International Journal of Solids and Structures 191-192 (2020) 614-627

International Journal of Solids and Structures

Contents lists available at ScienceDirect SOLBS WD
STRUCTURES

journal homepage: www.elsevier.com/locate/ijsolstr

Dynamics of variable length geometrically exact beams in n

three-dimensions

Check for
‘ updates

Nikhil Singh, Ishan Sharma*, Shakti Singh Gupta

NL-213, IIT Kanpur, Kanpur India

ARTICLE INFO

Article history:

Received 7 December 2018

Revised 31 October 2019

Accepted 5 November 2019
Available online 22 November 2019

Keywords:

Geometrically exact beam theory
GEBT

Dynamics

FEM

Variable length GE beam

Finite element method

ABSTRACT

We investigate the three-dimensional dynamics of a variable-length, geometrically-exact beam. The beam
is released | retracted from a guide. Geometrically exact beam theory, like regular beam theory, is phrased
in terms of the deformation of a neutral axis and the rotations of the cross-sections normal to the neu-
tral axis. In contrast to beams in linear elasticity, geometrically exact beams allow large rotations of the
beam’s cross-section and large deformations of the line of centroids. We derive the necessary govern-
ing equations for the system which, in three dimensions, contain non-trivial contributions from three-
dimensional rotations coupled to the varying length of the cable. These equations are then solved through
a Galerkin finite element method, after first mapping the physical domain to a fixed computational do-
main. Large rotations are incorporated into the finite element procedure by utilizing the exponential rep-
resentation of the rotation tensor. Finally, as an important application of our computational formulation,
we investigate the three-dimensional dynamics of a spinning, vibrating, variable-length, flexible beam
through a sequence of increasingly complex examples.

© 2019 Elsevier Ltd. All rights reserved.

1. Introduction

Engineering of moving flexible structures finds its application in
various areas of engineering, such as robotics, air to air refuelling,
deployment of aerostats and conveyor belts. In many of these ap-
plications the extent of deformation is large, and the contribution
of shear stresses on the deformation is not negligible. Thus, cross-
sections can deform, rotate by a large amount, and may not remain
normal to the neutral axis. At the same time, the strain magni-
tudes can still be small, so that a fully nonlinear three-dimensional
analysis may not be necessary. Indeed, the aforementioned as-
pects are successfully captured by the Geometrically Exact Beam
Theory (GEBT) introduced by Reissner (1973) and popularized by
Simo (1985), and other generalized beam theories such as those
given in Antman (1974), Green et al. (1974), etc. The above refer-
ences present beam formulations but do not show their numerical
implementations.

The GEBT with shear deformation has been implemented
in various research works over the years (Vu-Quoc and Simo,
1987; Simo and Vu-Quoc, 1988; Vu-Quoc, 1986; Simo and Vu-
Quoc, 1986; Ibrahimbegovic, 1995). Some of the recent applica-
tions of GEBT can be found in Rubin (2001), Cao et al. (2006),
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Friedmann et al. (2009), Liu and Lu (2016). In a special ver-
sion of GEBT the cross-sections do not change shape, but
are allowed to rotate in three-dimensions, as in Vu-Quoc and
Simo (1987), Simo and Vu-Quoc (1988), Simo and Vu-Quoc (1986),
Vu-Quoc (1986). Preceding references make use of differential
topology for the formulation of finite rotations and their deriva-
tives. McRobie and Lasenby (1999) recently presented a different
approach using geometric algebra. They presented a reformulation
of the rotation inertia term in Simo and Vu-Quoc (1986) but did
not provide any numerical examples.

Humer (2013) investigate the planar dynamics of a slender
beam sliding through an orifice which is fixed in space. The
work makes use of a non-linear beam formulation accounting
for large vibrations but neglecting the effects of shear and rota-
tory inertia of the cross-section. Vu-Quoc and Li (1995) extended
GEBT with shear deformation to address situations wherein the
beam’s length varies, but limited themselves to the planar situ-
ation. Steinbrecher et al. (2017) present a comparison of differ-
ent numerical approaches for the planar sliding beam problem by
providing solutions using conventional planar elasticity and Reiss-
ner’'s beam theory. The authors also discuss the implementation
of contact formulations to impose proper boundary conditions. To
simulate the sliding-beam formulation the authors use an open-
source simulation software HOTINT (Gerstmayr et al., 2013). The
references on the sliding beam problems above confine themselves
to the planar case, however, engineering applications typically in-
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Fig. 1. Sketch of the reference (undeformed) and current (deformed) configurations of a variable length, flexible GE beam in three dimensions.

volve three-dimensional deformation, and this motivates the cur-
rent study of three-dimensional deformations of variable length GE
beams. We will derive the governing equations, and then develop a
computational algorithm based on the Finite Element (FE) method
to solve those equations. The algorithm is validated by comparing
with several benchmark problems and checking for conservation of
angular momenta. Finally we demonstrate the utility of the three-
dimensional, varying length GE beam theory by solving several, in-
creasingly complex, examples.

In Section 2.1 we describing the kinematics of the system under
specified assumptions. Utilizing the results of Section 2.1, we es-
tablish the governing equations for the system in Sections 2.2 and
2.3. Section 2.4 describes forces in terms of material vector fields
using a pull back strategy. In Section 2.5 we discuss the map-
ping of the physical domain to a fixed computational domain.
Section 3 discusses the finite element formulation for the prob-
lem described in Section 2. Section 3.1 describes the admissi-
ble variation for the system which is followed by description of
the weak form in Section 3.2 and its subsequent linearization
in Sections 3.3 and 3.4. In Section 4 we demonstrate the three-
dimensional dynamics of the beam using various problems.

2. Algebraic formulation

Deflection of beams can be decomposed into (a) deformation of
a central axis of the beam defined in some suitable manner, e.g.
the neutral axis, and (b) rotation and deformation of beam cross-
sections that were normal to the central axis at some instant, say
at the beginning of the deformation. A special formulation of Ge-
ometrically Exact (GE) beam theory enables us to solve problems
involving large deformations of the central axis and large rotations
of the cross-section, while making the following assumptions:

(a) plane cross-sections rotate rigidly during deformation, and
(b) deformation, although large, remains in the elastic region.

We now derive the governing equations for variable length GE
beam, whose one end moves in a straight and smooth guide while
the other end is free. The material elements of the beam inside the
guide undergo only translation and no rotation.

2.1. Kinematics

With the assumptions mentioned above, the configuration of a
beam may be defined by specifying the orientation of the cross-
sections and the position vector of the cross-section’s centroid. The
curve joining the centroids of the cross-sections will be referred to
as the line of centroids.

The cross-sections themselves are defined in a natural way in
the reference configuration, e.g. for a beam that is initially a long,
slender cylinder, the cross-sections in the reference configuration
are taken to be normal to the cylindrical beam’s symmetry axis. Let
Se[0,L] c R be the arc length coordinate measured from a fixed
point O on the beam that locates the centroid in the reference con-
figuration. Let point O be attached to the rod inside the guide, far
from the guide’s exit, which acts as the origin for the translating
frame E;. The E; frame can be accelerating making it necessary to
define a separate spatially fixed frame defined by &;, centred at the
point Oy that is fixed at the opening of the guide. Fig. 1 shows a
three-dimensional schematic of the system.

We define the map ¢g(S, t) which generates the line of cen-
troids in the current (deformed) configuration at any given time.
Fig. 1 displays the vector ¢¢(S, 0) at the current time.

As initially plane cross-sections after deformation remain plane,
their orientations may be defined using a normal vector ii.
Thus, the position of a point on the cross-section with cen-
troid ¢o(S, t) may be easily defined in an orthogonal frame
{£,(5,t),%5(5,t), f(S, t)}, which will be referred to as the moving
frame. For convenience, the notation £3(S,t) = fi(S, t) will be em-
ployed. The position vector for any point in the rod with respect
to O in the deformed configuration is

2
bs5(£1,6.5.0) = Po(S.t) + Y_&Li(S, 1)

i=1

2
= Po(S.0) +u(S. 1) + Y &Eti(S. 1),

i=1

(2.1)

where &;t; locates a material point on cross-section with respect to
the cross-section’s centroid; see inset in Fig. 1. Hence, the position
vector of a material point with respect to Oy is

2
(0(5], 52, S’ t) = ¢O(S7 0) + u(S, t) - rO(t) + Zslfl(sv t)s

i=1

(2.2)
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where ry(t) locates Oy with respect to O; see Fig. 1.
As the moving frame forms an orthogonal basis, there exists an
orthogonal transformation A(S) such that

In our case, the beam is initially straight, hence A(S,0) =1.

2.2. Linear and angular momenta

We now find expressions for linear and angular momenta of the
beam. We first define time derivatives of the moving frame as

t50) = A t)- & ={AGS OATGS ) -E=Q( ) - F,

i=1,23. B (2.4)

where Q(S, t) =AS ) -AT(S, t) is a skew-symmetric tensor, with
w(S, t) as the associated axial vector, so that

t(S. ) =wS,t) xE(S, 1) (2.5)

The linear momentum per unit of reference length of a given
cross-section A is given by

LS.t = //; po(E.DPE. S, OdE = A,S){i(S.6) —io(®)).  (2.6)

where A, is the mass per unit length in the reference configura-
tion. In the above, we have employed (2.2), symmetry arguments
and the fact that &; are measured from the centroid of the cross-
section.

The angular momentum per unit reference length of a given
cross-section A can be evaluated in a similar fashion. The angular
momentum about the centroid ¢(S, t) is given by

HGS.0 = [ & 9)[0(6.5.0) = (9o(5.0) ~ ro0)] x p(&.5.0)d

- [/Apo@,sn 16 ol 1+ 6~ o) © (9~ ) |- wis.0

=1,(5) -w(s 1), (2.7)
where 1 is the identity tensor,
2 2
1,= (;;/Apo&éjdé) Gl—tiot)) (2.8)

is the cross-section’s moment of inertia tensor, defined in terms
of the Kronecker delta &;;, and w(S, t) is a spatial vector, defined
through (2.5), which is associated with the spin of the moving
frame. As in (2.6), we have employed symmetry arguments and the
fact that ¢g(S, t) is the centroid of the cross-section to obtain (2.7).
It is important to note that while the inertia tensor’s matrix is in-
dependent of time in the moving frame, it will vary in the fixed
coordinate system. The inertia tensor in the fixed frame is given
by.lp :AT'!/) A

2.3. Balance laws

We now derive the local form of the balance laws for a geo-
metrically exact beam with variable length. The force and moment
balance equations will be derived for an infinitesimal element of
the material configuration. The free body diagram for an element
is shown in Fig. 2.

Linear momentum balance for the element in Fig. 2 is given by

n(b.t) —n(a,t) + /bﬁ(S, £)dS = % /bL(S,t)dS, (2.9)

Current
Configuration..-

e

(b)

Fig. 2. (a) An element of the deformed beam in the reference and current configu-
rations. (b) Free body diagram of the deformed element in (a).

where n(S, t) is the internal force acting on the cross-section S,
i(S, t) is the sum of external surface and body forces per unit ref-
erence length, and L(S, t) is the linear momentum per unit refer-
ence length defined by (2.6). Taking the limit b — a, dividing by
the elemental length dS and using (2.6) yields the linear momen-
tum balance

an(s, t)
aS

As the kinematic assumptions for the present formulation are the
same as Vu-Quoc and Li (1995) and Simo (1985), therefore, the
above equation when reduced to two dimensions matches the
equation given by Vu-Quoc and Li (1995), and, matches the linear
momentum balance given by Simo (1985), in case of a fixed length
beam.

Angular momentum balance about point S=a is given by

m(b,t) —m(a,t) + [@y(b,t) — Py(a,t)]
b
xn(b.t) + / [bo(S. 1) — do(a.£)] x (S, 1)

+R(S. 1) = A, (S)il(S. 1) — Ay (S)io (L) . (2.10)

b
(S, £)dS = %/ H(S, t)dS, (211)
a
where m(S, t) is the internal moment, m(S,t) is sum of external
surface and body moment and H(S, t) is the angular momentum
per unit of reference length defined by (2.7). Taking the limit b —
a, dividing with elemental length dS, using (2.5), (2.7), (2.10) and
(2.11) yields, finally,

am(S,t) 3¢y (S t)
as oS
=1L, w(S,t) +w(S.t) x {I,(S) - w(s.t)}

x n(S,t) + m(S, 1)
(212)

The above matches the equation given by Simo (1985) and, in two-
dimensions, reduces to the angular momentum balance given by
Vu-Quoc and Li (1995).
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t n(S, t)

Fig. 3. Internal force in the reference and the current configurations.

2.4. Material description

The spatial vector and tensor fields m(S, t),n(S, t),1,(S), and w(S,
t), are defined in terms of area elements of the deformed beam.
Material vector and tensor fields are defined by pulling back these
vector/tensor fields to the reference configuration through the or-
thogonal transformation A(S, t):

n(s,t)
w(S,t)

=ANGSD: mS,0)=A-MS0; L,(S)=A-J (5 A"

—A-WGS ) wSt)=A- WS, (2.13)

where N(S, t), M(S, t), Jo(S) and W(S, t) are the material counter-
parts of n(S, t), m(S, t), I,(S, t) and w(S, t) respectively. The last
of (2.13) is obtained by taking the time derivative of w(S, t) and
employing (2.4) as follows:

wSt)=A - WSt +A WS t)=A-W(ESt),

where, we recall from (2.4) that, Q- w=w xw=0.

We observe that the components of the vector fields n(S, t) and
m(S, t) in the moving frame are the same as the components of
the material vector fields N(S, t) and M(S, t) in the fixed frame, i.e.
if N= N,‘é,‘ and M = Miéi then n = Nii:i and m = Mii:i'

Fig. 3 shows a schematic that explains spatial and material vec-
tors using the example of n and N.

The material description of the governing equations are ob-
tained by substituting (2.13) into (2.10) and (2.12). We will exten-
sively employ material descriptions in subsequent sections.

2.5. Domain mapping

The length of the beam outside the guide varies with time,
making the reference configuration a varying-length domain. Such
problems are best handled by mapping the varying-length do-
main to a fixed-length domain, see, e.g. Vu-Quoc and Li (1995) or
Roy and Chatterjee (2009). Initial length of the beam measured
from the origin O of translating frame is represented by L, while
Ro(t) = |ro(t)| represents the length of the beam that remains
within the guide. The material point at Se[Ry(t), L] at time t is
mapped to ¢(S, t)<€[0, 1] by
S-L
Ri(6)’
where R;(t) =L—Ry(t) is the length of the beam outside the
guide. We now define the total derivative T =)= ( )+ ;( )
where (.)’:33%), () =25 and ()=2].. From (2.14) we
have

(S =1+>— (2.14)

5 . . 2

Fields that were defined in terms of S, which corresponds to the
physical domain, are now expressed in terms of ¢ which relate to
the new, fixed domain. Fields in the new domain will be indicated
by a (7). Thus, for example, #(¢,t) =u(S,t), A(;,t) =A(St),
w(¢,t) =w(S,t). Utilizing Egs. (2.14) and the time derivatives pre-
sented above, the linear momentum balance (2.10) in the new do-
main is modified to

LI -2 .. A-0R
8§ n:ApHR%W} + 21t %

Lt 211 +i~i—f~0} (2.15)
Ry
Similarly, angular momentum balance (2.12) becomes
oL} ¢, . = ~ _
8;“( >+8§( )xn +i=1, w+wx (I, - W)
:A.lP.W+A.[Wx(!p-W)]. (2.16)

The expression for angular velocity w and angular acceleration W
are evaluated in the new, fixed domain as follows:

asymw] = A A" = (i + C'A’) ‘A" = asym[w,] + {asym[wy].

where A = asym[a] is the skew-symmetric tensor corresponding to
the vector a with A;; = ~€iji Tk in terms of the alternating tensor

AT
€ijks w; is the axial vector of A and w; is the axial vector of

A’ A" Thus,
W=w;+w;. (217)
Differentiating w with respect to time yields

W=W+ W =W+ lwp + @y + LW, + wp + {wp)
(2.18)

Material counterparts of the above vectors are similarly evaluated
as

Vi:w;-l—élz(l);/+§0);+§:((;);+W;,).

W =W, +{k, and W=W,+¢ 2+ Crp+ C (feg + W) . (2.19)
Similarly, substituting (2.17) and (2.18) into (2.16) yields
m<a§> ¢0< )xﬁ—i—ﬁl
=L, {wg + W + g + (0 + o)}
+ W+ Lwp) x {1, - (wp + Lwp) . (2.20)

which, upon using (2.13) and (2.19) can be expressed using vari-
ables of the material configuration as:

() () oo

= A~_lp~{W;+52W;/+§K§+§:(I"C§+K§/)}
+R (Wt G < 1, - e+ i} .

Egs. (2.15) and (2.21) are more convenient for computations, as the
underlying computational domain is fixed.
The boundary conditions for the beam in (¢,
given by
(¢, t)=0 and A(¢,0)=1
and fi(z,t) =0 and m(,t)=0

(2.21)

t) domain are

at ¢ =0,
at ¢ =1, (2.22)

which correspond to, respectively, no deformation at the guide’s
opening and the beam'’s tip being traction free.
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It may be noticed that governing equations are more easily
evaluated in terms of ¢, in comparison to ii. The utilization of
it may appear to be unreasonable, but its importance is revealed
in the implementation of the boundary conditions. The boundary
condition at ¢ =0 in terms of (;50({, t) would be (}50(4‘, t) =ro(t),
which is not only a time varying condition (making it tougher to
apply), but also suggests that the solution depends on the length
of the beam inside the guide, which is not true.

3. Finite element formulation

The governing equations are non-linear and cannot be solved
through analytical methods. Hence we will utilize the non-linear
finite element method (FEM). As this is a transient problem, we
will employ Newmark time integration which, in turn, requires
finding updates for the primary variables. The configuration of the
beam is defined using a linear vector space for the line of centroids
and an orthogonal group for the orientation of the cross-section.
Because of the latter, it is essential to determine the admissible
variations carefully, which is discussed in the next subsection. We
then evaluate the weak form and compute its linearization about a
given configuration, using the admissible variations. Once the lin-
earized weak form is obtained, we discretize it using Galerkin pro-
jections to obtain a system of linear equations for the increments
in the beam’s deformation.

3.1. Admissible variations

The configuration of a GE beam is defined in terms of the
line of centroids (f)o({, t) and the orientation of the cross-section,
which is followed through the rotation tensor A (¢,0).

Consider an arbitrary configuration of the beam given by
q~3(§) = {(30(;),A(§)}. For convenience we do not explicitly
show t in the argument in this sub-section. Let (7)8(4“) =
{(}08(5),&@)} be a configuration obtained by a small perturba-
tion of the beam from ¢():

Boc (0) = @o(0) +eme(¢) and A, () =R, (¢)-A(r). (31)

where 39(¢) is an arbitrary vector field which, for a small ¢ > 0, su-
perposes an infinitesimal displacement onto the line of centroids,
while R¢(¢) is a superposed infinitesimal rotation. Now, an in-
finitesimal rotation may be approximated by a skew-symmetric ten-
sor 6 but, if R:(¢) is skew-symmetric, then L(() will not remain
orthogonal and, hence, will not represent a configuration of the
beam’s cross-section.

Employing an orthogonal R.(¢) will ensure the orthogonality of
Ag(g), making it an admissible variation. Orthogonal transforma-
tion may be obtained by exponentiating a skew-symmetric tensor.
Therefore we set R, (¢) = exp[€0(¢)], so that

A, () =expled(0)]-AQ). (3.2)

Let the axial vector of 6(¢) be $(¢). Then, any variation of the
form n(¢) = {ny(¢), #(¢)}, which satisfies the boundary condi-
tions (2.22) will constitute an admissible variation.

The above equations considered variations in the current con-
figuration. Similar variations may also be obtained in the reference
configuration by first considering an infinitesimal rotation R} (¢)
of the reference configuration followed by the rotation A (¢). This
process will yield the material counter part §™(¢) of 6(¢):

A (0)=R.(2)-A(¢)=A() -R"(¢) = exp[e({)]

AZ) = A(Z) - exp[e™(0)], (3.3)
where, using the properties of exponential maps, we obtain
0¢)=A@)-0"@¢) A" ). (34)

3.2. The weak form of governing equations

We now derive the weak form of the balance equations. For this
we take the inner product of (2.15) and (2.16) with arbitrary admis-
sible variations 1¢(¢) and $(¢), respectively, and add the resultant
equations:

T(.0 = _, (0 ~r {0 L =
/0<”a§+”>'7lo+{m(8§>+¢o(8§>X”+m}"7d§

l . .
- / At —to) Mo+ (U, W+WxI, W) 9d;.  (3.5)
0
Let the left hand side of (3.5) be defined as —G[&(g,r), n(¢)], so
that (3.5) is rewritten as

~ l .
G[¢<;,r>,n<c>1+fo A, (@i~ ) - 1,

+(, - W+Wx1, W) 9% d;=0. (3.6)
The simplification of G[&S(g‘, t), p(¢)] requires the establishment of
strain measures and the constitutive law for the material. To this
end, we use the strain measures and the linear-elastic costitutive
law presented in Simo (1985), which along with the simplifica-
tion of G[&)((,t), 7(¢)] have been presented in Appendix A. The
formulation presented in Appendix A is the same as in Simo and
Vu-Quoc (1986) except that the variables have now been mapped
to the (¢, t) domain. We emphasize that the generalized strains,
discussed in Simo (1985), captures extension, shear in two planes,
torsion, and bending in two directions.

The next step is to expand the acceleration terms of (3.6) in
terms of derivatives in the new, fixed domain. The translational
and angular acceleration terms will be dealt with separately for
convenience. Let the integral associated with translational acceler-
ation terms in (3.6) be called GL[J&(;, t), n(¢)], which is simplified
as follows:

~ 1 .
Gul. ] =/0 Ay G~ o) - dC

! (1-0)2R2 | an, 5 (1-0DR
—/(; _Ap{R%u}a{—’—Ap 21 T

A-OR =

+i 27— +u

R, - izoi| 1o di 3.7)

where we have employed the right-hand side of (2.15) to expand
i, integrated the double derivatives in (2.15) and imposed the
boundary condition 5§y =0 at £ =0.

A similar process is carried out for the angular acceleration in-
tegral in (3.6), which we denote by GA[$(§, t),n(¢,t)]. The weak
form of these terms are found in the reference configuration,
as this simplifies subsequent linearization. The simplification of
GA[(;S(;,t),r/(g‘,t)] using the third, fourth and fifth equation of
(2.13), and results from (2.19) proceeds as follows:

~ l .
GA[¢,n1=fO A, Wi xI, W) 9 dg
=/1A~(l WAW xJ -W)-#d¢
o Lo =0

1. o . , . , .
=/0 A I:lp~{W{+§(W§+k§)+§2K{+§K§}

F W) <], WS- 9 de. (38)
Further progress is made by noting that (see Appendix B):
fkp =W+, xW,. (3.9)
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Employing expressions for time derivatives of ¢ and (3.9) in
(3.8) and simplifying gives:

~ 1T o . , oy .
GA[¢,27]=/0 A~[lp~{W[+§(2W:+IC§xW§)+§2K(+§IQ}
+ W, + i) x!p.<w:+;':c§)].z9d;

1 . R
:A A[!p{W;-F%(ZW +k; xW;)

1-0)R a-02 \
e ()

1-7)R 1-0)R

To proceed further we employ integration by parts to simplify the
fourth term in the integral as

g (-0 N

1 (1_{)2R2
=7v/0 A{K;’X"P<R%1K{>}ﬂ

- 1-— 2R2 ,
+A"p<(lé)1’c§)'} d;"

where we have imposed the boundary condition # =0 at ¢ =0.
Substituting (3.10) into the foregoing expression for G4[¢, n] will
give its final weak form. The weak form of the system (3.5) may,
finally be represented as

Gaynl®. 0 := Gl@. 9] + G, 1] + Gal@. )] = (311)

The governing equations are non-linear, so, to find a solution, it
is necessary to linearize the weak form about a proposed configu-
ration and then determine corrections to the proposed configura-
tion. The equation that needs to be solved iteratively to obtain the
corrected configuration is given by

Gaynl®", 0] + 8Gaynl n] = 0

where Gdyn[(ii*, ] is the residual force, which represents the error

(3.10)

(3.12)

in the proposed configuration é* and SGdyn[é*, n] is the lineriza-

tion about $* To obtain the expression for SGdyn[é*, 1] we need
the linearization of time derivatives. This is now discussed.

3.3. Linearization of time derivatives

We will now find expressions for the linearizations of time
derivatives, i.e. 8it, i, W, SW To update fields in time we will
rely on the Newmark 1r1tegrat10n technique.

The linearization of velocity and acceleration is standard
(Newmark 1959; Simo and Vu-Quoc 1988; Singh 2018, Section 3.3).
For the n+ 15t Newmark time step, the linearizations of velocity
and acceleration are, respectively,

2 (i « i

U (¢, thyq) = @AUQA

0 - (313)
and ou (¢ thy) = w Ur{”,

where 1 <« <0 and 0 < <0.5 are Newmark parameters, the su-
perscript j represents the jt iteration of the Newton-Raphson root
finding process during the Newmark time step, Au(” is the cor-

rection in @Y

ng Atds the time step between t, and tnr1, and &

denotes the directional derivative of a field, i.e. for a given vector
field F,

oF
de ’

e=0
where F; is defined through an equation similar to (3.1). We note
that

SF = (3.14)

Jmax

ZA wh = it — iy,

where Jjmax is the number of iterations required to achieve the re-
quired accuracy in a Newmark time update. We need to obtain
linearizations of angular velocity and angular acceleration. At the
same time, rotation rates, e.g. W, ({,t) and ﬁ/; (¢,t), are defined
in terms of rotation tensors. All these objects at time t; depend
on the orthogonal group An(;“) := A(¢, ty). It is important to note
that rotation tensors, such as A({,t), do not lie in linear vector
spaces. Let the small rotational displacement in the material con-
figuration between times t; and t,,; be represented by the skew-
symmetric tensor /' (with axial vector 77'). Then we may write

A9 (@) = Ko@) -explzl?] = exp[z{] - A, (2).

where 74 is the spatial counterpart of z", which is the j it-
eration of 7] during a Newmark time update step. Simo and Vu-
Quoc (1988) then show that

WO ) = g AT TPy - A6,

(3.15)

BAt
) 1 o7 , j
and SW,” (¢ . tay1) = WAH T(r) - A8, (3.16)
where AG(’)l is such that An+1 = exp[asym(AO,ﬂ%)] ,(121
_ |zl/2 1

T(t)=exe+ Wll exe|l— = asym(‘t) (3.17)
and e = t/|t|. From (3.15) and the definition of Aﬂr(lﬂr)], we con-
clude that

exp[z{/""] = explasym(A6;))})] - exp[z]. (318)

3.4. Linearization of weak form

We now proceed with the linearization of the weak form (3.11),
which can be expressed as

8Gaynl® . ] = 8G[@", 1]+ 8GL[", n] + 8GCald ", n). (3.19)

Note the linearization is done about a proposed configuration
(ﬁ*(g,t) = {ﬁ*(;,t),&‘(;,t)}. Let the perturbed configuration be
given by J): €. t) ={i; (¢, t),AZ (¢.t)}, where the perturbation is
given as A(F(g“, t) = {Al" (¢, t), Aé*(g, t)}. The linearization pro-
cess will be carried out separately for each term.

Linearization of G((}S*,r]) is presented in Appendix A. Unlike
the tangent stiffness matrix obtained in non-linear FE formula-
tion of general elasticity, which is symmetric, the linearization of
G((IS*, n) yields an unsymmetric tangent stiffness matrix. Here we
first present the linearization of GL[$, n]. Utilizing (3.7), we com-
pute

- 1 1-0)2R2 ) @ 5 (1-0R
BGL[qS,n]:(S/ 44%1;}‘%“,,{2;. ( Rf) 1
NI
L [a-oR any L]
_/0 A { w (Au)} 90+ (At)ﬂ (aip) ¢ 5
1-0)R 1 -
+aiy ¢ C) L (A[)zﬂAu} g dE. (3.20)
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The above calculations were carried out using results discussed
in the previous section. We may perform the linearization of
GA[(i*, 7] similarly.

However, because the expression for 8GA[(7)*, n] is com-
plex, we prefer to write 8Ga[@ . ] =38GCa[@ . 0]+ 8Gunld . n]+
(SGAA[é*, 1], whose computations are given in Appendix C. It may
be noted that SGAZ[(;S*, n] vanishes for planar cases. The above for-
mulation when presented for planar cases matches the formulation
presented in Vu-Quoc and Li (1995). Also, because the treatment of
finite rotations is performed in the same manner as in Simo and
Vu-Quoc (1986), therefore the above formulation when presented
for fixed length beams in the physical domain correspond to the
expressions in Simo and Vu-Quoc (1986).

In this way we obtain the algebraic equation corresponding to
(3.12). This non-linear, algebraic equation will be solved using fi-
nite elements and the Newton-Raphson method. This is described
next.

3.5. Spatial discretization and configuration updates

In this section we switch from direct notation to matrix nota-
tion with all vectors and tensors being evaluated in the fixed frame
(&;). The notation for matrices and column vectors will be the same
as employed for their corresponding tensors and vectors.

We now discuss how we spatially discretize the nonlinear al-
gebraic expression obtained from (3.12) using Galerkin projections
and how we update variables in order to implement the Newton-
Raphson method. At any time ¢, 1, the domain 0 < <1 is divided
into multiple intervals (or elements). Shape functions are utilized
to approximate a vector field a over each element as:

OC ) = S Ne(E) s, (3.21)

e=1

where 1, is the number of nodes per element, N¢(¢) is the shape
function corresponding to the et" node and O, 41 is the value of
the vector field a at the et node, at time t,,,. The vector field

o can be replaced by i1, i, i, W, W Ail and Af to get their
corresponding approximations over the domain. The same shape
functions (Ne) are used to approximate the admissible variations.
In contrast, the rotation tensor A (¢, tn41) cannot be expressed di-
rectly in terms of shape functions. Instead we find the vector x
such that A = exp{asym())}. Appendix D shows how to compute
X given A. The vector field X may be approximated in terms of
shape functions as in (3.21). Once x is known at the nodes, A over
the elements may be found from

A(é‘v tni1) = exp {asym (i: Ne(§)Xe.n+l) } .

(3.22)

e=1

For the problems discussed here we consider two node (1, = 2)
linear elements for discretization. After substituting the above ap-
proximations into the nonlinear algebraic equation obtained from
(3.12), the resulting terms may be represented using matrices. This
is demonstrated below using the discretized form over the i" in-
terval (¢;, ;1) of the sum of the acceleration terms contained in
8Ga1 and 6G; that are given by, respectively, (C.2) and (3.20):

(At)z_/ ApAiL(Z, thq) - Mg
+An+l J, Ay T(Tn) - A tyr) - B dE

M ){Ag} - {n) (3.23)

/3(At)2

where
Al:'e(gl)
_ [[mp)y]  [O]sxs ) AGe(&h)
(ML)U_[[0]3x3 (lL)lj]:| { ¢} Aile(52) and
Aoe(fz)
ZE((C]))
_ e {1
=19 [ (3.24)
'}e(§2)
in which
i
[(ml),ﬂ:{ / NIApN]d;}m
;1
. §i+1 ~ ~T
and [yl = [ NAyal AT (N, (3.25)
&i

where [1] is the identity matrix.

To evaluate the integrals over the discretized domain, for exam-
ple the ones in (3.25), we make use of Gauss quadrature integra-
tion. Implementing this requires calculations of variables at points
other than the nodes. Except for the rotation tensor (A), all other
variables can be evaluated over the element by interpolating their
values at the nodes using shape functions. The rotation tensor A
may be found using the expression (3.22).

We will substitute the approximations (3.21) and (3.22) into the
linearized weak form (3.12) to obtain, in each interval (¢;, iz1),
matrix equations of the kind (3.23). When these matrix equa-
tions for all intervals discretizing (0,1) are assembled, we obtain,
finally,

) .[{P(,.)} + KA. §,,)){AD,.1}] =0

where {P} *is the discretized form of the global force residual vec-
tor Ggynl¢ . 9] for the predicted configuration, [K] is the sum of

linearized global stiffness and mass matrices found from (SG[fb*, nl.
{A&)H]} is the incremental displacement and rotation, and {5} is
the vector representing the admissible variations. Because 7 is ar-
bitrary, it is necessary that

{P(¢n+1)} + [K(fn, ¢n+1)]{A$n+l} =0

The above is solved for Ag,,; which, in turn, gives the de-
sired corrected configuration ¢, 41 through the use of the Newton-
Raphson technique. Once convergence is achieved at t,,,; the initial
guess for the configuration at the next time step is obtained us-
ing the Newmark integration method (Newmark 1959; Singh 2018,
Section 3.5).

This concludes the description of our computational algorithm. In
the section we apply our algorithm to several problems.

(3.26)

(3.27)

4. Applications

Before proceeding to applications, we note that we have val-
idated our computations by solving several benchmark problems,
and these are presented in Singh (2018), Section 4. We will now
utilize our computations to investigate the three-dimensional dy-
namics of a spinning, vibrating, variable-length, flexible beam,
whose schematic is show in Fig. 4. We will approach the gen-
eral situation through a sequence of increasingly complex exam-
ples. The various physical properties defined in (A.3) are take to be
EA=105 N; GA; =105 N; GA; =10° N; GJ =2 x 103 Nm?; El; =
10> Nm? EL =10® Nm?. We keep A,=1 kg/m and J, =
diag{5, 3,2} kgmz, where diag{.} indicates a diagonal matrix. The
Newmark parameters are kept at « = 0.5 and 8 = 0.25 unless oth-
erwise specified.
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Variable-length
beam

X

Fig. 4. Schematic of a spinning, vibrating, variable-length, deformable beam. The Z-
axis points out of the plane. The X-Y-Z axes are fixed. The angle ¥/,(t) is between
the tangent to the centroidal axis at Oyx and the fixed X-axis. The guide rotates at a
prescribed rate.

4.1. Spinning flexible beam with transverse vibration

We first consider the three-dimensional dynamics of a spinning,
and vibrating deformable beam, whose length is taken to be fixed.
The in-plane dynamics of such a beam has been considered pre-
viously by Simo and Vu-Quoc (1988) and, as validation, we match
those results in Singh (2018), Section 4.

We take a 5m beam and divide it into 10 linear elements. We
apply an initial transverse load along the Z-axis given by

%N for 0 <t < 0.75s,
E = (41)

WOSD N for 0.75s < t < 1.5s.

After 1.5s the load is removed, but we initiate a rotation at the
left hinge about the Z-axis given by

B[ () (cos (251) — 1)]rac

for 1.5s <t <16.5s

Y (t) = (4.2)

m(t—-15)— 5% rad fort>16.5s.

This leads to a rotating beam with transverse vibrations. We intro-
dued numerical damping in the Newmark integration process to
improve convergence using & = 0.6 and § = 0.3025 and utilizing a
time step of At = 0.005s. The values for & and § are calculated
using formulae presented in Hilber et al. (1977).

The results are plotted in Fig. 5a which shows all three compo-
nents of the angular momentum and the external moment about
the origin Ox. The match observed between the rate of change of
angular momentum and the applied external moment confirms the
accuracy of our computations. Fig. 5b displays the transverse vi-
brations along the Z-axis of the beam’s free end with time. Note
that both plots in Fig. 5 do not vary much after 16.5s, as beyond
that time the imposed rotation rate is constant. We observe in
Fig. 5b that, as the rotation rate increases, the transverse deflection
of beam reduces. This happens because of centrifugal stiffening.

Fig. 6a and b display the projections of the line of centroids on
the XY and XZ-planes, respectively, at different times. While the
in-plane (X-Y) deflection is marginal, the out-of-plane deflection is
significant.

4.2. Double forced vibration of lengthening beam

We now consider a beam that vibrates in two different planes
simultaneously, even as its length changes. To this end we take a
5m long beam divided into 10 equal linear elements. To the tip of

100
75 ¢ DG 1

-75 "Mv -M,
n(dH/dt)x (dH/dt)y A(dH/dt)Z

-100 : : ' : ' ! ' ; :

0 2 4 6 8 10 12 14 16 18 20
Time
(a) Angular momentum balance

0.8

0.6

04+ I /\ :

AN

P

Noo

s o
> 0N
—
<<

0 2 4 6 8 10 12 14 16 18 20
Time
(b) Displacement of the free end.

Fig. 5. (a) Temporal evolution of the rates of change of components of angular mo-
mentum {(dH/dt)y, (dH/dt)y, (dH/dt);} and components of external moment {My, My,
M} about the origin Ox (b) Transverse displacement (along Z-axis) of the beam’s
free end with time.

the beam we apply forces given by

_ | (§5) x 100sin(27t/5) N
7 1100sin(27t/5) N

for 0 <t < 10s,
for t > 10s

for 1.25s <t < 11.5s,

(f*11625) x 100sin(27 (t — 1.25)/5) N
and F =
for t > 11.5s.

100sin(27 (¢ — 1.25)/5) N
(4.4)

Note that the two forces F, and F, are separated by a phase dif-
ference. At the same time, we start to release the beam at t=0
with a velocity of 0.2m/s, so that R; = 0.2 m/s. The various phys-
ical properties are: EA=10% N; GA; =105 N; GA, =106 N; GJ =
10* Nm?; El; =5 x 103 Nm?; EL =5 x 103 Nm?. The values for
A, and J, are kept the same as in Section 4.1. The time stepping
was kept at At = 0.01s while Newmark coefficients o = 0.55 and
B =0.2756.

Fig. 7 a and b show the projections of the trajectory of the
free end on the XZ and YZ planes, respectively. Fig. 7c plots the
rate of change of angular momentum about the point Oy along
with the applied external moment about that point. The expected
match acts as a check of the computation’s accuracy. Fig. 8a and b
demonstrate the projection of the line of centroids of the beam on
the XY and XZ planes respectively, at different times. We now see
large deformation in both planes, which is expected given forcing
(4.3) and (4.4) in both planes.
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Fig. 6. Projection of the line of centroids of the beam at different instant of time on two different planes.
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(c) Angular momentum balance

Fig. 7. Trajectory of the beam’s free end on (a) X-Z plane and (b) Y-Z plane. (c) Components of the external moment {My, My, M.} and the components of the rate of change
of angular momentum {(dH/dT)y, (dH/dt),, (dH/dt),} about the origin Ox of fixed frame with time.

4.3. Spinning, lengthening beam with transverse vibration

We now combine simultaneous rotation, out-of-plane vibration
and change of length in the same example. To this end, we take a
5m long beam divided into 10 equal linear elements. To the tip of
the beam we apply a force given by

100 N

7% for 0 <t < 0.75s,

E = (4.5)
WE2D N for 0.75s <t < 1.55.

After 1.5s the load is removed, but we start to release the beam
with a velocity of 0.2m/s (= Rq), as well as initiate a rotation at
the left hinge about the Z-axis given by

{’—5[7([_]2'5)2 + (%)z(cos (Z452) — 1) |rad
Y, (t) = for 1.5s <t < 16.5s,

m(t-15)— 5% rad

(4.6)
for t > 16.5s.
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Fig. 8. Projection of the beam’s line of centroids at different times on two different planes.
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Fig. 9. Displacement of free end with time along the (a) Z-axis and (b) Y-axis. (c) Temporal variation of the components of external moment {My, My, M.} and the compo-
nents of the rate of change of angular momentum {(dH/dT)x, (dH/dt),, (dH/dt),} about the point Ox.

The time stepping was kept at At = 0.005s while Newmark coeffi-
cients o = 0.6 and S8 = 0.3025.

Fig. 9a and b plots the transverse displacement of free end with
time. Note that the amplitude of transverse vibration initially in-
creases due to the beam’s lengthening but, as the angular velocity
of the beam increases the vibrations start to reduce due to the ef-
fects of centrifugal stiffening. Fig. 9¢ repeats Fig. 7c and plots the
rate of change of angular momentum about the point Oy along
with the applied external moment about that point. As expected,
the two match and this acts as a check of the computation’s accu-
racy. Fig. 10a and b display the projection of the line of centroids
on the X-Y and X-Z planes, respectively, at different times. The in-
plane deformation, while larger than in Section 4.1, is still smaller
than the transverse deformation.

4.4. Transversely vibrating and rotating beam with increasing rate of
release

We finally consider an example wherein the rate of change of
length of the beam is not constant. We take a 5m long beam di-
vided into 10 equal linear elements. To the tip of the beam we
apply a force given by

20 N for 0 <t <0.75s
E=1" (4.7)
20420 N for 0.75s <t < 1.5s

After 1.5s the load is removed, but we start to release the beam
with an acceleration of 0.1 m/s% (= R;), as well as initiate a rotation
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Fig. 10. Projection of the beam'’s line of centroids at different times on two different planes.
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Fig. 11. Transverse displacement of free end with time along (a) Y-axis and (b) Z-axis. (c) Temporal variation of the components of external moment {Mx, My, M.} and the
components of the rate of change of angular momentum {(dH/dT)x, (dH/dt),, (dH/dt);} about the point Ox.

at the left hinge about the Z-axis given by Fig. 11a and b plot the transverse displacement of the free end
with time. In Fig. 11b the amplitude of transverse vibration initially

t-1.5)2 1512 2 (t-15) increases due to the beamas lengthening but, as the angular veloc-
%[7( 725+ (22)" (cos (4512 — 1)]rad

2T ity of the beam increases the vibrations start to reduce due to the

Y, (t) = for 1.5s <t < 16.5s, effects of centrifugal stiffening. The amplitude of transverse vibra-
tion reduces faster in this case compared to the previous example

7 (t—1.5)— 57 rad for t > 16.5s. because the length of beam released at any time t> 4s is more in

(4.8) the present case. This in turn increases the centrifugal stiffening
which is directly proportional to the beam’s length. Fig. 11c¢ plots

The time stepping was kept at At = 0.005s while the Newmark  the rate of change of angular momentum about the point Ox along
coefficients o = 0.6 and 8 = 0.3025. with the net moment applied about that point. As expected, the
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Fig. 12. Projection of the beam’s line of centroids at different times on two different planes.

two match. The moment along Z-axis increases rapidly with time
because of the increasing rate of release of the cable. Fig. 12a and
b display the line of centroids on the XY-plane and XZ-plane, re-
spectively, at different times.

5. Conclusion

In this work we have established the governing equations that
determine the three-dimensional dynamics of a variable-length,
flexible beam using Geometrically Exact beam theory. Such beams
can undergo large deformations and large rotations, with shear
deformation being taken into consideration. We incorporated the
variable length of the beam by mapping the physical domain on to
a fixed domain at each time-step. We then developed an implicit
numerical algorithm to solve for the three-dimensional dynamics
of such beams. To this end, we found the weak form for the system
and subsequently linearizated it before solving the resultant non-
linear algebraic equation by the Newton-Raphson method to obtain
the beam’s configuration at any given time step. Newmark time in-
tegration technique, suitably modified for the orthogonal groups,
was employed to perform time updates.

The formulation thus presented matches the results of
Simo and Vu-Quoc (1988) obtained for beams of fixed length.
Similarly, for planar cases we matched the development of Vu-
Quoc and Li (1995). This confirmed the accuracy of our procedure,
which we then utilized to investigate the three-dimensional dy-
namics of spinning, vibrating, variable-length beams through a se-
quence of increasingly complex examples. We are currently in the
process of extending this work to address situations wherein an
end mass is attached to the beam. One of the potential application
of this work is in the study of release and retraction of aerostats.

Appendix A. Evaluation of G[q~5, n] and 6G[q~5, 7]

Before we proceed to the evaluation of G[¢(¢,t),n(¢)] and
(SG[J)({,t),n({)], it is important to calculate internal force and
moment at beam cross-sections. These calculations make use of
strain measures defined by

=Z\T-[ 5 t>+a"’°(50>}—ég

and rc:AT.a)(g,t)=A ~w (L, t) {

(A1)

where T and # are strain measures in the material configuration
(Slmo 1985) Strain measures in the spatial description are given
by A-T =y and ®, where y may be seen to be the difference in

the slope of line of centroids and normal to the cross-section, while
@ is the curvature of the rod.

The constitutive law relating the reaction R := {N,M} to the
strains is taken to be (Simo and Vu-Quoc, 1986; Ibrahimbegovic,

(g5 2] i)

where C is the material elasticity tensor (Simo and Vu-Quoc, 1986;
Ibrahimbegovic, 1995)

C = diag[GAy, GA,, EA, EL EL, G . (A3)

The corresponding stored enery function can be found in Simo and
Vu-Quoc (1986). We now proceed to evaluating G[¢(¢,t), ()]

given by
~ 1 ’
(.07 = | ( o+ ) My

(o) 4()-+)

Using integration by parts we get

1
G0 70)] = (%)/ [ﬁ {38’20 ( X33<120>}+m %]a;

7/()(ﬁ.n0+ﬁ:.ﬂ)d;.

(A.2)

=n

It is helpful to rewrite the above equation in terms of matrices:

G[J’(CJ)JI(()H( )/ E'n). (HR)—< §>ﬂ rdc,
(A4)

We next compute the linearization of the strain measures:
T | d(AR) (3¢ - il 8¢0
752 (%) - 2o fa (5) - S0

T 9(AD) e
i o000 (50) 9

sT

Il
>

and &k
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The following simplifictaion of 8G[¢(Z,t), §(¢)] may be found in
Simo and Vu-Quoc (1986):

8G[¢.n] = %ﬁ’”] o <Z§> /o1 % e0
< (&) - (ILR) - <d;>" ra
(@)1l

_ (fé> I (dfn-ma&w (= Gk

The evaluations for the three terms is now carried out separately
for convenience. Evaluating the first and second term yields:

- {" asym(“’)} 7-(MR) (A7)
o |0 0

(Zem) - (MeRe)dE

dc. (A.6)

e=0

+ (Eim) -

d=
d

n- (IIcR;)

=

:'T dHS
and (...81]) WRF
e=0
. asym(A@) 0
=(&n)- ~ |IR. (A.8)
0 asym(AO)

To evaluate the third term in (A.6) we make use of the constitutive
relations (A.2). Applying (A.1), (A.2) and (A.5) to solve the third
term gives:

= dR
(E{m) - T

_omT sT
= (Eem)- HC[(SE]

_<d§> n-MCO'E"Ad.

Adding (A.7)-(A.9) will give 8G[(7>, n] which on after rearrangement
can be expressed as:

~ d 1 - ~
6lg. 71 = (é) [ - aviag)

e=0

(A.9)

+ (d;) n-TIC'E"A¢ d¢ (A.10)
where
%l 0 0 0 asym(—n)
ul=1| o %1 and B= 0 0 as/ym(m) / .
0 1 asymn) 0 (M® @) — (n.¢y)1

(A11)

Hence, the linearization of 86[(?),17] can be expressed using two
terms. The first term in (A.10) is called geometric stiffness matrix
while the second represents material stiffness matrix.

Appendix B. Derivation of i,

To prove (3.10) we make use the basic definitions of «,,W,,
properties of skew-symmetric tensors and expansion for vector
triple products. The time derivative of i, can be expressed as fol-
lows:

ST

A

2
<
=i
=
Il
>
7
=3
I
>

+AT-(A)=A

— asym(W;) +AT A - ([\ -A/)T

¢) asym(e)
- asym(lc;)rasym(wg)

= asym(W,) + asym(k; )asym(W )
—asym(W, )asym((k;) .

Now we attempt to find the axial vector of tensors of the above
equation:

= asym(W;) +asym(W

(B.1)

=W, + axial (asym (x, )asym(W ) — asym(W )asym(«;)) .

To determine the axial vector on the right side of the above equa-
tion we operate it on a random vector h:

[asym (ke )asym (W) — asym (W )asym(k;)] - h

=k x Wy xh) —W, x (k, x h) = (k; xW;) xh. (B2)
Thus, axial (asym (i, Jasym(W ) — asym (W )asym (i, )) =
(ICC X WC) . . .

Substituting the above result into (B.1) we obtain:

Appendix C. Evaluation of 8Ga[@, fil, 3Gaz[@, ij] and 8Ga,
(9, 7]
We have
~ - 1 ~ o
$Guld 7l = [ A~5[1p-{wg+( QOB o W, 4k, xwy)
P _ 2p2
05D ] 0 ORl(Kgxlp.Kf)].M;

R’y R
C)] ¥ dc. (C1)

s (! (-0
(@) [ Aol (e

Evaluating each term form the above equation separately gives

>

T, . 1 T .
[ A, oW 2 e = g [ Rpid, AT (@ AS - 2.

1 Y ) _
2/ AJ ‘%((m/{)‘ﬂdg_ﬂAt/ (1 C)R1An+1]

o Tt

(A0 T A0t + Ky T (@) A8y + A,y T(w) - A8,

3 de,

/A] OR%S(K < W) # de = f a- C)R1A+1 1
(ﬂAtaSym[K‘] -T(Tn) - AbOpyq —asyrn[W:] q,ﬂ AG,,H)
-9 de,

A - %&Q - dd¢

Ip

1-DR ¢ <7 /
S S AR

T 1-2¢)%R? '
./()A“S[lp'(%’f;)]'} d¢

(1-¢)%R
7./1; TlAnﬂ -, An+1 AB,,, -9 dg,

/OIAwS{IC{ xlch;}w?d{:/O IL,H-{asym[kg]»!p—asym[lp»lcg]}

gy A6, DdC (€2)
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The linearization of G, is expressed as

~ 1 N
sGuld il = [ -] (wer 100 )

= /0] Ay, (asym[W] J, —asym(J -W])

T
(,BAtA T (Tn) - Abpyq
+ 4 Rf)’“ Apy- A0n+1)-ﬂd§, (C3)

The linearization of G4, is evaluated as

~ T .
Ganld 7 = | (am{lp-{wﬁ( “OR oW, e, W)
1-¢)R (1-1¢)2%R?
+%K§ }—%(K: x!p~lc§)j|-l?d{
(e
1-2)R
x!p~<W +%xg>]~ﬂd;

2pR2 ,
- [[6h). [ <<1 ,fz)R >].0 «
1 a ok
:/0 _An+l'asym|:!p~{wg+%
x (2 W, +1, x W)

1-0)R 1-2¢)2R?
s )

Ay -T(Ty) - Ay -9 dC

' (1 -¢)°R
+ fo A -asym|:lp . (Tllc;)]

Al T(10) - Abyyy -9 dC

1 R
_./0 A,,H.asym[(wg_,_%lc{)

xJ - (W I Ut 9,01 _Rf)Rl lc;)]

Ay T(T0) - Abyyy - ¥ d . (C4)
Appendix D. Method to find x given A

Here, given a rotation tensor A we find the vector x such that
A =exp{asym()x)}. We first note that (Argyris, 1982)

sin(| x|)

explasym (0} =L+ = ¢ 1-cos(jx)

R asym(0)2

(D.1)

asym(x) +

where I is the identity tensor. We define F =asym(x)/|x|, so
that

A =1I+sin(|x)F + (1 - cos(|x|))F?. (D.2)

Inverting the above, we find

1—cos(|xD) 1
— = F=(I+A A-I)=:R. D.3
() F=d+DTA-D=R (D3)
From the above we can easily show that
. 1 —cos(|x|) axial(R) . X
axial(R)| = ———5— ———— = axial(F) = = .
[l ® = =) dal®)] ~ "E =y
(D.4)
Given A we can compute R and the above equations can then be
solved to find x. Note that if x is a solution then ('XHZ” )x is also

a solution. Therefore, for uniqueness of the solutlon we solve for
- < |x| <.
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