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ABSTRACT :

The boundary-valued problem for solving for waves scattered and diffracted from surface and
sub-surface topographies have attracted much attention to earthquake and structural engineers and
strong-motion seismologists since the last century. It is of importance in the design, construction and analysis of
earthquake resistant surface and sub-surface structures in seismic active areas that are vulnerable to near field or
far field strong-motion earthquakes. The half-space medium can be elastic, or poroelastic and fluid saturated,
the later case has attracted much new research in recent years.

The presence of a surface or sub-surface topography, like the case of a surface canyon, valley, canal or
structural foundations, or an underground cavity, tunnel or pipe, will result in scattered and diffracted waves
being generated. Combined with the free-field input waves, they will together satisfy the appropriate stress
and/or displacement boundary conditions at the surface of the topography present in the model. For those
problems where analytical solutions are preferred in the studies, this often involves a topography that is either:
circular, elliptic, spherical or parabolic in shape. This is because in those coordinate systems, the scattered
waves are expressible in terms of orthogonal wave functions, and the surface of the topography often allows the
orthogonal boundary conditions to be applied, so that the wave coefficients can be analytically defined.

However, the presence of the half-space boundary makes the problem much more complicated. The
scattered wave functions are no longer orthogonal on the flat half-space surface, and the zero-stress or related
boundary conditions are no longer simple nor straight forward to apply. This paper will examine the available
numerical and approximate methods that have been attempted or proposed, and the direction all future research
is taking us to solve this part of the problem.
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1. INTRODUCTION

Large topographies at half-space surfaces, like, canyons, valleys, canals and structural foundations,
large, underground sub-surfaced structures like cavities, pipes, subways or tunnels, are always present in
metropolitan areas associated with infrastructure developments in cites. As a result of excitation by incoming
seismic waves, their presence will often generate additional waves from diffraction and scattering, resulting
amplifications and de-amplification of the input waves, which will affect the deformations, distributions and
concentrations of stresses on nearby ground surfaces and the structures on them. It is thus important to fully
understand the theoretical and engineering aspects of the effects of such diffraction.

This calls for a need for accurate, analytical method to be developed to study the in-plane responses of
buried topographies to input waves. In general, for any wave propagation boundary valued problems, it is
necessary to select the right coordinate systems that will allow the vector wave equations of the elastic waves to
be separable into scalar wave equations for the P- and SV- wave potentials. However, because of the complexity
of the problem involved, simple analytic solutions to diffraction problems by these underground topographies,
are limited in both quantities and qualities. For the case of finite topographies in a finite region, like that of
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machines, airplanes or space structures like satellites, these would be wave boundary valued problems that can
be solved by a finite element program, many versions of which are widely available in industry. For the cases of
problems involving infinite or semi-infinite medium, like the case of all half-space wave propagation problems,
these finite element software will not be directly applicable. A special “large” finite element may have to be
defined to simulate the semi-infinite medium. This will not always be satisfactory.

This is not a new problem. Solving for the scattered wave potentials that need to satisfy the zero-stress
boundary conditions at the half-space surface is a classical boundary-valued problem that interested scientists,
seismologists and engineers, in particular earthquake engineers, since the turn of the 20" Century. The
zero-stress boundary conditions at the surface of the half space in the presence of surface and sub-surface
topographies for in-plane cylindrical P- and SV- waves have always been a challenging problems. Unlike the
out-of-plane SH waves, the imaging method cannot be applied to in-plane waves. The outgoing cylindrical P-
and SV-waves are composed of Hankel functions of radial distance coupled with the sine and cosine functions
of angle. Together at the half-space surface the P- and SV- waves functions are not orthogonal over the
semi-infinite radial distance from O to infinity.

For them to simultaneously satisfy the zero in-plane normal and shear stresses, sophisticated analytic
and numerical methods will have to be developed. This paper will consider the various few techniques that
can be and have been used to tackle this boundary-valued problem.

The free-stress boundary conditions at the half-space surface to be solved here are indeed the most
complicated boundary conditions to be satisfied in the present problem. Analytical methods would require all
the complicated boundary conditions to be imposed and satisfied simultaneously.

Over the years, numerical approximation to the geometry is often made. This is the case where the flat
half-space surface is replaced by a circular surface of large radius, the so-called “large circle approximation” to
the half-space surface.

Here, a known existing analytical formulation of the boundary-valued problem is presented, where the
Hankel wave functions are expressed in integral forms, changing from cylindrical to rectangular coordinates,
when the zero-stress boundary conditions at the half-space surface can be applied in a more straight forward
sense. This is the so-called “Fourier Transform Method” for solving the boundary-valued problem.

It is sometimes desired to produce an alternate, simpler approximate estimate of the solution to the
boundary-valued problem without going at great lengths to have all the boundary conditions satisfied. It is thus
interesting to see what the solution would be like if the half-space boundary conditions are not to be imposed
and not to be satisfied, in other words, if they are to be “relaxed”. This is the so-called method of “Relaxing the
half-space free-stress boundary conditions”

The present method to be introduced may also serve as a general method for more complicated wave
propagation problems, like the diffraction problems involving surface and sub-surface topographies in a
poroelastic half-space medium.

2. THE MODEL: INCIDENT PLANE P WAVES

As an example to illustrate the method, consider here (Figure 1) the work of Lin et al (2008) of the
diffraction of an underground circular tunnel. The following is a summary of the equations The model is a flat
half-space medium with a circular region of a tunnel of outer radius ‘a’ and inner radius ‘b’ made up of another
elastic medium. The half-space is supposed to be elastic, isotropic and homogeneous with mass density p and

Lamé elastic constants A, . The tunnel is supposed to be elastic with mass density p, and Lamé elastic

constants A, 4.
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The excitation consists of incident plane P-waves are assumed to have an angle of incidence y, with
respect to the y-axis, frequency ® and wave number k, = o / ¢, , where ¢, is the P-wave speed. The presence of
the half-space flat ground surface will result in both reflected, plane P- & SV- waves. . They are given by the

potential function ¢ i,¢ " and " respectively. The total Free-field P- and SV-waves potentials are the sum of
incident and reflected plane waves that satisfy the zero-stress flat ground surface boundary conditions,
respectively ¢’ and | are given by, with respect to the (7;, 6,) coordinate system (Lin et al, 2008):
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Figure 1 The model
" =4 +¢ = aJ,(kp)e" v’ =y =3 bJ,(kyr)e" (1
where a,,b ,n=0,1,2,... are known coefficients.

The presence of the underground tunnel will result in scattered P- and SV- waves in the half-space. They
are represented by Hankel functions of the first kind which represent outgoing cylindrical waves. The P- and
SV- scattered potentials, measured with respect to the (7, 6,) coordinates, take the form:

# = AH (k)" oy = B H (ke @)

n=—w n=—w

The presence of the half-space surface will result in additional P- SV- waves reflected into the
half-space, of the form, with respect to the (#,6,) coordinates, which are finite everywhere:

¢2§ = Z A2,n']n (ka}/i)eimgl l//; = Z B2,Vt']n (kﬂ}/i)emgl (3)
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The Total Scattered and Reflected Waves in the Half-Space in cylindrical coordinates are given by, from
equations (1), (2) and (3):

p=¢"+ 4+ ¢=), [(an +4,,)J, (kar,)+AlynH;U(karl)}einel
- 4)

v o=yl vy vy = Z |:(bn +B,, )Jn (kyr)+ Bl,an(l)(kﬂ”l):'eingl

The region within the tunnel is b<r<a, 0< 0 <2z, with the outer circular surface at »=a in

contact with the half-space medium and the inner circular surface » = b, the surface of the inner cavity of the
tunnel. The presence of two circular surfaces will result in both outgoing and incoming cylindrical waves, the
total transmitted waves inside the tunnel as:

¢ =g +4= z (C1,an(1)(kaV1)+ Cz,nH,(,z)(kaVl))em‘g‘
& )

00

l//t = V/lt +l//£ = Z (Dl,nHiEl) (kﬂ}/i)+D2,nH)§2) (kﬂrl))emgl

n=—w

3. THE BOUNDARY CONDITIONS AND SOLUTIONS
The complete solution of this boundary-valued problem would consist of the boundary conditions:

1) Zero-Stress at the Tunnel Inner Cavity Surface (r = b)
ii) Stress & Displacement Continuity at the Tunnel Outer Surface, and
i) Zero-Stress at the Half-Space Surface (y = 0).

The first two sets of boundary conditions are on circular surfaces in cylindrical coordinates, while the
last set is on the flat surface in rectangular coordinates. For cylindrical waves, the boundary conditions 1) and ii)
are thus much more trivial to apply. The readers are referred to Lin et al (2008) for their detailed equations. We
will concentrate in this paper only on the discussion of the zero-stress boundary conditions.

Almost 20 years ago, an approximation to the flat surface is proposed. Lee and Cao (1989), Cao and
Lee (1990) used a large circular, almost flat surface to approximate the half-space surface and presented
numerical solutions to diffraction problems of surface circular canyons of various depths by incident plane P-
and SV- waves. Todorovska and Lee (1990, 1991a,b) solved by the same method for anti-plane SH waves and
incident Rayleigh waves on circular canyons. Later, Lee and Karl (1993a,b) extended the method to diffraction
of P-, SV- waves for diffraction by circular underground cavities. Also Lee and Wu (1994a,b) used the same
method of approximations for arbitrary-shaped two-dimensional canyons. Finally, Davis et al (2001) used such
an approximate method in their case studies of the failure of underground pipes. Recently, Liang et al (2000,
2001a,b, 2002, 2003, 2004a,b,c) continued the analyses by the same method from problems for circular-arc
canyons and valleys, underground pipes to that of the poroelastic half-space.

Currently in these last few years, the above method was met with severe criticism. It was felt that the
large circular approximation does not reduce to the flat half-space when the radius, R, of the circular surface
approaches infinity, because as R — oo, the Bessel functions used in the transformation would approach zero.
It was felt that without a method to satisfactorily satisfy the free-stress boundary conditions at the half-space
surface, one would prefer rather to relax the free-stress conditions than to use the large circle approximations
(Todorovska and Yousef, 2006; Liang et al, 2006).

With respect to the {x, y} coordinates with origin at O at the half-space surface, the zero-stress boundary
conditions at the half-space surface are to be applied only to the scattered P- and SV-wave potentials. ¢’ + @
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and W, +, . They are represented in cylindrical (polar) coordinates, and the above zero-stress conditions are

to be applied at the flat surface y =0 given in rectangular coordinates. As stated at the introduction, applying

such equations at the flat half-space surface to cylindrical waves is not a trivial matter, and previous attempt has
been made to approximate the flat boundary surface by a large circular surface. The following approach is to
leave the half-space surface flat and to follow the approach of Lamb’s problem (1904) to represent each mode or
term of the Hankel wave series as an integral in rectangular coordinates. In other words, the Fourier transform of

the wave functions is taken. Take the case of the 7" mode of the P- and SV-wave scattered potentials:

H, (k)" = j[(.l (e )”} il g
Jlinv, k,

(6)

Hr(ll)(kﬁrl)emal J’|:

00

vﬂ)} ik v 5] d

wherev, = k> =k’ , and v 5= k* -k} s - The case of n=0 in the above integral expressions was first

used by Lamb (1904) in his paper on the tremors. Here in Equation (7), the Hankel wave functions in the {r|,
6,} cylindrical coordinates are transformed to the {x;, y;} rectangular coordinates suitable for the zero-stress
boundary conditions at the flat half-space surface. Each integrand in the above integrals is the Fourier Transform

of the n” mode of the wave function.

Using the {x, y}—coordinate with origin at O on the half-space surface, the integral takes the form, with
y,=y+h, intheregion 0<y <h, or —h<y<0, apply now the transform to the whole set of terms for
the P- and SV- potentials:

& =4 (,0)= 2 4 ,H" (k)™ =4 (x,y)= f [a, (k)le™ "'k

(7
=V, (rl,e)—ZBMH”(kr)e'”ﬂ—wl (x.9)= j b, (k)" dk
such that "
a(k)| & i"|Saalv, 0 4,
{bl(k)}_n_z‘;, m[ 0 g”ﬂ’n(h)/vj{Blm} ®)
with ¢, (h) = ( “)” e and ¢y (h) = ( Vs yng it

a ﬂ
The presence of both the underground tunnel and the half-space flat surface above will result in
additional reflected waves generated (Equation (3)). They will now be expressed in integral form, with respect

to the rectangular coordinate system (x, y) with origin O at the half-space surface, where for y, </ in the

half-space, they take the form, with x, =x, y, =y+h :

B0y = [ (3,01 e dk  yi(x )= [ [b,(01 e dk )

In other words, Equations (7) and (9) transform the scattered cylindrical waves in the half space from
waves in cylindrical coordinates to that in rectangular coordinates, where the free-stress boundary conditions at
the half-space surface, y = 0, are straight forward, comparatively, to be applied. Such detailed description of
both the analytical process and their transformation back from rectangular to cylindrical coordinates, together
with their numerical implementation, are given in Lin et al (2008) and will not be repeated here.

4. RESULTS AND DISCUSSIONS
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A computer program in Visual Fortran to calculate the displacement amplitudes and phrases on nearby
half-space surface above the tunnel was developed (Lin et al, 2008). A Poisson Ratio of v =0.25 is also
assumed unless otherwise specified. Following all previous work, it is convenient to express the frequency of the
incident, reflected and scattered waves in terms of the dimensionless parameter 77 defined as follows

k.a 2 2
(Trifunac, 1973): p=—tt -2 2222 (10)

V4 me, cﬂT A

Figure 2
Figure 2 shows, the
horizontal and vertical

components of displacement Solutions with Half-Space Stress-Free B.C. "lmposed"

of ¥ =30" with respect to the
vertical direction. The
displacement amplitudes along
the surfaces are plotted from
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for dimensionless frequency #
intherange 0<7<6.

amplitudes, | u | and ‘ u Surhce Di splacmeenil Amplitudes Above Circular Tunnel: Incident P Waves
* e Tunnel: p/p=1.50 p,/u=300 v,=025 v=025
respectively along the surface c e — depth/radius, h/a = 1.50 inner/outer radius, b/a = 0.85
. AN \anp dl\pll cment mlplllul] 25, [y v comp. displacement amplitudes, u,
of the half-space. They are 3D T2 g b = 290 3t = 44 MI=168 "yl =386 a5
plots of displacement v 3 N —
amplitudes plotted versus the ; > 4 i ' all 4
dimensionless distance x/a and \(v : :,“ ','.1}.“,1.[ 4 i :d",_‘i‘l-:;““\
dimensionless frequenc S l\\ ey '“i‘l' BANRRA . fuy]
B queney ey *,\ \\\ WS AT g.;-‘m\* 'm\\‘\“ - i
n= a)a/ C, . “\\‘ \ “ s 6 B \\. 'P\,,- ; s
’ " ‘;\\\\‘ \\\\ﬂ\\\‘\\@"\“&_ A ﬁt‘x\a\ *\\{‘\}:\\\\\\\\\\\& X /|
- e Z : i i Y oS
In the figure, the plane ‘\\ \s‘\ Xi‘\\_ﬁ 2} Y %&3"( ‘\\\\\\ 2 ;s &
P- h inci 1 fu” ¥ - 2 &
waves have an incident angle Q_ﬁ\\%\ = fuyl “\\\\\\\\\_ﬁ N g
N S .l"

.The circular tunnel of outer radius a is at a distance of h below the surface with 4/a =1.50. The
inner radius of the tunnel is b, with the ratio b/a = 0.85. The ratio of the mass densities of the tunnel to that of

the half-space is p, / p=1.50, and the ratio of their shear modulus is g, / ¢ =3.00, with the same Poisson
ratio of v =v, =0.25 for both the half space and tunnel medium. This makes the tunnel stiffer than the
surrounding medium. In the absence of the underground tunnel, for a uniform half-space, the free-field

amplitude of the ground displacement would be constant at ‘ uxff ‘ =1.12 and ‘ u'yﬁ ‘ =1.69 respectively in the

x- and y- directions.

Lee and Cao (1989), Cao and Lee (1990), in their earlier work on wave diffractions around shallow
circular canyons, observed that the incident P- waves at low frequency, with wavelength much longer than the
topography in the displacement field, “do not sense nor see” the presence of the obstacle as much as the higher
frequency (with shorter wavelength) incident P waves. The same observations were made by Lee and Karl
(1992, 1993) for the same underground model studied here for incident P and SV waves. There the underground
topography is a circular cavity. The same conclusion can be drawn from Figure 2 here for both the horizontal
and vertical components, where at low frequencies, 0 <7 <<1, the displacement amplitudes deviate slightly

from the free-field amplitudes (plotted at 7 =0), but as the frequencies increase, the oscillations of the
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amplitudes increase, together with the amplification of the amplitudes at each frequency getting higher and
higher. For incident angle of y»=30", a displacement amplitude close to 4 was observed at some

frequency (maX| ux| =386atny= 5.3) , corresponding to an amplification of almost 2.

Previous works on the diffraction and scattering of anti-plane SH waves by surface and sub-surface
topographies all observed a typical diffraction pattern for the SH waves, one that exhibit specific characteristics
both in front of and behind the topography resulted from the diffraction of the incoming waves. The left and
front sides of half-space exhibit standing waves pattern, while on the half-space surface to the right of the tunnel,
with the tunnel acting as a barrier, a shadow zone is created, with waves of decreasing amplitudes that are also
slightly smoother, quite a contrast to the standing wave pattern on the left side. The present and subsequent
figures here show that the same wave pattern can also be observed for the in-plane P- and SV- waves. The only
difference may be that the in-plane pattern is comparatively less significant here than of the SH wave cases.
The in-plane waves also have two components of motions, and are further complicated by the presence of waves
of both the longitudinal (P-) and transverse (SV-) mode types, so one of the two horizontal components can have
a more significant pattern.

Figure 3
Figure 3 is a 2D plot of the displacement
amplitudes at the half_space Surface above the Surface Displacement Above Circular Tunnel: Incident P Waves
o, Tunnel: p,/p=1350 pu/u=300 v, =025 v=025
tunnel at 4 angles of incidence for both the x- depth/radius, h/a = 1.50 mner/outer Radius, b/a = 0.85
. 1 = oafreg = 6.00
and y- components of motions. All plots are at fu 202 fu,| Half-Spacee B.C.
the same dimensionless frequency of 4+ fr—m Ih . s Rl sed
[LNTERY Y= 85° —————— Imposed

n=04 i 6.00. The same ratios of shear
B

modulus, 44/ =3.00, mass densities,

p/p =150, and Poisson ratios, = ! : g Fe
v =v, =0.25, will be used as in previous

plots. The same ratios of depth-to-radius
(h/a=1.50) and inner-to-outer radius (b/a =
0.85) are also used. The four angles of
incidence, from bottom to top are respectively
y =0 (veritcal) , 30°, 60° and 85° (almost
horizontal) incidences. The left column plots
are the horizontal x- component plots, while the
right column plots are the vertical vy-
component plots. The graphs in each plot have
the amplitudes in the y-axis versus the
dimensionless coordinate x/a in the horizontal
axis, in the range of [-4,4]. At each plot, the
horizontal dashed line corresponds to the
free-field displacement amplitude at the
half-space surface in the absence of the
underground tunnel.

Displacement Amplitudes

Superimposed on this are the resultant amplitudes of the two types of waves, waves calculated with the
half-space stress-free boundary conditions 1: ”imposed” and 2: “’relaxed” (free-field B.C. not applied). They are
represented respectively by the wriggling solid lines and dashed lines and will be referred from here on as the
“Imposed” waves and “Relaxed” waves. The two bottom plots for the x- and y- components are for y =0, the

case of vertical incidence, which produces symmetric plots for both components of the “Imposed” (solid) waves
and “Relaxed” (dashed) waves, as expected physically. Both the “Imposed” and “Relaxed” waves have very
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similar wriggles, though the “Relaxed” waves do appear to have higher maximum amplitudes in the vertical
y-component of motion, though both maxima occur at the same point of x/a on the half-space surface.. The
maximum amplitude at the dimensionless frequency of 77 =6.00, is around 3 for the “imposed” waves and is
almost 4 for the “relaxed” waves. A displacement amplitude of 4 here, for a free-field amplitude of 2, thus
corresponds to an amplification of 2. The next two sets of plots up above, the cases of y =30° and y =60,
both show, for one of the components, the pattern of standing, oscillatory waves on the left versus shadowy,
smoother waves on the right. This is more so for the y-component of the waves at y =30°, and the

x-component of the waves at ¥ = 60”. As in the case of vertical incidence, both the “Imposed” and “Relaxed”
waves have very similar wriggles, and their maximum amplitudes are much closer in location and amplitudes.
For y =60, the maximum amplitude of the “Imposed” waves is over 4, while that of the “relaxed” waves is

below but close to 4. The “Imposed” waves thus have an amplification of over 2. The top plots are for y =85,

the case of almost horizontal incidence. It is not as interesting as the other three cases of incidences, as both the
free-field and diffracted amplitudes of the waves are comparatively lower.

5. CONCLUSION

In summary, this paper illustrates the success of applying the flat half-space zero stress boundary
conditions onto the cylindrical waves that are scattered and diffracted from surface and sub-surface circular
topographies. It serve as a general method for more complicated wave propagation problems, like the diffraction
problems involving surface and sub-surface topographies in a poroelastic half-space medium.
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