square root.

t3

!

aqfA: ey
GEIRERRE!

23 | 29| ¢Y
T = ¥R
AT =132

3]

R3¢ QW W RN
€3 €3 ¥ oo

¢ & b W

HTd (Product) - product of 4 of this
boyg
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HT = ¢8 8T

Abbreviations

SBr = Satapatha Brahmana
KSS = Katyayana Sulba
GSS = Ganita sara samgraha
L = Lilavafti

ASS = Apastamba Sulba
BSS = Baudhayana Sulba
MaS1 = Manava Sulba

MaiS = Maitrayaniya Sulba
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Section 5 - Proofs (399T)

Chapter 1 - Introduction to the Proofs in Indian Mathematics

While there have been several extensive investigations on the history and achievements of Indian
mathematics, there has not been much discussion on its methodology, the Indian mathematicians' and
philosophers' understanding of the nature and validation of mathematical results and procedures, their
views on the nature of mathematical objects, and so on.

Traditionally, such issues have been dealt with in the detailed bhasyas or commentaries, which
continued to be written till recent times, and played a vital role in the traditional scheme of learning.

It is in such commentaries that we find detailed upapattis or 'proofs' of the results and procedures,
apart from a discussion of methodological and philosophical issues .

e Early European Scholars Were Aware of Proof

In the early stages of modern scholarship on Indian mathematics, we find references to the methods of
demonstration found in texts of Indian mathematics.

In 1817, H. T. Colebrooke referred to them in his pioneering and widely circulated translation of
Lilavati and Bijaganita and the two mathematics chapters of Brahmasphuta-siddhanta.

"On the subject of demonstrations, it is to be remarked that the Hindu mathematicians proved
propositions both algebraically and geometrically: as is particularly noticed by Bhaskara himself,
towards the close of his algebra, where he gives both modes of proof of a remarkable method for the
solution of indeterminate problems, which involve a factum of two unknown quantities."

Similarly, Charles Whish, in his seminal article on Kerala School of Mathematics of 1835, referred to
the demonstrations in Yuktibhasa.

"A further account of the Yuktibhasa, the demonstrations of the rules for the quadrature of the circle
by infinite series, with the series for the sines, cosines, and their demonstrations, will be given in a
separate paper:

1 shall therefore conclude this, by submitting a simple and curious proof of the 47th proposition of
Euclid [the so called Pythagoras theorem], extracted from the Yuktibhasa. *

Whish does not seem to have written any further papers on the demonstrations of the infinite series as
given in Yuktibhasa.

Whish's paper was widely noticed in the scholarly circles of Europe in the second quarter of
nineteenth century.

But it was soon forgotten and there was no study of Yuktibhasa till 1940s, when C. T. Rajagopal and
his collaborators wrote pioneering articles on the proofs outlined in that seminal text .

® The Alleged Absence of Proofs in Indian Mathematics
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1t has been the scant attention paid, by the modern scholarship of the last two centuries, to this
extensive tradition of commentaries which has led to a lack of comprehension of the methodology of
Indian mathematics. This is reflected in the often-repeated statements on the absence of logical rigour
in Indian mathematics in works on history of mathematics such as the following:

"As our survey indicates, the Hindus were interested in and contributed to the arithmetical and
computational activities of mathematics rather than to the deductive patterns. Their name for
mathematics was ganita, which means 'the science of calculation'. There is much good procedure and
technical facility, but no evidence that they considered proof at all. They had rules, but apparently no
logical scruples. Moreover, no general methods or new viewpoints were arrived at in any area of

mathematics ."

"Indian mathematics had no proof."

Here, in NCERT Book of Class IX

It is said that,

“While mathematics was central to many ancient civilisations
like Mesopotamia, Egypt, China, and India,

there is no clear evidence that they used proofs”.

(p- 287, Class IX, Appendix 1)

Chapter 2 - Proof in Nyaya Sutra of Gotama

THATUTIATHATI A AT Sl d TG eI A T U I dTG T o [ dUSTg caTHTa T el T [ T JTg € 21T
ATATH dcd ATaATiceT - AIATTH: || ¢ ||

1. Supreme felicity is attained by the knowledge about the true nature of sixteen categories, viz.,
means of right knowledge (pramana), object of right knowledge (pra- meya), doubt (samsaya),
purpose (prayojana), familiar instance (drstanta), established tenet (siddhanta), members (avayava),
confutation (tarka), ascertainment (nirnaya), discussion (vada), wrangling (jalpa), cavil (vitanda),
fallacy (hetvabhiisa), quibble (chala), futility (jati), and occasion for rebuke (nigrahasthana).
Knowledge about the true nature of sixteen categories means true knowledge of the "enunciation,"
"definition" and "critical examination" of the categories. Book I (of the Nyaya-Siitra) treat of
"enunciation" and "definition," while the remaining four Books are reserved for "critical
examination." The attainment of supreme felicity is preceded by the knowledge of four things, viz.,
(1) that which is fit to be abandoned (viz., pain), (2) that which produces what is fit to be abandoned
(viz., misapprehension, etc.), (3) complete destruction of what is fit to be abandoned and (4) the
means of destroying what is fit to be abandoned (viz., true knowledge).

ucu&lhga-ild‘lqa-lloﬂlcql: “GATOMT” || 1]

2. Perception, inference, comparison and word (verbal testimony)-these are the means of right
knowledge.

[The Charvakas admit only one means of right knowledge, viz., perception (pratyaksas, the Vaiserikas
and Bauddhas admit two, vis., perception and inference (anumana), the Safikhyas admit three, viz.,
perception, inference and verbal testimony (ngama or sabda) while the Naiyayikas whose fundamental
work is the Nyaya-siitra admit four, viz., perception, inference, verbal testimony and comparison
(upaméana). The Prabhakrras admit a fifth means of right knowledge called presumption arthapatti),
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the Bhattas and Vedantins admit a sixtli, viz., non-existence (abhava) and the Pauranikas recognise a
seventh and eighth means of right knowledge, named probability (samblava) and rumour (aitihya)].

slegariaeaaSicdra AAHCTIRIATTRATR ATHATCHS “TcIeTH " |13 ||

3. Perception is that knowledge which arises from the contact of a sense with its object, and which is
determinate, unnameable, and non-erratic.

Determinate. — This epithet distinguishes perception from indeterminate knowledge; as for instance,
a man looking from a distance cannot ascertain whether there is smoke or dust.

Unamenable. — Signifies that the knowledge of a thing derived through perception lias' no
connection with the name which the thing bears.

Non-erratic. — Tn summer the sun's rays coming in contact with earthly heat quiver and appear to the
eyes of men as water. The knowledge of water derived in this way is not perception. To eliminate such
cases the epithet non-erratic has been used.

[This aphorism may also be translated as follows: — Perception is knowledge, and which arises from
the contact of a sense with its object and which is non-erratic being either indeterminate (nirvikalpaka
as " this is something") or determinate vsavikalpaka as " this is a Brahmana ")].

I AT ATEY TS T T T HUNeTA |

AT STolel FHIXUSEA eTFahatd || 23 ||

A circle should be constructed by means of a pair of compasses; a triangle and a quadrilateral by
means of the two hypotenuses (Karna). The level of ground should be tested by means of water; and
verticality by means of a plumb .

Y deqdesh “RiaUHATAE  qdacAvaca A gdese T 1Y ||

4. Inference is knowledge which is preceded by perception, and is of three kinds, viz., a priori, a
posteriori and ' commonly seen. '

A priori is the knowledge of ellect derived from the perception of its cause, e. </., one seeing clouds
infers that there will be rain.

A posteriori is the knowledge of cause derived from the perception of its effect, e. g., one seeing a
river swollen infers that there was rain.

[' Commonly seen ' is the knowledge of one thing derived from the perception of another thing with
which it is commonly seen, e. g., one seeing a beast possessing horns, infers that it possesses also a
tail, or one seeing smoke on a hill infers that there is fire on it].

Vatsyayana takes the last to be " not commonly seen " which he interprets as the knowledge of a tiling
which is not commonly seen, e. g., observing affection, aversion, and other qualities one infers that
there is a substance called soul.

I TSR ALY FeedraRafted: GHEI: |

ool RAITEARHAT 71T Tl ga: |1 & ||

The globe of the Earth stands (supportless) in space at the centre of the circular frame of the asterisms
(i.e., at the centre of the Bhagola) surrounded by the orbits (of the planets); it is made up of water,
earth, fire and air and is spherical (lit. circular on all sides) .

SfcuarIFATcaTe T g TH 3UAHTA” 119 ||

5. Comparison is the knowledge of a thing through its similarity to another thing previously well
known.

A man hearing from a forester that a bos gavaeus is like a cow resort to a forest where he sees an
animal like a cow. Having recollected what he heard he institutes a comparison, by which he arrives at
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the conviction that the animal which he sees is bos gavaeus. This is knowledge derived through
comparison. Sonic hold that comparison is not a separate means of knowledge, for when one notices
the likeness of a cow in a strange animal one really performs an act of perception. In reply it is urged
that we cannot deny comparison as a separate means of knowledge, for how does otherwise the name
bos gavaeus signify the general notion of the animal called bos gavaeus. That (he names bos gavaeus
signifies one and all members of the bos gavaeus class is not a result of perception bnt the
consequence of a distinct knowledge called comparison.

Tedd HeFaYSIATY: iId: FHedT: HEH: |

dCaG  Haacdoterol: TR 3Talel: Il b I

Just as the bulb of a Kadamba flower is covered all around by blossoms, just so is the globe of the
Earth surrounded by all creatures, terrestrial as well as aquatic .44

JTeAEer: “ereg:” || € ||

6. Word (verbid testimony) is the instructive assertion of a reliable person.

A reliable person is one — may be a lisi, Arya or mleccha, who as an expert in a certain matter is
willing to communicate his experiences of it.

[Suppose a young man coming to the side of a river cannot ascertain whether the river is fordable or
not, and immediately an old, experienced man of the locality, who has no enmity against him, comes
and tells him that the river is easily fordable: the word of the old man is to be accepted as a means of
right knowledge called verbal testimony].

"Je faer ﬁg:" "so say the learned”.

“g gfafae” geereserdedrd 11 ||

7. It is of two kinds, viz., that which refers to matter which is seen and that which refers to matter
which is not seen.

The first kind involves matter which can be actually verified. Though we are incapable of vcrifiying
the matter involved in the second kind, we can somehow ascertain it by means of inference.

[Matter, which is seen, e.g., a physician's assertion that physical strength is gained by taking butter].
[Matter, which is not seen, e.g., a religious teacher's assertion that one conquers heaven by performing
horse-sacrifices].

Chapter 3 - Use of Tarka in Indian Proofs

The method of "proof by contradiction" is referred to as tarka in Indian logic. We see that this method
is employed in order to show the non-existence of an entity.

For instance, Krsna Daivajfia essentially employs tarka to show the non-existence of the square-root
of a negative number while commenting on the statement of Bhaskara that a negative number has no
root.

TIEY T Fol o6 | RUNGhE] o TI: HYANETEY FHA 8T | #e] FOMSh: el ol o Hafel
o fg TSfeicen: |... Tcas| FONSH ae agdr HadT HET T a91 3Tl TFdTH | o dTagH=IIghed
“HHACTd HTcl fg a9 TF UeiTgehal eeTgeh J[TOI AT it $7dc] | UeTdd TG Faa”
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ScgFclcdld | ATCYUNSHET | TAT HHACTIETATY- FHOUMSheT0gha O EeTad Faif 37ac]
IrEader: {-dd-l"‘écqcl'd card | Wﬂﬁ%ﬂﬂﬁwaqﬁmmaﬁ 87T d |

Thus, according to Krsna

"The square-root can be obtained only for a square. A negative number is not a square. Hence how
can we consider its square-root? It might however be argued: 'Why will a negative number not be a

square? Surely it is not a royal fiat... Agreed. Let it be stated by you who claim that a negative number
is a square as to whose square it is; surely not of a positive number, for the square of a positive
number is always positive by the rule... not also of a negative number. Because then also the square
will be positive by the rule... This being the case, we do not see any such number whose square
becomes negative..."

While the method of "proof by contradiction” or reduction ad absurdum has been used to show the
non-existence of entities, the Indian mathematicians do not use this method to show the existence of
entities, whose existence cannot be demonstrated by other direct means. They have a "constructive
approach" to the issue of mathematical existence.

a general principle of Indian logic that tarka is not accepted as an independent pramana, but only as an
aid to other pramanas .

Chapter 4 - Indian Logic Excludes Prasiddha Entities from Logical Discourse

Naiyayikas or Indian logicians do not grant any scheme of inference, where a premise which is known
to be false is used to arrive at a conclusion, the status of an independent pramana or means of gaining
valid knowledge.

In fact, they go much further in exorcising the logical discourse of all aprasiddha terms or terms such
as "rabbit's horn" (sasasrniga) which are empty, non-denoting or unsubstantiated.

"Nyaya...(excludes) from logical discourses any sentence which will ascribe some property (positive
or negative) to a fictitious entity. Vacaspati remarks that we can neither affirm nor deny anything of a
fictitious entity, the rabbit's horn. Thus nyaya apparently agrees to settle for a superficial
self-contradiction because, in formulating the principle that nothing can be affirmed or denied of a
fictitious entity like rabbit's horn, nyaya, in fact violates the same principle. Nyaya feels that this
superficial self-contradiction is less objectionable (than admitting fictitious entities in logical
discourse)... (This can be seen from the discussion in) Udayana's Atmatattvaviveka... "

Chapter 5 - Krsna Daivajiia on the Importance of Upapatti

The following passage from Krsna Daivajiia's commentary on Bijaganita brings out the general
understanding of the Indian mathematicians that citing any number of favourable instances (even an
infinite number of them) where a result seems to hold, does not amount to establishing it as a valid
result in mathematics. Only when the result is supported by an upapatti or demonstration can the
result be accepted as valid.

g fa=1T et gfaeraer It 1= ar gidaeifseaiadif ar fadicdded HU#H? Fardegsiel
WlmmeWWlmﬁmﬁmaﬂmﬁl
e el 2, R IAE 8 TJIAOT: ¢& 3 ST Fhar: g . 26 AT IR 3,3 JreTaraicRedeor: 3¢
3R I € gateer 3 ar el v, ¥ 3eTaeTa: ¢e TaaoT: €y 3R I ¢ g axs—mﬁ:srl
AT TS, AT Fa AT FaaTe | 31t e afreeTaRa
WSW?HWW%WIMWWI
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"How can we state without proof (399ft) that twice the product of two quantities when added or
subtracted from the sum of their squares is equal to the square of the sum or difference of those
quantities? That it is seen to be so in a few instances is indeed of no consequence. Otherwise, even the
statement that four times the product of two quantities is equal to the square of their sum, would have
to be accepted as valid. For, that is also seen to be true in some cases. For instance, take the numbers
2, 2. Their product is 4, four times which will be 16, which is also the square of their sum 4. Or take
the numbers 3, 3. Four times their product is 36, which is also the square of their sum 6. Or take the
numbers 4, 4. Their product is 16, which when multiplied by four gives 64, which is also the square of
their sum 8. Hence the fact that a result is seen to be true in some cases is of no consequence, as it is
possible that one would come across contrary instances also. Hence it is necessary that one has to
provide a proof (yukti) for the rule that twice the product of two quantities when added or subtracted
from the sum of their squares results in the square of the sum or difference of those quantities. We
shall provide the proof (399T) at the end of the section on ekavarna-madhyamaharana. "

Chapter 6 - Bhaskara I on 3997

In his discussion of Aryabhata's approximate value of the ratio of the circumference and diameter of a
circle, Bhaskara I notes that the approximate value is given, as the exact value cannot be given. He
then goes on to argue that other values which have been proposed are without any justification:

Td Aeded H 39T Ud ATEd Ao FEATR BRI |

o] ARIATE TAFGHTIICHIOTHIVT FEecEd IRIAT 11|

(FIsehrsraaiarruraolt gaeaaiome safa)

sfd | 31T el TaRET: AUt | FUfasehed ey gereoy: aRFRARMT | 377 #egea ycgeivta
JHITATON FUfashest aaeT IRTCET 3fa | Aad aRANagATeard FRofimE |

Teh AT ETR AT T AT TehU e SRl [0Tehotdl cleiasehe$T- TR TAISSCIATOT: & Ao
AT ISy FegAT |

IR :- circumference ; O :- surds ; [ASHFT - diameter

Chapter 7 - Bhaskara II on Upapatti

In Siddhantasiromani, Bhaskaracarya II (1150) presents the raison d'étre of upapatti in the Indian
mathematical tradition:

ALY FHET Fed MOl qeaauf (eaivafel = aeg+ suufa)faar difd steqemyg sifcr aroret
foraeray 7 Tage |

Il AT fAHT FRIAART FeI&Tdl 2T A EFgIa e Moys=tiead: ||

Without the knowledge of 399, by merely mastering the calculations (gunita) described here, from
the madhyamadhikara (the first chapter of Siddhantasiromani) onwards, of the [motion of the]
heavenly bodies, a mathematician will not be respected in the scholarly assemblies; without the
399 he himself will not be free of doubt (nihsamsaya). Since 399Tdis clearly perceivable in the
(armillary) sphere like a berry in the hand, I therefore begin the Goladhyaya (section on spherics) to
explain the 399T.

The same has been stated by Ganesa Daivajiia in the introduction to his commentary Buddhivilasini
(c. 1540) on Lilavati of Bhaskaracarya

ShF ATAFIH A TG AA T AT a1 o7,
T3l a1 ol off GIoTeREe i S aifd arg#|
YceT T AT AT oG Idd 9HesTT,
Wﬂqﬁﬁﬁmﬂ‘@ﬂ?{ﬂ%c gefagest ||
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SIS :- express; m :- assembly of scholars

Whatever is stated in the vyakta or avyakta branches of mathematics, without upapatti, will not be
rendered nirbhranta (free from confusion); will not have any value in an assembly of mathematicians.
The upapatti is directly perceiv-able like a mirror in hand. It is therefore, as also for the elevation of
the intellect (buddhi-vrddhi), that I proceed to enunciate upapatti-s in entirety.

Thus, according to the Indian mathematical texts, the purpose of upapatti is mainly:

(1) To remove confusion and doubts regarding the validity and interpretation of mathematical results
and procedures; and,

(i1) To obtain assent in the community of mathematicians.

This is very different from the ideal of "proof” in the Greco-European tradition which is to irrefutably
establish the absolute truth of a mathematical proposition.

In his Brjaganita-vasana, Bhaskaracarya II (c.1150) refers to the long tradition of upapattis in Indian
mathematics.

EAIf: | AT T A AT TG &TFTATs=aT ARETAT | dF &TF9Taredd | ... 3T
TRIETAafeead |y e er

s | AT foham garard: Wﬁm | & &TFTeT 399 o Jeeafed dwfAe wfRverar
gateha|

"The demonstration follows. It is twofold in each case: One geometrical and the other algebraic.
There, the geometrical one is stated... Then the algebraic demonstration is stated, that is also
geometry-based. This procedure [of upapatti] has been earlier presented in a concise instructional
form by ancient teachers. For those who cannot comprehend the geometric demonstration, to them,
this algebraic demonstration is to be presented ."

Chapter 8 - Pythagorus Theorem

sSTTehIfeaaTa: JN:

ﬂm IT: also can be says as “sum of squares of perpendicular and base of a

trlangle ’(Popularly Known as Pythagoras theorem) is a proof demonstration of statement from
Yuktibhasa also known as Ganita-yukti-bhasa, which is a major treatise on mathematics and
astronomy, written by the Indian astronomer Jyesthadeva of the Kerala school of mathematics around
1530. Yuktibhasa mainly gives rationale for the results in Nilakantha's Tantrasamgraha.

38 PIfcTedAh TATRAGTIAICT HSTded T | $c FHARACIIHICT | 3Heleck
aqmmwam’r aﬁ%awaf?mmlsquémmmwmﬁraﬁml
S-TGH'ZIT aﬁxﬁw&maﬂw m&éﬂmﬁlggm m&ém&ém
mﬂmeém%ﬁamﬁlmmmqéﬁmaﬁﬁmﬂw aﬂ?{aré‘mala'arw
%—gﬁwwmafﬁwaéwaﬁmﬁ | HAeaRAdG dear: hICT:
AGEIRIECEEARNENE CIRIE mﬁnﬁvm&raﬁwmmmﬁwﬁawmﬁﬁﬁw
[T 2 W% | IR 1eTT $7afey | 3iefeei fwar: o [[aeRoT) &9% = (&1 ? Ffer ) faRwfaa}
TIFREAOT &g o fAY: HIeAT: FRIRTAT: HAT=A T TSCHETIRATY 9Tead I
{\rdlchcq TSI | aﬁ%&a@ﬁwﬁ@ﬁa—qa | a?rwwamefrmﬁ-r | TaEg
CIRGH armaﬂw shofeT e rafd | fohed 3gsTTenlear: a?ﬁ'q’mawﬁa?ﬁﬂ aﬁvﬁaﬂﬁ?raqamﬁww
Waﬁmﬂmmaﬁﬁ%m@mlsﬁmmmﬁ 1
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S¢ — here ; ol ICdcqudw(afIﬁde oI+Teh) — equivalent to the koti ; HHUd{’H&HHcHIC\q
(H?T+uda-|o1+fﬁ'=r+5cqlqe4) obtain area of square ; 3-Io1l(‘|(’¢l (3ot (v<J) equlvalent to base
Here, draw a square (with its side) whose sides are equ1valent to the koti and another square whose
sides are equivalent to the bhuja.

319, FITE & ST Teh T (3T ST Higd) 3R 37T o SRS Teh AR a7 710 |

Here, koti is referred to perpendicular and bhuja as base .

sy HHATAHCTIH TG |

3c -soon; ; HHTIIACIIH TG (a?f {-IHtJda-lo-l T‘TI'%Fﬁ) — two squares obtained
And so on, two squares are obtalned

9 YRR &f 3371 =110 |

IeTecR STTRIRAFATNHATE, HITETTTH STaToreer|

3eTec — after WWSTI?T (otT+Jed +Ud31d+$d{+34m) — square equivalent to bhuja on
north side ; Eﬂﬁ'ﬂ?ﬂ"ﬂ aﬁ?fUTSTI?T (ﬁ%ﬂq—q ﬂ?fﬁ% + +Gf8IUT+TA) — square of area equivalent to
koti on the south s1de

After that place the bhuja-square be on the northern side and the koti-square on the southern side.

ST & o 877391 3 o’ 3R Fife-gat eferol R & |

SHART YAARTAREA A FHY (AT o |

3HARTAFHA+ T ) — and both ; q‘ﬁmﬂﬁ (q§+aq1fr+w+14§r)- one side from the east section;
3RTHEA A — that time;ﬁl’zﬁ' — together;?fITrPI -add

in such a way that the eastern side of both the squares fall on the same line

58 SR & Gt qaif T gt $1meT ves T YT R U3 |

$TSTTT: GATOTTAT SICAT: SIS HISTHATH |

3Fr|'l'€IT GT&YUTHTIT — bhuja-square on southern side; FICAT: — koti-square FAIATReT (FAI+IATRY) -on
the north side; QT!II—JTH'I?T being combined

and in such a manner that the southern side of the bhuja-square being combined on the northern side
of the koti-square.

3R 38 TR o S7oT-aeT &1 g faroft ster 3ad smer W 03

S8 SICAT: IALATRE HSITITRE HIHTATec] IRaHITRGH e AT 1y |

g — here; TR (3agTeT+ 3-|o-|rdi)— after the end ; g - produce ; A - exploited ; Hafa -
happen

Here, this (northern) side (of the koti-square) will be further extended in the western-side than the
bhuja.

g (3TN AT (PIE-FFaT o) GTREHT 13T hT Jofatt # 3R 318k Serar Srean

el §[STTT STRYAhIUREY STaTuTehIcy: STEAE el ST |

el — afterwards é‘rt'iwer (aﬁJrﬂ"{QT) — similar to a long ; EIId — should

From the north-east corner of the bhuja-square, measure southwards a length equal to the koti and

mark the spot with a point.

31-ge & TR el F, STETUT hT 3R RIS oh SRR SAeTS AT 3R 38 T 1 v Ng &
|

o T feeg fAem TaeaTe gfarordred sfsrae e svafd |
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T — there ; [T — putting ; TAdEATC — from this ; W - equal to bhuja; &rer — long; $7afe -
happen
From this (point) the (remaining) line towards the south will be of the length of the bhuja.

59 (f8ig) A gfaror hr 3T (AW) TG $eT T ofelrs T g1

ARG Ieal: HICAT: ETATOTIRAAPIOTHEL F[STTT: ST AHPIOTHE L T

faegAE @R %awaamﬁ%@r@m W?Hﬁl gRcareT 3= srafa |
3-|o-|o-d~{6:|dd.jarq\l (3TeTecRHA+TAG+Haeql:)— after this point ; SICAT: -koti-square ;

GO TRaHPIOTHE L ( GI&I0T -UTdH + PIUTHE LN ) — similar to the south-west corner 3-'|G|'I'<’3IT
bhuja-square ; SAXATLTHPIOTHE T(3T-UTXAH+HIOT+TELN) — similar to the north-west corner ; T -
and ; ﬁmmmﬁw (ﬁmm@mﬁm — through where the line exist ; { fdGRI } — parting;
Wﬁ(google) both of them ; TAANTT — property ; IRIWT fa=TT $7afd - happen without changing
anything

Then cut along the lines starting from this point towards the south-west corner of the koti- square and
the north-west corner of the bhuja-square. Allow a little clinging at the two corners so that the cut
portions do not fall away.

ﬁﬂsﬁﬁgﬁ?lﬁslwaﬁ%wmw o CTETOT-afRee let 3R 87T-TFARIR & FTR-TfR°H iet
3 Y ATl Y & ey | aﬁmmﬁu’lﬁmﬁmaaﬁﬁwmqaﬁﬂ

3ieTeer fiwel: o1 [feRoT) e o faRiwfaeet HgFaRamntor e o f31y: Hiear:
SeROTTHE: Aot FE TSCHETIRATT Wﬂ'{o'dlchcq HSITHY |

o — small ; E'\Tﬂl'?«r and both ; ﬁ'?ﬁ'qﬁ?j - special point ; WW(WR’@HW’%D
combmed hnes t1ps fer: — among themselves ; BFITW (3<X- q‘f\aﬂm—@r ) — convergence
at north-west ; el — value ; ; P2 -do it ; TCHGTIJATI(TSCHATTIIIAN) — the great square seen ;
S-TI?'I?\E?T T — and two parts ; Q_Cﬁﬂ(sfdfﬂﬂ) done by rope ; H3ITHI - combined

Now break off the two parts (i.e., the triangles) from the marked point, turn them round alongside the
two sides of the bigger (i.e., Koti) square, so that the corners of the triangles, which met at that point
earlier, now meet in the north-west direction, and join them so that the cut portions form the outer

edges.

319 RifEad &g @ &Y RReat (@meh, Feon & 1S, 308 93 (I, ) a3 & et fhaari & ary
alrel &Y, Tk 10T & ahlet, ST T el 38 foig O ffera 3, 31 SeR-uides feer # el 3k 3¢ 59
wma%w@mmmwﬁmw

I igeaed fa=araRIseaifsiaed J | od Teh FAeqRy #afd |

eda gAY = 3ed: afg ?d)-inside and outside ; Tde R 2
(faeama-+fAseaifaided)- configuration discipline should be added dd — that; $1afd - happen

The figure formed thereby will be a square.

SEY Tl 31Tt T ot graf|

T §1ga: aﬁrmw HoleT T Hafd |

UdET - of thls ﬂm bhuja and koti-square ; Hof T - equal to Karna ; #afc — happen
And the sides of thls square will be equal to the Karna associated with the (original) bhuja and Koti.

31K 38 97 T oSV (Ao 3T IR FIfE A 3 0T &6 SRR giaf |

fhe] $[eTTohICT: TN HOTTETH, HUTAIN HSTRITCHEY Uhed FaTcITeT HSTThICY T e

CE T TR R | 58 A& T Tata |

ﬁv_cf but ; FIIT - square sum ; EFUﬁTﬂﬁF square of hypotenuse,; aw’la?ﬁa - in the diagonal class
mﬁ?ﬁﬁ - in bhuja koti-square I’WCI'EI?‘]_CI'I?T discarding square ; mﬁq g
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-other bhuja-koti square ; gafafa - square measure; HICTTATHIGETATH (HIEUT+ 3TEIG+ SCTTH)
— it was settled now ; s'c'\' — this is ; TAT - everywhere ; AT — it should be known; HafdT - happen
Hence it is established that the sum of the squares of the bhuja and koti is equal to the square of the
karna and it also follows that if the square of one of them is deducted from the square of the karna, the
square of the other will be the result. This is to be understood in all cases.

safav ag T § 3 377 3 e & gaif &t et ot o gef & e § AR Tg M sq g &
P Te; 3oTa & Toh o7 @af ot & a9 Q TeT AT S, ar gEY &7 997 g aRoTa &t 39 |l
HATHAT 7 FHST SATAT AT

EXPLANATION:-
This is to be understood in all cases.
In any rectangle, the longer side (taken as the lateral side) is the koti and the shorter side (taken as the
vertical side) is the bhuja. Then the square of the karna, the diagonal, is equal to the sum of the
squares of the bhuja andthe koti.
In order to prove this bhuja-koti-karna-nyaya, consider Figure. Here ABCD and BPQR, are squares
with sides equal to the bhuja and koti respectively. The square BPQR is placed on the south such that
the easternsides of both the squares fall on the same line and the south side of the bhuja-square lies
along the north side of the koti-square. As stated above, itis assumed that the bhuja is smaller than the
koti.
Mark M on AP such that

AM = BP = Koti.
Hence,

MP = AB = Bhuja, and MD = MQ = Karna
Cut along MD and MQ, such that the triangles AMD and PMQ just cling at D, Q respectively. Turn
them around to coincide with DCT and QRT. Thus, is formed the square DTQM, with its side equal to
the karna. It is thus seen that. Karna-square DTQM = Bhuja-square ABCD+
Koti-square BPQR.

Chapter 9 - The area of the circle (agraﬁ)

agraﬁ or the area of the circle is also from Yuktibhasa of Jyesthadeva .

A& TANHATT 3cTTGATRR 3TeToclia |
[ = B
a;raﬁ — circular area FITHAET — of the square root ; 3c9IgeI9hIX — production type ; Helod{H —
after or subsequently
Now is stated the method to derive the square of the area of a circle.

31T T & BTl T Gt fovehrerel T TR aelrd a1$ &
aﬁmwﬁﬂﬁwmaﬂﬂm
_QII'I'FIT‘ESIH'I"'TUT et ( _JNT+3-T‘25'+3=|'I?T'UT+'€I>IG|TI') add through half the diameter ; JTqH - equal ; 9d -

shown
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Cut the circle equally into two across a diameter.

g I Teh oTH A HATT &9 J &1 191 7 |

Wmaﬁsﬁr FAIGRFT ATATd fagRA|
- agam H’Zﬂ?ﬁaﬁsﬁf even in both combinations ; hegIGRE -beginning from centre ;
—up to rim ; fTAGRAT — in a split

In both halves cut (equal) sections from the centre to the circumference.
gt fgeat 3 hg I IR T (SeR) WS FIe |
ATHITAEL: FAEATCTY TAE]cl Hel, hogdTaUS: TeJHT U $7dl|
ATAHTYCL: (ATH+ T+ ) area originated by c1rcumference aéwmfﬁr(ﬂém?mﬁﬁr ) —
from everything else; ﬁ?ﬁ'ﬂ' detailed ; 9 — truth ,WQF(W—FW +IGRT:) — area originated
by centre of circle; de]HT (T +3Te]HTeT) — base estimate; Td - and; $7dd — it may be
The divisions would be spread out at the circumference and pointed at the centre.
Ta8TSTeT aRT® 9T Yol glaT 3R 3 1 3R ST fohw STdar|
IelreR JAGUSCaTAH Y HH: RRIGEF T[ETedT TaR [AUT i | o TTGL: FARTFTwcR
AT Tl |
FRICEECERD N(a?-rﬂsl Us+qq<4+3TfEI) — also the two circular section ; s - ﬁﬂaa'erair(ﬁfwaam
?-r) and the two heads ; ?I%’I_dT taking ; JaTT — spreadable oy a’lazr add with ; Feg
H?:I:'Q?(QI' — thin area of centre ; SARTFTe (SAT+3TFTec}) — it’s inside ; SITIT — covers ; ; A 343?[
— it will be true

Then, taking hold of the ends of the two halves, straighten them up and join one into the other, so that
the pointed parts of one go into the cavities of the other.

R aYett a3 R 1 T e a6 31T U Y gt & s &, T T 3 speher e qat
o T3t 3F = |

ofeT gare Erafafse sarar faedR s acaqeaeTs #7dd|

T — then : ; AT (er+3718) — half- circle ; aﬁﬁﬁvqam%ﬁvc) -long specific ;
_EI'IGTE?(WT{-TH-T?& ) — halved-diameter ; ﬁ?-_cﬂT expansion ; TGeh(T+Th) — this one;

ATFTTTIH SE[RIEGE A +8Y) — rectangular square area

This arrangement will result in the shape of a rectangle having half the circumference of the circle as
length and the radius as breadth.

SH SFAEYT & TROTHETET Teh 3T ol 3TN T Torea et & 3mefl TR ofers & &9 &
3R BT TisE & w7 gref

T Tt SATATRT AT TfOTTRed gt faadeathel safd |

Taedd — if so, then ; a?n%fr WQH half-01rcle and half-diameter ; THY — with ; aﬁrﬁa@ﬂa —if
multiplied ; T & =|I€4tl<:|°{’>l el HTe - it will be area of circle obtained by rectangle

Thus, by multiplying half the circumference by the radius is obtained the area of the circle.

SH TR, el IR T FS=T I T[0T et TR I T STl ITee ghelr &

Obtaining the area of a circle

» In the figure we have indicated a circular slice being turned into a rectangle by appropriately
sectioning it and inserting one half of the circular slice into the other.

» The length of this rectangular strip corresponds to half the circumference C. If the radius is r', then
the area of this slice is

Area=1/2 C x
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Chapter 10 - Sum of A.P. series(AGICTAER)

Series of A.P or AGIeTAgNR is from the book ‘Patiganita of Sridharacarya *. Sridhara was an Indian
mathematician who wrote on practical applications of algebra and was one of the first to give a
formula for solving quadratic equations. Sridhara is known as the author of two mathematical
treatises, namely the Trisatika (sometimes called the Patiganitasara) and the Patiganita. However at
least three other works have been attributed to him, namely the Bijaganita, Navasati, and Brhatpati.

JAET AdcTdgR AEETRY dTdET8-
AEIRISTAISUEATgUR HETe T IRTAET | ASTETTET T

HCATTEITUEATE, $FIUAHTEN o0 [aEIREAT: ShATNAaR HgTel faedRY acdd dededed
améc%n—'crwﬂm aﬁmmsraﬁa;rra’rsz—-cra%rﬁem NS Rl 91afy | g R o
aqa‘fﬁ?m?r WWWHMW@l%WWﬁaﬁWW ETET
awaqm?rr%ﬁm%ﬁ Riey st @ HACAGATHTY HEIHCTFST GIfoTd AT, o =rerar:
mw&maﬁa | freret R A e ARET ?Hﬂ'@'&’fﬁ‘gﬁ'ﬂ@ﬂ
AT ST TS T TR quﬁWﬁgwmﬁﬁﬁﬁwﬁamw
FEANH | Hﬂﬁmﬁﬂmﬁﬁgﬁ'ﬂﬁﬂwqwlqdﬂ ? ECITBIC AT olF sl
Qﬁmﬂmﬂﬁmﬁmmﬁﬂm&iﬂﬂ?ﬂ‘ & Tel J HdeTaHAT- ATl Fa1d, Iidged o T1d |
AT ITSHATFIh 38 d&ad | maﬁsﬁﬂﬁﬁm*{-dldquaaﬁ Td AT

eI TSI ATE--

ITTSTAT AFTHETET || bR ||

WS_QTSW%(%WH_@' +3-T‘2R—T-|'IFT+FI§C|ﬁ') — expansion slightly below and above;
HETel TATCTAT — it would be like; FHATTEATIEATE — from under the soil vessel; WQTBWS_QT
small part from the bottom; ﬁ?-_cl'l'ﬂ-_dﬁ — then the expansion; amvﬂqﬂqﬁ gradually over and
above; FgTe f[ATART — great expansion; Hdcdd — it does happen; H?\?I?\?JFJ of the same; Tl IHAC:
— coordinate; FATAT — include; Haar 31333? d AT fa9H — in the odd; H@Eﬁﬁ? IGREC]

AT RASTHUTcAToSATc &I AG: — from the field and others born of being to be arranged;
{Wommﬁ? — some part would be attracted to separation; FelTAIATI AT — for the
purpose to obtaining result; & — as a rule; $°Cdlbsﬁ-lq€\4ﬁ SColFd
qﬁmﬂmﬁmmmﬂmww 2T — to proceed the result that arises by the rule of
multlphcatlon LT d W’Iﬂﬁf s — even for the compound of the bottom; TJT — should;
ddRdTT — then here; TIW by equal length; 38 SI&Td — it is noticed here;
nfeuaarcAs msﬁﬂ?-[ SlFSehEATdc ITHHHA — like; U oAl IAT FHeTairar — imaginations;

ITSHAT TFTh T

HACAICHCH HEIEINGATAG ooaeh:, § I AT ASETIET TS HA: Taded: | TUT-Gfdeh et
ﬁ?mmﬁﬂﬁmﬁ?mmﬁ |qn|qumqqdadd+qqo€ra‘&%?r@ﬁﬁw
AFIHEATAGH T TAGH: T=TRYHATOT Taf" WI
sa?hmm&ﬁswqwmﬁgm—

Wq%qaﬁr@mﬁmmﬁr |

HALIICdCH - intermediate; mwcrq‘remgﬁlg ofFdoh:- the middle tangent is perpendicular here; &
I dET — and that’s it; ICSHH:- going equal; I&JeH:- equivalent to; JAT --m 376l — as in the
beginning of the two; ﬂ'CITl' knowable; 3G H-I&IAFANSET — now from the other fields of;
JYFhIUT — separation; %T-T for the purpose; fTIATHTE — spemﬁc ;oTFahah — make longer; FRE
traﬁvarﬁaﬁ?r by a collectlon of separate values; el ATl — then there is the result
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TFIHET T>TRIMCHHATOTE §EAT ofFall AT HATA TF JYUeh JUh dET ANETIEY Bl AT | 7] T
SATEARIUTATY oFd gEael [AHsTATe Ufaged a1t [agad | @, 38 feaserfgadaay
AV, JUA TFagEa AfCHAFATHT &, aﬁ‘chfrmmrrﬁmiﬁqa SRIE)
aﬁ?mwaﬁﬂ%ﬂa aaaﬁa’fﬁmrrﬁuwaﬁ TRAATRR | AT g |
salc‘rfr&lawquoﬂa-us -

deEATAeEd 0T TETaeTa || o |l

oA T S FT=RIUTTATY &Fd — even in the difference in length of the field; g€ f[AHSITHATA — when
d1V1ded by hand; 9Tged &athel ﬁ?\'{lﬁ — there is an area pre hand; 3g fcaseigaAAAY — aim
with clarity; e — special; F&Hﬁﬁ’d &Y9% el — the measured field result; GTTATCHTEAT — in the
appearance of; TITdT — and this is the next; I RASTT — will be shown; Hﬂ@'@ﬁl’%ﬁ?}'& —to

prove that it is face of earth(starting point)

T AEIETTEY HATAT: IRATVT AT A FFIFEANH, AlcHet T e oFaeg I
HEI T | deTg -

JeHeh dodaeaac g s Hd ERT $1afd |
mmwﬂﬂwaﬁm hes

Hﬁlﬁ—s;r & — action to accomplish; TFIFETTH — I will tell you; & — one step; TAAT AT — like
truth; 1—'€I'I'G'\§T=F>I' — it would be a face; H’%—ET-D:[— that’s the sign

mﬁqwﬁaqammﬁamﬁra—qawm afh?%a?ré’lﬁ TTSHAT
OH-GIGIN-('N'Q %O'CIICIO'I nYHd OH'GHSﬁ- dAGIqu{'dICI('E‘\'H{-d{‘\LI*{UIIZI dcyl *{dr>¢IUIdI<'N=I‘-IC\G|'
TIRISIAEATATC | T TUHTCET" TAET Golel" Elel HW ERT 7T | AT UT-TIET Fehed
aﬁmwﬁammammﬁaﬁ | HTUHHQWH%HTQWWWW 2T
m@raamﬁammswwﬁ|

AT Wdluusdﬁl qTaTeoreal ?JHT-?ra-lmqw g " d|qc+|=|U| dfea F|'=h€4Id EBIEEIG))
meﬁm—amﬁmmﬁ | e TREH R FE

Wafﬂmﬁ(?)mﬁ%mmdcmrdqdq FIEt Tl | dded Wiies #ed

WWWH&H# JaR AT d- mﬁﬁwﬁalmmwm

m‘rﬁﬁm |

mi@m'\rw TERAT" FAHHIA TE |

mﬁémamraﬁﬁ—m e

Ela?ilﬁ' — though; Usdehlieeh Ue — five and so on terms; UTTReTehIgd — dependent; Jarfor - however;
IS — that term; ?J'@?I—J — to be taken; JTEHRT — and in that; W — it was going to be;
TFTHEAEY ~ART FTAT TFaTs T T deTTdraceTEa® IR gl SGEEECIRIELTA
EIRYSTIEYTAT | I — there; YAHYG — first term; IIET — of the choice; goleT" Bl - dev01d ?H'@
eRT Hafd dcIAT — for example; €T UG — that’s it; SIQEI?)?-T and the base by which; &fgdr -
including; EIWSIFT do it; Hﬁ?ﬂfﬂ' that’s the 51gn ma?i’r— as long as; S:PIISIH_T-T — and to the base;
HI'GT?UT by the same formula; AT — but; d — that’s it; W‘f(—f - should do it; TTFIUT — equally;
ﬁtﬂ_?:l' dropping; EFEISIFT do it; dd: — then; chIrdqdq Itlsa-l — then mark the two regions;

in the matter; FFTQU and then; 9TfEeT — symbol; W'I'éf — spread; X@T UG dT — or the line itself;
Eh_ﬂﬁﬁ.ﬁ to do so; S-T?T@T@'I?JTCIEF JARA — in circulation; WSTQHT — sutra on both side;
Wﬁﬁém?mﬁ— it spread like a thunderbolt on the ground ﬁﬁﬁ_{lﬂ' it should be

N N

~
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RTINS, & U= AERE" &IaI0T Arac T THRICY STaTON 8T, ol aTeTe; 3@, arHad
H’@Q‘@mmmmaﬂﬁwaﬁﬁmaqqmimdq . eTavETE S
aﬁaﬂmﬁ?ﬁmﬁrlmmﬁamm HI ST | TTGolgled HE T
W%WWWWHI?H‘%HWWW zrnawra?rma qug
ECCELEICERIRE Wﬂmﬁﬁlﬁ memmaﬁ—«hmqﬁ%w}
mmmﬁm&mmmd QIHHHdIdJIGmW(WFDFﬁHW
ws‘rafﬁvrraﬁr mﬁmmmﬁlwﬁ—awﬁmmﬁl

SCTATH ARSI fAGRITE, Tofdeg oAU [ d>aseadicHs ATANY & gTiecsh!
TSIt
3R T ol fATRIEAT TSI e |

AT A T1E a7 TATY AU AT Fee FaTerad JURATTRIGAST HTiold TgUR & 7
SIS 1A TEFRETHEATT ST YAEFITAEYTe ITac], oel: YeIfel SRWIHET ATaTceeeg A" ofFal
s1afd, €T HIOTH -

FUTAEITIITH S TN ST Fa: || ¢3 ||

dTHTC — from the left; 34'1'@1?113 from the tip of the ground (starting) line; ATHAT ?FI'@’I'@'I?I tip of
the starting line; JATdd — untll Wﬂ"q — extended; 3T9dIGE] — exception; Wﬁlﬁ' — in process;
IdeUTTd — newly obtained; EIﬂfo'IT by action; HITIATAT — to achleve Y Ud T — and that’s it;
cdegAT — otherwise; QIdo-o-IldHaiHLl X — as far as formula given; ST — it is obtained; 3TN —
inside; HTTST — divided; &T q-ma— it would be; TATcHT — by himself; TRATUR g — without
dimensions '\F@Qﬁ' — on top of that; &Y — positioned; FFATAEATST — the place of conjunction; ddl:

— then; qﬁilj%l'— etc.. etc..; IJIaAGUTZIH - and as it is.

AEAARTHEF U] e TUTTPEH RISCHUETT>a A TFahHA0T $Td T |

Y YUATE, GTedhelss UeTUIIHTaNT $STHETG aratatl AT Feal WUGTa e &5 Hd
FRIFAETE—
gy AENETT edScoras HH Hotdd |

f—\

swdoia-qdllum U(Io-lH(slHdlo-MddC\a-IH ¢y 11

TEAIREIITF AT — related to its surrounding; W@ﬁﬂ TS T A>T TFTHTATIT — the
remaining clearance form from measurement of the lower three values; Sc&I JUHAYE, - it is in the first
step; aﬁ’%ﬂ' — there are two types; &l %cdT — having done so; RUGIaTeeh &7 Y — how about
the field of the next step

HIETH | TIAT 81T gITEIRAEETT HFdeedcs, (a?r)a—aﬁﬁ}u—aaawm@am—mﬁ?’r
AHTTEAT S{fATHATOT" aﬁwﬁmmﬁlaﬁﬂﬁﬁaqwm " |
TeTeeR " TSI UTcd dEATHTUTHE: Fecid Dﬁﬁfmm I

sa?hﬂmﬂﬁ?am greTef e ITfoTaaTe-
RTINS TR YCHSIUN $de, 0T |
%ﬁammﬁm ¢
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TETAET A - long range area; [GESEEZ IEREars disturbed; UG elda — five and other length;;
HHATTAET- entire series; HTETH — achievable;, (dd) TcgFaf=e=a — it is related to that; &RAT —
hold; Mﬁam@ﬁﬁ— multiplied by the length; TcITIM=AT — that’s right; ﬂﬁmﬂﬂ' the
base by proof; Id IcH“Coi FahAGIdce HdTd — it becomes a combined long series; HE'\?T where it
is; Hﬁ'ﬁﬁ the Bhuml(startlng point) itself; TUHIGAGHT: — first term series; qa'l_d'l'lif in other
terms; SFSIATcA dGATHTITHG: — difference in face size(values of faces); QHF‘IT-I' — activate;
YeheTTH — it is conceivable; HATG: — achieved; W’Ej‘c’l’uﬁ — the term is multiplied

e Tt gAeTy e Higd: YT TIOIT: Fehiad Hafd | TUT AATET 7 I
mﬁwmaw %ﬂwmﬁl%ﬂm YeTFdeTAR deel 1, dael q
AEEATAA A, FAIHTS H{dGsTolddl, dGT o ' WWE@WHWST I

fIRIET — of the disfigured; TGEIATHT - by half of the term; §ITT - determined; Tfgd: —
including; IceT Wﬁﬁ' — multiplied by the term; Hgehfeld — compiled;; 2T ﬂﬁﬁ'@?—'ﬂ' and the
part facing the ground T Y JRTEISHTT - and the sum of that half; TFaEIT T and of the length;
qaqae—cﬁaﬁﬁr this is the nature of the term; el AT — knowing that; dhdel J—onlyitis

79. As in the case of an earthen drinking glass (sarava) the width at the base is smaller and at the top
greater, so also is the case with a series-figure (Sredhi-ksetra).

The altitude (lambaka) of that (series-figure) is equal to the number of terms (gaccha) of the
(corresponding) series.

The series-figure contemplated here is a plane figure resembling a trapezium with equal flank sides

If a series be

at+(at+d)+(at2d) +... to n terms,

then, according to the second part of the verse, the altitude of the corresponding series-figure =n units,
say n cubits.

80(i). The (partial) areas (phala) of the series-figure for the successive cubits (kara) of the altitude
form a series which begins with the given adi ('first term of the series') and increases successively by
the given caya ('common difference of the series').

That is, the area of the series-figure for the first cubit of the altitude =a, i.e., the first term of the series;
the area of the series-figure for the second cubit of the altitude = a+d, i.e., the second term of the
series; the area of the series-figure for the third cubit of the altitude=a+2d; and so on.

Construction of a series-figure:

80(ii). I shall now describe the method for finding the lengths of the base (i.e., lower side, bhil) and
the face (i.e., upper side, Mukha) of the series-figure (corresponding to the first term of the series).

81. The number of terms (pada), i.e., one, is the altitude of the (corresponding) series-figure; the first
term of the series (Mukha) as diminished by half the common difference of the series is the base
(Dhara); and that (base) increased by the common difference of the series is the face (vaktra). All
these should be shown by means of threads.

That is,

base a- d/2,

and, face = (a- d/2)+d,i.e.,a+ d/2
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82. (Two) threads should then be stretched out, one on either side, joining the extremities of those
base and face: these are the flank sides (bdhu) of the series-figure.
When the base is negative, these threads should be stretched out crosswise.
Thus the series-figure will be of one of the following two forms:
Forms (ii) corresponds to the negative base.

83. (When the base is negative the series-figure reduces to two triangles situated one over the other.)
In the upper triangle, the altitude is equal to the face as divided by face minus base; and that
subtracted from one gives the altitude in the lower triangle.

That is,

(1) altitude of the upper triangle = face/(face-base ), i.e., (2a+d)/2d ,

(i1) altitude of the lower triangle =1- face/(face-base ) ,i.e., (d-2a)/2d

Rule for finding the face of the series-figure corresponding to the given series:

84. Having constructed the series-figure (for altitude unity) in this manner, one should determine the
face for the desired altitude (i.e., for the desired number of terms of the series) (by the following rule):
The face (for altitude unity) minus the base (for altitude unity), multiplied by the desired altitude, and
then increased by the base (for altitude unity), gives the face (for the desired altitude).

This rule, on simplification, reduces to the following formula:

face for altitude n = a+(n-1) d.

Rule for finding (i) the sum of a series in A. P. (interpreted geometrically by a series-figure), and (ii)
the area of the corresponding series-figure:

85. The common difference as multiplied by one-half of the number of terms minus one, being
increased by the first term, and then multiplied by the number of terms, gives the sum of the series.
And the area of the (corresponding) series-figure is equal to the product of one-half of the sum of the
base and the face, and the altitude.

That is, the sum of the series

at(atd)*+(at2d)+... to n terms

is equal to {(n-1)/2 d+a} n; N
and the area of the corresponding series-figure is equal to
(baset+face)/2 x altitude, 2)

where, according to vv. 80(ii) to 84,

base = a-d/2 ,

face = a+(n-1/2)d,

altitude =m.

and

It may be easily seen that (1) and (2) are the same.

79. 51 AL & A1t o [FTemd (ARAET) & A 7 YR 9T disrs Sier gidr § 3R Y o3 31fe
gl &, 39 & HTer-3nH i (3-8t & AFe 7 s tAr Y @Y &1
3 (G-I T TS (SoeTenT) (Hel o) ST o el (ree) hT HEdT & N g |
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IgT IR a1 375 4@ elT-3MTeh{cT Ueh HHAT Mehict § ST HAT U1y 3TSI3HT aTel FHeld o FHTE
&

e IS @ &1

at+(atd)+(at+2d) +... nYq,

T, 2olleh o GER 19T oh 3THIR, HE T SEll-3Tehict Sl FTS = n FehTS, A ITSIT n BT

80(i). 3ITS & i FIIICH (HRT) & TIT HWelT-3TThicT & (3H1RAeh) &7 (Fell) Teh Aol AT §
ﬁmmm(mmmwmwéﬁm%sﬂ?mmmcWWWW)
CaRT ShiHH Wﬁqcodl%l

3T, TS & Tgel §TY & ToIT S[Wll-3HTeh T T &Tthel =a, 3TAUTH, HWell T Tgoll UG; F1S &
Waﬂ%%mmwm a+d, 3TUTCT, Al &1 GE Ue; FTs & A g1
ToT SeT- et T EFher—a:+2d; R S0 e

Te ST lT-3THet T FAATOT:
80(11) mﬁmm(ma:qﬁqaé;massﬂwm?ﬁ forerer ger, 87) 3R Iy
(T, Fdr a8, ﬂ'@)@fﬂﬁ%@aﬁﬁ%ﬁrwaﬁHWI

81. UGl T HELT (S, ATe, Ueh, (HeTeIcT) HElT-3MTh I T SIS §; AT T Igell Ue (W)

m%mm%aﬂﬁﬁmmwm(wﬁ ﬁ?ag(m)ma%wr—am

ﬁwgmm(m%lsﬂmﬁaﬁwﬁ%mﬁﬁa&mmml

g T,

3TN a-d/2,

3R, BT = (a- d/2)+d, 3747, a + d/2

2. oY (@) 1Tt Y ShelTaT ST AR T, Elefl R Teh-Teh, 37 3R 3R AgX & BRI 1 35 §T:

A HGEAT-3TpTc & U1ed veT (31g) ¥
mmwﬁﬁawﬁﬁmﬁwﬂwmaﬁm

S8 YR HEll-3Tehidl e f@d af &4 # & veh g

m(ll)msﬂwﬁﬁam%l

83. (mmmm%ﬁmmwa:wwﬁmaﬁﬁmﬂmm%l)
S 38T A, 318 UeY & IR ﬁ%%@ﬁﬁmw%&ﬁamm%

Chapter 11 - Quadratic formula Proof (HEJHTGIOTH)

Bhaskara Il (c. 1114-1185), also known as Bhaskaracharya and as Bhaskara Il to
avoid confusion with Bhaskara |, was an Indian mathematician, astronomer and inventor.
From verses, in his main work, Siddhanta Shiromani (FRAGeTafARIATT). He has been called
the greatest mathematician of medieval India. His main work Siddhanta-Siromani, is divided
into four parts called Lilavati, Bijaganita, Grahaganita and Goladhyaya, which are also
sometimes considered four independent works. These four sections deal with arithmetic,
algebra, mathematics of the planets, and spheres respectively. He also wrote another
treatise named Karana Kautihala.

Sridhara was one of the first mathematicians to give a rule to solve a quadratic equation.
Unfortunately, as we indicated above, the original is lost and we have to rely on a quotation of
Sridhara's rule from Bhaskara II:-
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JcTFdaae TeraQdy ueht agsesT fagcy fhfaa |

&1 TR JeHG: FATCAFATETET U1 37T: |

SHFIET YT AThATHIFAHTH Te] oeTd A |

o [dgedeeadadiead der AATAE T ||

3T HAVRTRIATs o SAFAET T&TET ¢ IS T |

T Ul I [QUrT AregAcTaaH T glafay Fafdad 11 229 11

eIV — whatever remains; geit — side; dcseo — by that desired; ﬁm — extremely; %ﬁl?—[ -
slightly; 8T TS — by the two; SIFAE — of the known;T&TET — of the side
TAfRITHSTFIATS — the same action is taking place; el - indeed; %I — available; dde -
that’s not it; dcl — then; QIfAE —this is to be known,; E@E\?—IIT — by his own intelligence; 3edad
HWQFITSW — smallest character in the form of root; cIFIET Y&TET qg afe EITd — should;
T &7eT — addition and subtraction; dTd — that’s it; TTUTT ATEIHTFIHT — the achievable is
expressed; a’ﬁﬁﬂ' — two types; &'ﬁﬁﬂ?[ — somewhere that

Taking the quadratic and first-degree term on one side we are to multiply both sides by some number
and add some number in order to complete the square. After that square roots are equated, and the
value of the unknown is obtained.

If the third power and the fourth power of the unknown is present this device does not work. We have
in that case, to adopt some artifice of our own.

In a quadratic equation if the number in the square root of the unknown side be negative and smaller
than the number in the square root of the other side, then we should assume plus and minus for that
and get two values for the unknown. In some questions both values are admissible.

TRTE AT &: gafead urdd
T FrY: FAEION e 37y 11 926 |
— equally multiply by four; & — form; qﬁaﬁ'ﬁ' — two sides; 3;I'UT~’3|F[ - multiply;
CI@I%W — of the previously unknown; lﬁ: — for; HFYIOT — even form; 3fd — so far
Multiply both sides by four times the coefficient of the square of the unknown. Add to both sides the
square of the coefficient of the unknown.
This is the device. [ It is known as Shvidhara's method. ]

EXPLATION: -
Multiply both sides by four times the coefficient of the square of the unknown. Add to both sides the
square of the coefficient of the unknown.
x"2+ bx+c =0
X2+ bx =-c
Multiplying both sides by 4 times the coefficient of the square of the unknown i.e 4a
4 a2 x"2+4abx = -4ac
3
Then,
Adding both sides the square of the coefficient of the unknown
4 a™2 x"2+4abx + b2+ =b"2- 4ac
[(2ax+b)] ~2 =b"2- 4ac
2ax+b = +V(b"2-4ac)
x = (- b +\(b"2-4ac))/2a
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Chapter 12 - Kuttaka Process to solve one linear equation of two variable.

Kuttaka Process is a statement of proof mainly from the book Bijaganita of Bhaskar II.
Bhaskara II (c. 1114-1185), also known as Bhaskaracharya and as Bhaskara II to avoid confusion
with Bhaskara I, was an Indian mathematician, astronomer and inventor. From verses, in his main
work, Siddhanta Shiromani (ﬁaﬁﬁa‘fﬂﬂmﬂ). He has been called the greatest mathematician of
mediaeval India. His main work Siddhanta-Siromani, is divided into four parts called Lilavati,
Bijaganita, Grahaganita and Goladhyaya, which are also sometimes considered four independent
works. These four sections deal with arithmetic, algebra, mathematics of the planets, and spheres
respectively. He also wrote another treatise named Karana Kautiihala.

HISN §: BTUhRATIGc: shelTcTTal HHA HeehdH |
aaﬁmﬁmaéﬂm%ﬂaam Il g0 ||

HTSAT §R:- divisible ; T — possibly; STI_EIFRﬁ\ T — not the divisors ; T — then; JATTSe=AT — here
cut off; a7 el — these isn’t

Here 'a' is dividend, 'b' is divisor, 'c' is remainder. To solve a Kuttaka $TCeh(pulveriser) first we
should ask if a, b, ¢ have a common divisor. In that case let us remove the common divisor and
simplify the equation. If the H. C. F. of a and b does not divide 'c' then the example is improper.

TET T ITHIA &, &7 $TTeh &, AT ATl § | Heceh hl §ol il & [T Ugel g Yo 1S T foh Fm
T, o, A 3 FIE STTSS Horh &1 30 FRUTT & ST o 3HATSS $7Toieh P ger & AN Faheor
T {L T | A 2 3N b T H. C. F. "¢ T TIHTTST A& Hclm § A 3eTe0T e 8 |

ER ATTTIEA: AYETAY: TTE I9dcled 4 |

deATgaclaT fenforat ot at smeTerY Teaeent & ||

AT #7oTel TEHTCTBRT ATaeaAHTe Tadig &9+ |

wA s tEdeHl foded: R e @ﬂuﬁﬁﬂ |

Taredgdsecdel Id deecd cISTedg: TG 3ﬁrrrﬁvmm I

el ST 7o e Wl I[0T: 2T 3TTRY 807 1 92 |

qREIT — each other ; ﬂﬁmﬁ' divided by the two ; YEAT: — the rest of them; IS —
maybe ; 39dde I: — it is the refraction ; il — by that; '\’ﬂ al — that’s it; T: - they are; &Rﬁ -
together; 3fcT — it may be that ; TSC: el d0T: - satisfied by the result of multiply dGecd - thatend ;
qu — leaving again and again; ﬁTﬁ upwards; f[dHTSA — by division; TS€: — satisfied; TIe.
—it would be; 3TIRT — another

By the continued division method of finding the HCF we find the common divisor of a and b if any.
Having removed the common factors of a and b if any, our a and b are now pucca for the process.
Now we carry the continued division method with €eHToT and TG i.e. a, b till we arrive at

remainder 1. The quotients are placed one below the other in succession, in a vertical column and
below them Chhep (&819) i.e. ¢ and zero at the end. Rule for the process is: the penultimate number is
to multiply the number (quotient) over it and to this product the ultimate number is added, and the
sum is put above i.e. in the row of the multiplicand. The last number is discarded. Continuing this
process, we arrive at two numbers at the top rows. Dividing the upper number by a we get the
remainder as the value of y (eITs%I). And dividing the other number by b we get the remainder as the
value of x (I[0T).
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H.C.F JTd et I TR [adrstet faftr gant g v 3R o 1 3373aferss sireteh 1d axd &, afe
IS 8T T 3R &Y & ATATT FHRI ol gl o 916, Tfe; DIS &, df gART T IR &Y 319 ufehar & fow
UeoFehl § | 319 §H T30 3R TR I T, &) & I1 iR fanes R frae as s w@a g
mﬁ%m%ﬁlﬂﬂ'ﬁq@aﬁl HTITH ST ! Ueh FEATER TAH H HiHS FT H Ueh & A Teh
@M ST § 3R 3Teh o< 07 (819) AT AT 3R QT IR @ ST &1 37| Tishar & T foad a8
g aﬁmmaﬁwm(wﬁmm%msﬂmﬁaﬁmmmam%
3R 2T P B FOR TET AT | 51 0T B OfF . 31T T Y ger R €. 3 T Ay
aﬁwﬁm,maﬁmﬁamwmﬁﬁlmﬁmaﬁ & fAafard et o Avher
y (FITSRT) & H1eT & &9 3 9Tod 81 & | 3R @t T &1 b & eI el W x ([ON) & e
& T9 H AT 9Ied glar g

T4 dedTd JeT FATEAT: TFAeUIAE, [ATATEIGTHIH |
mﬁaﬁnﬁﬁamﬁmmﬂwﬁﬁaﬁw RN

U9 —and ; ?-I'a'a'l?r that’s it here ; IGl — when ; W (FHET) — all ; AYATEIGTIH - odds then;
YA — as in the last; ?—Iﬁﬂl’uﬂ' obtained multiplier; W«‘ﬁvﬂw — rest at that moment; F;
at - they both; ¥d: — they are

When the number of quotients is even the process gives 0T and WIfS’T correctly. But when the
number is odd, values obtained must be subtracted from b and a respectively to get the correct values.

SIS $ITITthol T TEIT T glcll & Al FTshaT 0T IR oI fe™r bl TEY &1 A ST & | Afehet ST Feear
Ry 8, ﬁaﬁmwwﬁ%ﬁvwmﬁﬁw&r b 31 a & ger™r ST Tfgv]

s1afd Hec At s ATATaaRTY ar Io: |

aaaﬁrzfraﬁrammﬁ et -\nrzrsaaaamaéawm |63 1]

s1afa - happen mﬁéﬁﬁw —1in the hght divisions of the kuttaka method ;

AT TAdIR T <':IT or even of the two equally reversed ; It ?ilﬁ-f this union ; 3413!7*_!17 Jei: — the
divisors again ; § I —it and ; 343?[ it will be

If we divide ¢ and a by a common factor and then adopt the ST process, we get correct value for x
but not for y. To get the value for y for the original equation, the value got by the process should be
multiplied by the common factor.

I § ¢ A a I Teh ATHATT HReh T IR it & 3 T peesh wishan 319aard €, ar g4 x
& TorT @Y A1 Aerar g, ofehet y & forw =1gh| mﬂﬁwwasﬁvya:rmwma:ﬁv
GTohdT GaRT YTCd HTel Sl HIHY HReh ﬁgrUrrﬁa‘aTm?iTirr%Ul

IIaTSt ARTOTEged [OTeC FdT faZaTst |

TSN EaE, FITTH FOTHISIST | ¥ |

I&TUTT — instantly; U;I'UTI'W-TT Tl — multiplication is ; TaTTTSY — separation ; ﬂﬂ'ﬁﬂﬂﬂ?‘:ﬂa’ - positive
divisible obtained; dcd¢ — similarly; ﬂaﬂ'ﬂ:[ - happens

The values of x and y obtained when c is positive must be subtracted from b and a respectively for the
case when c is negative. In the same way the values of x and y when a is positive must be subtracted
from b and a for the case when a is negative.

SIS ¢ HTcH g1 af UTed x 3R y & AT i 39 ufa & forw saen: b 31K 2 & gerr e arfge
ST ¢ FOTcHSD g | 38T JhR 1§ a TellcH gl i x 3R y & AT 1 39 AT & b 3R a T gem@r
SATAT AIfET SIS a FHOTcHS 8T |
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TUTCletY: HH ATed LA T&T0r Herdl 111 99 ||

W'QT: - to obtain the multiplication ; qH - equal ; &fIHAT — slowness ; d&Tor helH — instant
result

In making a selection of proper pairs (X, y) the intelligent person will take care to see that the values
correspond with each other.

3R SN (x, y) T TG A TAY JE VAT Tl S Sl T €T W foh ATl Teh-gER
3eTET &l |

LSS YeTaly I[uTeTstl o gaad |

ETCTETUTTHIGAT oIfeRr: et o aforelm |1 9 ||

gXdSS — every aspect ; 0T oTsth d — multiply the result ; q‘\é'd?[f undone; d&TUT — instantly; giordr —
forbidden

When ¢ > b divide ¢ by b and take the remainder as new c and calculate (X, y) as before. Value of x
will be correct. To get the correct value of y, to its calculated value add the quotient obtained when b
divides c. If ¢ is negative this quotient should be subtracted from the calculated value.

3|El'c>b,cﬁbﬁ%ﬂﬁﬁﬁﬁ??ﬁﬁﬂ?c%@ﬁﬁﬁkﬂﬁ%(x, y)ﬁmﬁl X
T HTeT TET &19T. y T TET Aol UTod Flel oh (01T, FH TRehfold HTel 7 b GaRT ¢ FI TTHTTAT el
TR YTCT HRTHT &l Siis | AT ¢ FUMcHS & oY 59 HRTH hl IR fold HTeT & TeTAT ST 10|

37YAT HRTERUT dSeAT: STTHTSIT: |

I[OT: Yraad il SITeeR STeITGEd Il grd 1 9 |

37T - or ;819 — parts added but other to the original composition ; HTSZT: — factors ; oT: - 91 dd.
— as before ; ddl — it ; HATSIATCYd — factorial half ; ﬂ?ﬂﬂ:— joining ; ‘EFI'I?[ - from the hold

EXPLANATION: -

Let the two remainders be such thatr 1> 2 so that (a, b) be the divisors corresponding to the
greater and smaller remainders respectively.
Letc=r 1-r 2
We write down the procedure, when the number of quotients (ignoring the first one q) is even.
a (q
bq
rl) b (q.l
r2ql
r2) [ r] 1 (q2
r2q?2

r 2n)r (2n-1) (q 2n
r 2nq 2n
r_(2n+1)
Arranging the quotients and the choice of mati
The
prescription for the choice of the optimal number t (mati) is:
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r_(2n+1) t +c should be divisible by r 2n. (quotients even)

r_2n t-c should be divisible by r (2n-1) (quotients odd)

Let's be the quotient

Having found t and s, we have to arrange them in the form of a valli (column), to generate successive

columns.
ql q 1l ql qif_(2n-1) +B_(2n-2)
q?2 q?2 q?2 B_(2n-1)

q_(2n-1) q_(2n-1) q Cn-)p 1+t=p 2
q_2n g2ntts=p1
t t

Divide qif_(2n-1) + B_(2n-2) by b. The remainderis x and N=ax +r 1

Expiation of Kuttaka Process by Krsna Daivajfia

As an example of an upapatti which proceeds in a sequence of steps, we may briefly consider the
detailed upapatti for the kuttaka procedure given by Krsna Daivajfia (c.1600) in his commentary
Bijapallava on Bijaganita of Bhaskara.

The kuttaka procedure is for solving first order indeterminate equations of the form

((ax+c))/b=y

Here, a, b, c are given integers (called bhajya, bhajaka and ksepa) and x, y are to be solved for in
integers.

Kisna first shows that the solutions for X, y do not vary if we factor all three numbers a, b, ¢ by the
same common factor.

He then shows that if a and b have a common factor then the above equation will not have a solution
unless c is also divisible by the same.

He then gives the upapatti for the process of finding the apavartanka (greatest common divisor) of a
and b by mutual division (the so-called Euclidean algorithm).

Krsna then provides a detailed justification for the kuttaka method of finding the solution by making a
valli (table) of the quotients obtained in the above mutual division, based on a detailed analysis of the
various operations in reverse (vyasta-vidhi).

In doing the reverse computation on the valli (vallyupasamhara) the numbers obtained, at each stage,
are shown to be the solutions to

the kuttaka problem for the successive pairs of remainders (taken in reverse order from the end) which
arise in the mutual division of a and b.

After analysing the reverse process of computation with the valli, Krsna shows how the solutions thus
obtained are for positive and negative ksepa, depending upon whether there are odd or even number
of coefficients generated in the above mutual division.

And this indeed leads to the different procedures to be adopted for solving the equation depending on
whether there are odd or even number of quotients in the mutual division.

As an illustration, Krsna considers the equation ((173x+3))/71=y with bhajya 173, bhajaka 71 and
ksepa 3.
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In the mutual division of 173 and 71 we get the quotients 2, 2, 3 and 2 and remainders 31, 9, 4 and 1.

If we do the reverse computation on the valli formed by 2, 2, 3, 2, 1, 3 and 0, we first get 6, 3 as the
labdhi and guna, which satisfy the equation.
((9.3-3))/4=6 , with the remainders 9, 4 serving as bhajya and bhajaka.

In the reverse computation on the valli, we then get 21, 6 as labdhi and guna, which satisfy the
equation ((31.6+3))/9=21, with the remainder 31, 9 serving as bhajya and bhajaka.

And so on, till we get 117 and 48 as labdhi and guna, which satisfy the equation ((178.48+3))/71=117.

FavRfa:

[
I id: or Equation of the form ax* + b = y? is a process is a statement of proof from the book

Bijag;nita of Bhaskar II. Bhaskara II (c. 1114—1185), also known as Bhaskaracharya and as Bhaskara
II to avoid confusion with Bhaskara I, was an Indian mathematician, astronomer and inventor. From
verses, in his main work, Siddhanta Shiromani (ﬁlﬁﬁ]’iﬂfﬁ\mﬂuﬁ). He has been called the greatest
mathematician of medieval India. His main work Siddhanta-Siromani, is divided into four parts
called Lilavati,

Bijaganita, Grahaganita and Goladhyaya, which are also sometimes considered four independent
works. These four sections deal with arithmetic, algebra, mathematics of the planets, and spheres

respectively. He also wrote another treatise named Karana Kautthala.

STATEMENT: -

$¢ §Ed oY 9T GehedT &J00TH Jebelt afoialr a1 & A |

Hol Ge Tl &19eh of &0t el cTod SASGHA daiod |1 bo ||

dE - his; 9hcdT — nature; W — crushed and fitted; @T — or; T — he; IsT — by which; ?FI‘\FT — whose
root; G¢ATd — should give; 819 o — that’s it; dTd —that’s; FQWC\F{ — first root

What is desired is X, the first variable. By multiplying the square of the desired by quﬁf and adding
or subtracting something we get a square number whose root is the second variable. The augment b
may be positive or negative.

S TS § a6 x &, I8 TR | Tehfcl SarT aifSd & J31 Y 0T el HR F& Sigel A1 et g
Teh T AT ITed BIci § Foraehl el GaRT T gl § | Hadsl ol HehRTcH AT dAehNIcHe &1
ThdT gl

ETASUSSAITRIA + T ANl dleledlearstll fAded AT |

AT AT ST e AT AT Freacisd: ||

oI SASSALANECHY §Ed ARG FehedT |

&IUUT SASSIEATHGISASSHe AT &1TT: &Teh: T ||

§Ed TITFATHARe aT efedeial I: Hehed fafaesT: |

1Al T2 SASSAEACTIANN SASS &I =T &TTeTeT: 162 ||

s{-q\ra SS&TYhle] - ;oI - placed;ﬁsﬂ' —theirs;ﬂ'lF-IFCI'lﬁTs‘iﬁ — or the others below; $HT - in
order;GTEIATTYFAT — from the simple ones;ﬁqﬁﬂT@é@ -;H@FQNT — the roots of others; FAeTdsd:
— it is therefore pronounced;d Sarearat - SSACAIEdCH - EN-ci —;EWTI?%QH - Hpcdl — by
nature;&JU0TT - SIS g7 o)) uo«:—g\d -;ATFATH: — practice there;&T93T: &19h: -8 -
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should;S(—ci —;d\;lla-uIHQI{o-di - dT - or;mm - - WhO;FﬁlgTZIT —;ﬁﬁ'ﬁ': —;EI'IFﬁ' - Id — and
who;SASSAEACTAININ ;5SS -, &TATS AT -; T &ITET: -

Put down x, y, b in this order. Below them write the same or other §&d, SUSS and 819 satisfying a
similar equation with the same ‘;IT%, a, from these by a process called HTIT we can have many
values for x, y. This is why the process is called bhavana (generator). By cross-multiplying and adding
the two products of x and y we get a new cg¥d. By multiplying the product of two first variables with
Elfﬁf and adding to it the product of the second variables we get new y. Product of two augments (i.e.
819) gives new value for b. another method. Takex 1y 2x 2y lasnew [ax] 1x 2-y ly 2 as
newyandb 1b 2as new b.
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AT T 3T g&d, U3 3K &1 ford, smfrmmmmhmqqmgﬂx y%ﬁtrah—é:m?r
UTed Y Thd &1 T8 HROTE R 57 URAIT Y ST (ST1e) el ST ¥ i -3[0T Y 3R x
ﬁ?yéamaﬁsﬁgﬁwsﬁwmmwm%lmaaﬂé?wﬁmﬂ
T[0T i 3R 3EH g8 TR & 0T Pl S5 W@ﬁdmyﬁm%la’fﬂﬁéﬂﬂ’faﬂw
(Wﬁb*ﬁmmﬁ%lq&ﬂ%ﬁj x 1y 2x 2y 1a0 [ax] 1x2-y 1y 2,
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mﬁw —nature of the desired (suitable) multiplate;Jc — if:faax -details;cieT -then;dT -
or;ﬂ?ﬁ[ — it will happen;aﬁ'mﬁ'@' — twice the desired ;EFﬁI'Vo;' —smaller;FIFTc\;' — that term; TIT — it
would be;‘l‘ﬁw_\q'g?l’f -together;dd! - then; SIS -bigger

If the absolute number is 1, then 2x/(a-x"2 ) may be taken as new x and from that new y can be
obtained. From these values we can get infinite values for the triad (x, y, b) by the application of
bhavana process and 5 as given in stanzas 71 and 72 .

IfE qut FE&AT 1 §, &t 2x/(a-x"2 ) I 7T x & & H Fordm 31 FehedT & 3R 3800 41 y e fawam o
THTE | ST AT & §H 1A TshaT 3R 8¢ oh 3TN eaRT 34 (x, y, b) & ToIT 3eicd Al
STod & Fe & ST R 2o 71 31X 72 F Rem T ¥

EXPLANATION: -

Method of composition (Bhavana)

Brahmagupta was the first one who discovered the method to find the solution of the special case (2)
of the equation Dx"2 + 1 = y"*2 called varga-prakrti. This method, known as bhavana or the method of
composition, enabled one to produce many solutions for certain difficult cases in a few simple steps,
starting off from one solution. He saw that if one could find one solution to this equation, then he
could find others. Brahmagupta gave the rule of this method and illustrated it with examples for some
special values for D, like D = 83 or D = 92. The rule of bhavana is as follows.

“Put down twice the square root of a given square multiplied by a multiplier and increased or
diminished by an arbitrary number. The product of the first pair, multiplied by the multiplier, with the
product of the last pair is the last computed. The sum of the thunderbolt product is the first. The
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additive is equal to the product of the additive. The two square roots, divided by the additive or the
subtractive, are the additive unity.”

Chapter 13 - Chakravala method to solve one equation of two variable both having second degree

Both Acarya Jayadeva (c.1000) and Bhaskara 11, studied Pell’s equation and discovered the complete
solution of it. Bhaskara’s method is easier to follow, and it determines the smallest solution of the
equation, as well as all the solutions. It is known as the cyclic method, referring to the cyclic nature of
the steps, where the same procedure can be repeated again and again in a circle, otherwise called as
chakravala. According to Selenius (1975), there is a remarkable interaction between the Pell’s
equation and the Kuttaka, that Bhaskara II in his Bijaganita made use of the Kuttaka in his procedure
to get the desired solution of the equation. The main idea of this method is to use the principle of
composition, given by Brahmagupta, to repeatedly obtain solutions to Dx"2+ k = y"2 (for different
values of k). Eventually, this method will introduce a solution to Dx*2 + 1 = y*2and furthermore, the
smallest solution of the given equation will be obtained. He writes that to deal with the quantities in
the equation Dx"2+ 1 = y"2, one uses the following terms: X is the lesser root, y is the greater root, D
is the multiplier or prakrti, and k is the interpolator or additive. 1 For the kuttaka equation (ax + ¢)/b =
y the considered terms are: x is the multiplier, y is the quotient, a is the dividend, d is the divisor and ¢
is the additive (interpolator).

“Making the smaller and larger roots and the additive into the dividend, the additive and the divisor,
the multiplier is to be imagined. When the square of the multiplier is subtracted from the “nature” or
is diminished by the “nature” so that the remainder is small, that divided by the additive is the new
additive. It is reversed if the square of the multiplier is subtracted from the “nature”. The quotient of
the multiplier is the smaller square root; from that is found the greatest root.Then it is done repeatedly,
leaving aside the previous square roots and additive. They call it the chakravala (circle). Thus, there
are two integer square roots increased by four, two or one. The supposition for the sake of an additive
one is from the roots with four and two as additives.”

According to Bhaskara II, every cycle in chakravala procedure consists of four steps:

1) The first step begins with finding (u, v), for some additive k, satisfying the auxiliary equation
Dx"2+ k = y”2 (the same procedure as in the composition method), then forming the kuttaka’s
equation by taking the lesser root u to be the dividend, the greater root v to be the additive, and the
additive k to be the divisor.

2) The kuttaka equation (um+v )/k = n (that was formed in the first step), has more than one solution.
In the second step, (m, n) should be chosen such that the square of m (the multiplier in the kuttaka
equation), is as close to the multiplier D (the nature) as possible. In other words, we want | D — m"2 |
to be minimal. The value of n that obtained from the kuttaka equation (corresponding to that value of
m), is the new lesser root ul. The new first root isu_1 = (um+v )/k.

3) The third step is to find the new additive or interpolator k_1. It is the result obtained by dividing the
residue of (D — m”2or m"2 — D) by the original divisor in the kuttaka equation k (if D > m”2 one
takes —(D — m”2) but if D < m"2 then one takes m~2— D). The new additive is k 1 =+ (D-m"2)/k .
4) The last step is to determine the new greater root v_1. Selenius (1975), presents the three paths that
the Indian mathematicians used to find v_1 .

4.1 The value of v_1 can be naturally obtained from the new auxiliary equation [ [Du] 1] "2+

k 1= [v_1] ~2where D is the original multiplier and both u_1, k_1 have been obtained in the
second and the third steps, respectively.

4.2 According to the method given by the Indian mathematician Narayana, the value of the greater
root v_1, is determined in a very different rule “...and that [the new lesser root] multiplied by the 23
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multiplier [m] and diminished by the product of the previous lesser root [u] and (new) interpolator

[k 1] will be its greater root.” Then the greatest rootisv_ 1 =u 1m—uk 1

4.3 The last path to find v_1 is by performing Bhaskara’s II rule.” The original greatest root v
multiplied by the multiplier m, is added to the least root u multiplied by the given coefficient D; and
the sum is divided by the additive k”. Then the greatest rootis v_1 = (vm+Du )/k.

As soon as the four steps in chakravala procedure are done, then the first cycle is complete, and from
initial value (u, v, k) we obtain new quantities (u_1,v_1,k 1). The same procedure is repeated again
and again until one achieves the integral solution for an equation with the additive k = =1, 2, +4.
Applying the principle of composition, the same integral roots corresponding to the additive 1 will be
derived with much fewer steps than continuing with the method of chakravala.

Interpretation of the chakravala rules

The clear of the previous procedure depends basically on the principle of composition given by
Brahmagupta. That is, if («, v) and (1, m) are solutions to two auxiliary equations with additive k and
D — m”"2 respectively, such that

Du™2 + k=v"2 (1)

D - 1"2-m"2=D—-m"2 2)

Applying the method of composition on the two solutions, the new equation is obtained D [(um + v)
] 2+kD-m*2)= [(Du+vm)] "2. Dividing by k2 the new equation D  [(um+v)] "2/k*2 +
(k(D-m"2) )k*2 = [(Dut+vm)] ~2/k*2 and thus D [((um+v)/k)] "2 + (D-m"2) k= [
((Dut+vm)/k)] "2 . It is required to obtain integral solutions, so Bhaskara’s method now is to choose
m such that the greater root (Du+vm)/k is an integer (in other words (Du + vm) is divisible by k).
Thus, the two other terms ((D-m”2) )’k and (um+v)/k will be both integers. It should also pick up m
such that | m"2— D | is minimal, thus (m"2- D )/k will be minimal. This process ensures the access
to a smaller additive in every cycle. The procedure can be applied again and again until getting the
additive k = +1, £2, +4 then the Pell’s equation is solved by the method of composition.

Example: Solve Pell's equation 67x"2 + 1 = y"2

1) We start with choosing a solution for the auxiliary equation 67 u"2 + k = v*2 . We begin with
considering u = 1, then it is easy to see that the other quantities are v = 8 and the additive k = —3. Thus
the auxiliary equation is 67 - 1°2— 3 = 8/2. We form the kuttaka equation 1 - m + 8 = —3n.

2) The previous equation gives m = 1 + 3¢t and n = —3 — ¢ for any integer t, (1m + 8 must be divisible
by 3). The values of m can be (1, 4, 7, 10, 13...) and we choose the value that minimises the value of
| 67 —D"2|. The desired value of m = 7, and then u_1= (1-7+8 )/(-3) = —5 is an integer. Because the
roots are always squared then we can take u_1 = 5. At the same time | 67 — 7°2 | is minimal.

3) The third step by Bhaskara is to determine the new additive k 1 and the solution of the new
auxiliary equation. The new additive is (D-m”2)/k = (67-49 )/(-3) = —6 and because D > m”"2 we take
k 1 =6.

4) To compute the new greater root, we use the first rule in the fourth step to get v_1 = V(67.25+6)
=~1681 = 41. From the four previous steps west, (5,41,6) is solution for the auxiliary equation, thus
we can form the new auxiliary equation now: 67 - 5°2 + 6 =41"2.

The cycle is complete now, and we repeat the same procedure. We should find the solution for the
new equation. We form the kuttaka equation 5 - m+41 =06 - nand m =67+ 5 . The set of the values
ofmis (5, 11, 17...) and we will choose m = 5.

The new additive is k_1 = (67-5*2)/6=7 and because D > m”"2 we take k 1 =—7. The new lesser root
isu 2=(5-5+4.1)/6 = 11, and the new greater rootis v_2 =\(67 - 1172 - 7)=~8100 = 90. The new
derived auxiliary equation is 67 - 1172 -7 =90"2 . Then the next triple is (11, 90, =7).

By the same procedure we obtain the next triple (27, 221, —2). Since the value of the additive is equal
to —2 then either the method of Brahmagupta can be applied or the chakravala method. Combining the
last solution with itself we get (11934, 97684, 4). Finally, the solution for the additive one can be
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obtained by dividing the last solution by 2, and then the desired solution to the original equation x"2—
67y"2 =11s x=5967 and y = 48842.
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